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YIOK 681.142.2

Tperuit ToM U3BECTHOIT MOHOTPA()UU OSHOTO M3 KPYIHEHININX aMepUKAHCKUX CHeI[UAJHUCTOB IO IIPo-
rpammupoBanuio II. Kuyra (mepBbiit ToM Bhillles] B udgareiabctse  Mwup” B 1976 r., Bropoii—sB 1977 r.)
COCTOHUT 13 ABYX uacreii:  CoprupoBka” u " Ilouck”. B HUX mMOAPOGHO MCCAEAYIOTCA Pa3INUYHbIE AJITOPUT-
MbI BHYTPEHHEH 1 BHEIITHe COPTUPOBKH, N3YUAIOTCA METOABI IIONCKA NH(POPMAIluK B TAGIUIIaX HA OCHOBE
CpaBHEHUE MU MPeo0pasoBaHUA KJIOUEel, JalOTCs OmeHKU 3(Q()EeKTUBHOCTH MIPeJIaraeMbiX aJrOPUTMOB.
KHura cuab:xeHa OOJBIIIMM KOJIMYECTBOM 3aJad M IIPUMEPOB PA3HOM CTEeHU TPYAHOCTHU, CYIIECTBEHHO
JIOIIOJIHAOIINX OCHOBHOM TEKCT.

OT Apyrux PyKOBOZCTE II0 MIPOrPaMMUPOBAHNIO KHUTA BBITOJHO OTJIMUAETCSA CTPOrOCTHIO M3JI0MKEHU S
U MIMPOKUM IIPUMEHEeHHEeM MaTeMaTUdYeCKOoTro ammnapara. BMmecTe ¢ TeM OHA JOCTYIHA CTYAEHTAM II€PBOTO
Kypca. 3HAKOMCTBO C ABYMS IEPBLIMM TOMAaMHU JKeJIaTeIbHO, HO He 00ds3aTenbHO. KasKaniil, KTO Xouer
HAYYUTHCA KBAIU(DUIIMPOBAHHO IPOTPAMMUPOBATH, HAMAET B Heil MHOIO II0JIE3HOTO.

Paccunrana Ha MIUPOKUI KPYT IPOrPaAMMUCTOB.

Pedaxyus 1umepamypul no MAmMeMamuieckum HayKam
K%QQ — 78 © IlepeBoj Ha pyccKuii A3blK, " Mup”. 1978
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INPEJUCJIOBUE PEJAKTOPOB IIEPEBOJA

. 9. KHyT X0pOoIIT0 3HAaKOM COBETCKOMY UHUTATEJIO II0 IIeEPeBOaM ABYX II€PBBIX TOMOB €r0 OOIITHUPHOMN
MoHorpapuu "VicKyccTBo IporpaMMupoBanusd 1 OBM ™ u He HyskgaeTcs B arTecranun. Hacrosamnas Kaura
IpeACcTaBJIsIeT COO0M TPETUH TOM U IIOCBSAINEHA aJITOPUTMAM COPTUPOBKHU 1 IOMCKA NHGOPMAIIUHA.

Wcropuuecku 3aposkgeHre METOL0B MAIIIMHHOM COPTUPOBKY MOKHO OTHECTH ellle K IIPOIIJIOMY CTOJIe-
THIO, X 38 CTOJIb JJINTEJbHOE BpeMs MHOTHE CHeI[UATUCThI YCIeJN UCIIPOOOBATEH CBOM CUJIBI B 3TOI 06JIaCTH.
Hammcasno HeMaJsio OT4eTOB, cTaTeil, MoHOTpaduii. U naxe B aTux ycaoBusax kaura Il. KuyTa crasna cobsiTu-
eM. ITo cy1iecTBy 9T0 SHITUKJIONIEINA, B KOTOPOI MOYKHO HANTH JI00YIO CIIPaBKY, KAcaIoIIy0Cs aJITOPUTMOB,
MEeTOJOB UX OI[€eHOK, MCTOPUY BOIPOCA U HePeITeHHbBIX ITPobeM.

Her HYyXIBbI TOBOPUTH O BAKHOCTU caMoii ob6siacTu. [IpakTMuecKu COPTUPOBKA U IOUCK B TOM MJIM MHOM
Mepe IPUCYTCTBYIOT BO BCeX MPUJIOMKEHUAX; B YACTHOCTH, IIPU 06paboTKe GOIBIITNX 00HeMOB JaHHBIX 3(-
($EeKTUBHOCTh UMEHHO 9THUX OIepaImuil onmpeaeisdeT 3(PPeKTUBHOCTDh, a HHOTAA 1 PAabOTOCIOCOOHOCTEL BCEt
cucrteMsbl. [TosTOMY, KaK cIipaBeAINBO OTMEUaeT aBTOP, KHUTa afpecoBaHa He TOJIbKO CUCTEMHBIM IIPOrpaM-
MHCTaM, 3aHUMAIOIINMCA PaspaboTKOM MporpaMM COPTUPOBKY U MoucKa nHopmaruu. MoKHO cKas3aTh,
YTO JOCTATOUYHO UeTKUE IIPeCTABICHUA 00 9TOM 00JIacT HYKHBI IIPU pellleHn 1060 3agaun Ha IBM kak
00s13aTeIbHBIE 3JIEMEHTHI MCKYCCTBA ITPOTPAMMUPOBAHU .

Kpome TeopeTnuecKoi 1 MpaKTUUYECKOUN II€HHOCTH, KHUTA MMeeT 0OJILIII0oe MeTOAUUYEeCKOoe 3HAUeHUe.
MHorue aBTOPBI 1 IIpPeIOfaBaTe I CMOTYT M3BJeUYb M3 Hee HOBBLIE W IOJE3HbIe CBeJeHUA He TOJLKO II0
CYIIECTBY PACCMATPUBAEMBIX BOIIPOCOB, HO U IO CIIOCO0Y MX M3JI0KEHUsI. ABTOPY MACTEPCKU YAAETCSI  pac-
CJIOUTH BECh MATEPUAJ TAKUM 00Pa30M, UYTO KHUTY MOXKHO MCIIOJb30BATh IPAKTUYECKH Ha JI000M YPOBHE
3HAKOMCTBA C IPeMeTOM U IIPU PA3JIUUHON 00IIell MaTeMaTUYeCKOIi TOATOTOBJIEHHOCTH YNTATE.

IlepeBog BeITIOTHEH IO n3AaHmio 1973 r. (IepBas pefakIusa) ¢ BHeceHeM MHOTUX (oKoJio 700) ucmpas-
JeHU# u J00aBJIeHUH, JTI00e3HO IMpefoCTaBIeHHBIX aBTopoM. Pasaesnsl ¢ 5.1 mo 5.3.2 nepesegennt. H. 1.
BbiokoBoii; pasgensl ¢ 5.3.3 mo 5.5 u mpeauciaosue— A. B. XonysieBsiM; riaBy 6 mepesea B. A. IN'agaTeHko.

0. M. basakoBckuii
B. C. IllTapxMmau

IIPEAUCJIOBHUE

Kynunapwusa crana mcKyccTBOM, BBICOKOI HAYKOI;

moBapa Ternepb—~0J1aropoaHbIe JIOIU.
Tur JIusuii, Ab Urbe Condita, XXXIX.vi

(PoGepr Bepron, Anatomy of Melancholy, 1.2.2.2)

Marepuan 3Toll KHUTH JIOTUYECKHU IIPOIOJIMKAET MaTepHraJy mo MH(POPMAIIMOHHBIM CTPYKTypaM, U3JI0-
JKeHHBIHN B I'I. 2, TOCKOJIBKY 3/1eCh K YK€ PACCMOTPEHHBIM KOHIIENIIUAM CTPYKTYP M00aBIsAETCS MTOHATHE
JINHEHNHO VIIOPAOOYEHHBIX TaHHBIX. HOIL’BaI‘OJIOBOK "COpTI/IpOBI-Ca n HOI/ICK" MOJKET IIPUBECTU K MBICJIN, YTO
9Ta KHHUTa IIpeJHasHavdeHa JINIIb qJIA CUCTEMHBIX IIPDOI'PaMMUCTOB, 3SaHNMAIOIIINUXCA IIOCTPOEHNEM YHUBED-
CaJIBHBIX ITPpOrpaMM COPTHUPOBKHU MJIN CBA3AaHHBIX C BBIGOpKOfI I/IHq)OpMaIII/II/I. OI[HaKO B I[eﬁCTBHTeHLHOCTH
IIpeJMeT COPTUPOBKY U IIOKMCKA JaeT HaM IPEeKPACHYIO OCHOBY IJIS O0CY K IeHUS IIINPOKOT0 KJIaCcCa BAXKHBIX
00IIUX BOIIPOCOB:

Kak HaxOoAUTh XOPOIIIKE aJITOPUTMBI?

Kak ynyuiiars JaHHbIe aJITOPUTMBI ¥ IPOTrPaMMBbI ?

Kax ucciemoBath 53)(PeKTUBHOCTD AJITOPUTMOB MaTeMaTUUECKI1?

Kak pasymMHO BBIOPATh OAVH 13 HECKOJbKUX aJTOPUTMOB AJIA PEIlleHna KOHKPEeTHO 3amaum ?

B KakoM cMBIC/Ie MOXKHO T0Ka3aTh, YTO HEKOTOPBIE AJITOPUTMBI SBASIOTCA  HAUJTYUIITNMUI U3 BO3MOK-
HBEIX " ?

Kak Teopus BBIYKUCJIEHUH COTJIACYETCA C MPAKTUUECKUMU COO0PAKEeHUAMU ?

Kak ath(eKTUBHO UCIIOJIb30BATh PA3JINUHbIE BUALI BHEIITHEI MaMATH—JIeHThI, 6apabaHbl, JTUCKU— I
boabiiux 0a3 maHHBIX? fI Aymaio, YTO Ha caMOM [ejie B KOHTEKCTe COPTHUPOBKU M IIOMCKA BCTPEUAETCS
MIPAKTHUYECKH /10001l BAKHEIN aCIeKT IPOrPaMMUPOBAHIA.

Hacrosamiuit Tom coctout us rii. 5 u 6 monorpaduu. B ri. 5 paccmaTpuBaeTcsa cOpTUPOBKA (yIopsaao-
‘-IeHI/Ie); 9TO OUEeHb 6OJII>IHaH TeMa, OHa pa361/1'ra Ha IBe I'NIaBHbI€ YaCTU—BHYTPEHHIOIO 1 BHEIITHIOIO COPTU-
POBKY. B aTy riiaBy BXOOAT TaK ke MOIMOJHUTEIbHBIEC Pa3lesbl, PA3BUBAIOIIE BCIOMOTaTEeIbHYIO TEOPUIO
mepecTaHoBOK (§ 5.1) U Teopuio ONMTUMANLHBIX AJTOPUTMOB cOpTUPOBKH (§ 5.3). B ri1. 6 MbI uMeeM mesio
¢ TTOMCKOM OTIpeIeJIeHHOTO dJIeMeHTa B TabauIle uiu daiiie; comep:KMoe 3TOH TJIaBhI IoIpasaeasaeTca Ha

Pob6ept Bepron (1577-1640) — aurauiicKuii yueHbIil, nucateab u Teosor. IIpum. I1epes.
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MeTO/bl IIOCJIeOBATEIbHOI0 IIONCKA, METOIbl IIOMCKA CO CPaBHEHMEM KJIIOUeil, IOMCKA C MCI0JIb30BaHM!-
eM CBOUCTB udp, IONCKA C IOMOIILIO  XEIINPOBAHUA ; 3aTeM paccMaTpuBaeTcs 0ojiee CIOMKHAA 3amada
BBIOOPKU IO BTOPUUHBIM KJouaM. O6e ryIaBbl IOPa3UTEIbHO TECHO MEPeIIeTaloTCA MeKIY Co00i, MeX Iy
UX IIpeaMeTaMu UMeIoTca 0JIM3KIMe aHAJIOTHU. B momosiHeHME K IJI. 2 pacCMaTPUBAIOTCA BA BaKHBIX BUIA
MHOOPMAITMOHHBIX CTPYKTYDP, & UMEHHO ITPUOPUTETHBIE ouepenu (1. 5.2.3) u TuHeHHbIe CITUCKHY, ITPeICTaB-
JIgeMble IOCPEeICTBOM cOaIaHCUPOBAHHKIX AepeBbeB (1. 6.2.3).

YuraTeso, He 3HAKOMOMY C IIEPBBIM TOMOM 3TO¥ MOHOTpaduu, peKOMeHAyeTcA obpaliaTbea K yKa-
3aTest0 0bo3HaUeHUH (IpuosKeHne B), Tak KaK HEKOTOPhIE U3 BCTPEUAIONINXCA B KHUTe 0003HAUEHUIT He
SABJISIFOTCS OOIIEIPUHATHIMH.

dTa KHura 0e3 00JbIIEl YacTH MATEeMATHUYECKOro MaTepuaJja ObljIa MCIOJb30BaHA MHOM B KauecTBe
yu4eOHUKA 10 BTOPOMY Kypcy JeKnuii  CTpYKTYpPhl JAHHLIX  [JIA CTYLEHTOB MJIALIINX U CPeJHUX KYPCOB.
MaremaTuuecKue 4acTH 9TOM KHUTH, ocobeHHOo § 5.1, 1.5.2.2, § 6.3 1 6.4, Mor/ix OBI COCTABUTH YUEOHUK II0
aHaJN3y aJITOPUTMOB AJIA CTYJEHTOB CPEIHUX U CTapIInX KypcoB. Kpome Toro, Ha ocHose 1. 4.3.3, 4.6.3,
4.6.4,85.3u 1. 5.4.4 MOKHO ITOCTPOUTDH KyPC JeKINH = CI0KHOCTH BBIUNCICHUN  [JIsI CTAPIIIEKYPCHUKOB.

BricTpoe pasBuTHe MHGOPMATHKY W BBHIUMCJIUTEJIbHBIX HAYK 3aJePsKaJ0 BBIXOJ B CBET 9TON KHUIHU
IOYTSI HA TPU rofia, MOCKOJbKY OUeHb MHOI'ME ACHEeKThl COPTUPOBKH U IOMCKA HOABEPrajnCh AeTalbHOI
paspaborke. I ouens 6marogapes HanmmonansHomy HaydHOMY (OHAY, OTAe/IeHNI0 BOEHHO-MOPCKUX HCCIe-
moBaHuii, UHCTUTYTY 060pOoHEI, hupmam IBM u Norges Almemitenskapelige Forskningsrad 3a mocrosaHyI0
TIOAIEPKKY MOUX HCCJIeIOBAHUM.

B moaroToBke sTOTo ToMa K IIeUaTH MHe OKas3aJu IIOMOIIbL MHOTHe JuIla, ocobenno asapa A. Bernep,
Kaapk 9. Kpaiin, [IpBun 9. @epriocon, Pobept V. @aoiin, Pounansn JI. I'paxem, Jleorugac I'roubda, [H:xoH
Xonkpodt, Puuapg M. Kapm, I'spu [. KroTT, Pymonsd A. Kpyrap, lllens JIuas, Boraun P. IIparT, Credan
O. Patie, Puuapg IT; Crannu, 1. A. Bau gep Ilya u Ixon Y. Peru mi., a Takke ctyaeHTs CToH(QoOpaa u
Bepkin, KOTOPHIM IPUIILIOCH UCKATD OIINOKY B PYKOIINCH.

Ocno, Hopserus, 1. 3. Knym ceursabps 1972

ITucarens moaB3yeTcA M3BECTHBIMHU IIPUBUJIETH-
AMU, B 6J1aT0IeTEIbHOCTH KOTOPBIX , HAEI0Ch, HET HU-
KaKWX OCHOBaHUI COMHEBATHCA. TaK, BCTPETUB Y Me-
HA HEIIOHATHOE MEeCTO, YUTATEeJb AOJIXKEH IIPEeAII0JIO-
KHUTb, UTO IIOJ HUM KPOEeTCsA HeUTO BechMa II0Je3HOoe

U TJTy0OKOMBICTIeHHOe. !
(I:xomarau CBugdT, Ckaska 60uKM, IPEeIUCIOBHE,

1704)

SAMEYAHHUA OB YIIPAKRHEHUAX

VupakHeHUsd, IOMeIlleHHble B KHUTaX HACTOSAIIel cepuu, mpeJHasHauYeHbl KaK AJIsI CAMOCTOATEIbHOM
MPopaboTKHU, TaK U IJIA CeMUHAPCKUX 3aHATuil. TPyAHO, ecii He HEBOZMOYKHO U3YUUTH IIPEIMET, TOJIbKO
YUTaA TEOPHUIO U He IIPUMEH A HOJYUSHHYI0 NH(POPMAIHIO AJIS PEIIeHN CIeIUATbHBIX 3a4a4 ¥ TEM CAMBIM
He 3acTaBjaa cebda o0oyMBIBATH TO, UTO OBLIO MpoumTano. Kpome TOro, MBI JyUIlle BCETO 3ayUUBaeM TO,
YTO caMU OTKPBIBaeM s cebsi. IlosTomy ympakHeHHA o0pasyloT BasKHYIO YaCTh HAHHOW PadOThI; ObLIN
MIPEeANPUHATHI OIIPeesieHHble MMONBITKY, YTOOBI 0TOOPATh YIIPAKHEHUS, B KOTOPBIX OBl COAEePIKaIOCh KaK
MOJKHO 60JibIlte MHGOPMAIIUY U KOTOPHIE OLLI0 OBl MHTEPECHO PeIlaTh.

Bo MHOrux KHHMrax JierkKue yIPa)KHEHHUS NAITCA BIEPEMEIIKY ¢ MCKIIYNTEJIbHO TPYIHBIMU. 3ada-
CTYIO 9TO OUeHb HeyIO0OHO, TAK KakK Iepe] TeM, KaK IPUCTYIATh K PEIIeHNIO 3a0aUl, YNTATEIb 0013aTEILHO
IOJIKEH IIPeACTABIATE ce0e, CKOJILKO BpeMEeHH YiIeT y Hero Ha 9TO pelleHre (MHAaUYe OH MOYKET Pa3Be TOJIbKO
IIPOCMOTPETH Bee 3agaun). Kiaaccuueckum npumepoM 3zech aBiserca Kaura Puuapna Bearnmana " [uaamu-
YecKoe IPOrpaMMUPOBaHNe ; 9TO BasKHas INMOHepcKasa paboTa, B KOTOPOM B KOHILE KaXKI0H IVIaBbl IO PyO-
puKoO " YIpaHeHuA 1 UCCIef0BaTeIbCKYe IIPO0JIeMEl faeTcs IeJbli pas 3a4ad, Iie HapAay ¢ ITyOOKMME
elle HePeIllleHHLIMHY IPO0JIeMaMy BCTPEUYAOTCA UCKJIIOUNTENBHO TPUBUAJIbHBIE BOIIPOCHI. ['OBOPAT, UTO OJI-
HaXKAbI KTO-TO CIIPOCHUJI I-pa BesnMana, Kak OTJIHMYUTEL YIPAKHEHUS OT HCCJIEL0BATEIbLCKUX IIPO0IeM, 1
TOT OTBETIJI:  ECJIM BEI MOXKETe PeIlInTh 3a4auy, 3TO—yIpaKHeHNne; B IPOTUBHOM caydae 3To—Ipobaema’ .

Mo:xHO ITpUBECTH MHOI'O JOBOIOB B IIOJIb3y TOr0, YTO B KHUIre TUIIA ATOM JOJIKHBI OBITh KaK HCCJIEeN0-
BaTeJbCKUE IIPO0JIeMbl, TAK ¥ OUeHB IIPOCThIe YIPAKHEHUA, U JJIS TOr'0 YTOOBI YUTATEII0 He IPUXOANIOCH
JIOMATh I'0JIOBY HaJ TeéM, KaKasd 3a7jada JerKas, a KaKasa TPYIHAadA, MBI BBEJIN  OIEHKH , KOTOPBIE YKA3hIBAIOT
CTeIleHb TPYAHOCTH KAaMKIOT0 YIPaKHEeHNA. DTH OIlEHKY NMEIOT CJIeAyIolnee 3HAaUeHHe:

! TTepesox A. A. ®@pankosckoro.—IIpum. ITepes.
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Onenka O0bscHeHHE

00 YpesBhIUafHO JIETKOE yIIpaKHeHe, Ha KOTOpoe MOYKHO OTBETUTD Cpasy ke, eCJI IIOHAT MaTe-
pHAaJ TEeKCTa, 1 KOTOPOE IIOYTH BCEIa MOMKHO PEIlIUThL B yMe .
10 IIpocrasisamaua, KoTopas3acTaBJIAeT 3ayMaThCsA HAJ IPOUYNTAHHBIM MaTepPUaJioM, HO He IIpe.-

CTaBJIseT HUKAKHUX 0COOBIX TpyaHocTell. Ha perrerHue Takoii sagauu tpedyercsa He 6OJIbIIe OJ-
HOM MUHYTHI; B IIpOIlecce pellieHnsa MOTYT MOHAA00UThCA KapaHall 1 Oymara.

20 3amaua cpenHeil TPYIHOCTHU, II03BOJISIOIIAA IPOBEPUTDH, HACKOJBKO XOPOIIO MOHAT TeKcT. Ha
TO YTOOBI JATh NCUEPIILIBAIOIIII OTBET, TpebyeTcsa mpumMepHO 15—20 MUHYT.

30 3amava yMepeHHOM TPYAHOCTH U /WU CJI0KHOCTH, IS YAOBJIETBOPUTEIbHOI'O PEIlleHnsI KOTO-
poii TpebyeTcs GOJIbIIIE ABYX UACOB.

40 OueHb TPYAHAA WU TPYAOEMKasd 3ajaua, KOTOPYIO, BEPOATHO, CJIeAyeT BKIIOYUTD B IIJIAH ITPaK-

TUUeCcKUX 3auaTuii. [Ipeamosaraercs, 4To CTYAEHT MOYKET PEIINTh TAKYIO 3aa4y, HO AJIS 9TOT'0
eMy moTpebyeTcs: 3SHAUNTEJIbHBINA OTPE30K BPEeMeHH; 3ajada PelllaeTcs HeTPpUBUAaJIbHBIM 00pa-

30M.
50 HccaemnoBarenbcKkad mpodiaeMa, KoTopasa (HaCKOJIBKO 9TO OBIJIO M3BECTHO aBTOPY B MOMEHT Ha-

IIMCAHN) ellle He IIOJIYyYNJIa YI0BJIeTBOPUTEIbHOrO0 pemrerns. Eciau unrareab HaleT pelleHne
9TOM 3asauu, ero HaCTOATEIbHO IIPOCAT ONYyOJINKOBATE €r0; KpOMe TOI'0, aBTOP JAHHON KHUT'K
OyIeT oueHb IPU3HATEJEH, CJI eMy COOOIIAT pellleHle KaK MOXKHO ObicTpee (IIpU yCJIOBUM,

YTO OHO IIPABUJIBHO).
VHTepmoaupys oo 3Tol JorapuMUUeCKol IIKaje, MOKHO IPUKUHYTh, UYTO O3HAYAET J06asa mIpo-

Me)KyTouHadA olleHKa. Hampumep, omeHKa 17 roBOpuT o TOM, UTO JaHHOE yIpaKHEHUEe UyTh Jierue, ueM
yIpa)kHeHNe cpefHel TpyaHOCTH. 3ama4da ¢ oeHKoi 50, ecaau oHa OyAeT pellleHa KakKuM-JI100 YuTaTeaeM,
B CJIEVIOIINX U3TaHUAX JAHHON KHUTU MOKET UMETH yiKe OIeHKY 45.

ABTOD UecTHO cTapaJjicd AaBaTh 00beKTUBHEIE OIEHKHU, HO TOMY, KTO COCTaBJIAET 3aa4il, TPYIHO IIPe-
BUETh, HACKOJbKO TPYAHBIMHU 3TH 3aJaUU OKAKYTCS AJISI KOTO-TO APYTOro; K TOMY sKe Y KasKI0ro YeJoBeKa
CYIIIECTBYET OIpeIeJIeHHBIHM TUH 3a7ad, KOTOPhIe OH peltaeT ObicTpee. Hameoch, UYTO BEICTaBJIEHHBIE MHOM
OIeHKM JAaIOT IPaBUJIbHOE IpeACTaBJIeHNE O CTeIeHN TPYIHOCTHY 3a4aY, HO B 00IEeM UX HYKHO BOCIIPUHU-
MaTh KaK OPUEeHTUPOBOYHEIE, a He a0COJTIOTHLIE.

ITa KHUTA HAINCAHA [IJIA YUTATeJIell CAMBIX Pa3HBLIX CTeIleHeil MaTeMaTUYeCKOM IIOATOTOBKY U UCKY-
IIIeHHOCTH, II03TOMY HEKOTOPbIEe YIIPAKHEeHU IPeJHA3HAYEHBI TOJbKO IJIA YNTATe el ¢ MaTeMaTUUYeCKUM
yKJ0oHOM. Eciim B KaKOM-In00 yIpaKHeHUM MaTeMaTHYecKHre IMOHATUA UJIN Pe3yJIbTAThl UCIOJb3YIOTCA
6oJiee IIIMPOKO, YeM STO HeOOXOAUMO JIJIS TeX, KOTO B IIePBYIO ouepeb NHTEPEeCyeT IIPorpaMMUPOBaHTE aJl-
TOPUTMOB, TO IIepe] OLeHKOI TaAK0oro yupaskHeHnud craBurcsa Oyksa  M". Ecin 1uig pelieHns yupaskHeHNIS
TpebyeTcsa 3HAHIE BBICIIEN MaTeMaTUKU B 0OJIbIIIeM 00beMe, YeM STO JAHO B HACTOAIIEH KHHUTre, TO CTa-
BaATCA OykBel  BM". ITomerka "BM"™ 0THIOAE HE ABJIAETCS CBUAETEILCTBOM TOI'0, UTO JAHHOE YIIPasKHEHNE
TPYIAHOE.

Ilepen HEKOTOPHIMY YIIPAKHEHUAMU CTOUT CTPEJIKA > ; 9TO 03HAYAET, UTO JaHHOE YIIPaKHEHNe 0CO-
GEeHHO IIOYUYUTEJIhHO U €r0 PeKOMEeHIyeTcA 00dA3aTeIbHO BBIIOJHUTE. CaMo cob6oil pasymeeTcsa, HUKTO He
0JKUAeT, YTO YNTaTeJb (MU CTYAEHT) OyAeT peliaTh Bce 3aJjaum, IOTOMY-TO HamnboJjiee moJIe3HbIe U3 HUX
¥ BBIZIeJIEHBI. ITO COBCEM He 3HAYWT, UTO APYyrue 3ajauu He CTOUT perrars! Kaapiil unraTesnb SOIMKEH 110
KpaliHeil Mepe IOIBITATLCS PEIINTh BCe 3a1aUl ¢ OIleHKOMH 10 1 HiKe; CTPEJIKH JKe IIOMOT'YT BhIOPaTh, KaKue
3ajauu ¢ 60Jiee BLICOKMMU OIIEHKAMMU CJIeyeT PeIllUTh B IIEPBYIO OUepeb.

K GoJbIIMHCTBY yIpa)KHEHUH IPUBeIeHbl OTBETHI; OHHU IIOMEINeHLl B CIIeINaJIbHOM pasjieie B KOHILE
Kuuru. ITons3yliTech MU MYAPO; B OTBET CMOTPUTE TOJBKO IIOCJIE TOT0, KaK BbI IIPUJIOMKUJIN JOCTATOUHO
yeuinit, 4ToOBI PEIUTDh 3aJa9y CAMOCTOATEIbHO, WM K€ eCJIU IJIA PEeIleHUd NAaHHON 3aJadyy y Bac HeT
BpeMeHu. Eciu mosyueH cOOCTBEHHBINA OTBET, JIMOO €CJM BbI NEeICTBUTENBHO HBITAJIKNCH PEIINUTH 3a1auy,
TOJIBKO B 9TOM CJIy4yae OTBET, IOMEIlleHHbI B KHUTe, OyIeT HOyYNTEeJIbHBIM U II0JiedHbIM. Kak mpaBuio,
OTBETHI K 3aJauaM M3JIaraloTCd OUeHb KPAaTKO, CXeMaTHUYHO, TaK KaK IpeJrnojaraeTcsa, 4TO YNTATedb YiKe
YECTHO IBITAJICA PEIINTh 3aJauy cCOOCTBEHHBIMU cuaaMu. HOTrAa B IPUBEAEHHOM PEIeHUN JAeTCA MEeHb-
e nH(GOPMAaIUU, UeM CIPAIINBAJIOCh, Yallle—Ha000poT. BmosHe BOBMOKHO, UTO MMOJYUEHHBIIT BAMU OTBET
OKaKeTCsd JIyuIlle OTBeTAa, IIOMEIeHHOr0 B KHUTre, UJIX BBl HalifeTe OIINOKY B 9TOM OTBETE; B TAKOM CJydae
aBTOP ObLJI OBI OUEHb 00s13aH, ecji ObI BBl KAK MOKHO CKOpee IOAPOOHO coobmiuau emy ob aTom. B mocae-
IYIONINX N3AAHUAX HACTOAIIEeH KHUTY Oy/IeT ITIOMeIIleHO yiKe NCIPaBJIeHHOe pellleHrie BMeCTe C UMeHEeM ero
aBTOpA.

CBoaKa yCIOBHBIX 0003HAUEHU
>  Pexomenpgyercsa
M C maremMaTHYeCKUM YKJIOHOM
BM Tpebyer 3HaHuA " BEICIIEH MaTeMaTUKNA
00 TpebyeT HEMeIJIEHHOTO OTBETA
10 TIIpoctoe (Ha OLHY MUHYTY)
20 Cpegsneit TpygHOoCcTH (Ha YeTBEPTH Yaca)
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30 TIloBbINIEHHOI TPYSHOCTH.
40 ua "mMarmpakTUKyMma
50 MWccaemoBaTesbcKas mpobiieMa

YupaxkHeHUuA

>1. [00] Yro o3uauaer momerra "M20"?
2. [10] Kakoe 3HaueHue [IJid YATATESA UMEIOT YIIPAKHEeHNsI, IOMeIllaeMble B yueOHUKax ?
3. [M50] JokaskuTe, 4TO €CaU n—II€JI0€ YUCJIO, N > 2, TO ypaBHeHUE =" + ¢y = 2" Hepa3peuInMo B IeJIbIX
TIOJIOYKUTEJBHBIX YUCIAX T, Y,Z.

5. CopTupoBKa

Hert nesna 6osiee TpyaHOTO IO 3aMBICTY, 60Jiee Co-
MHUTEJILHOTO II0 YCIIeXy, 60Jiee 0IIacHOTO IIPU OCYIIle-
CTBJIEHUU, YeM BBOAUTH HOBBIE IIOPAAKU.

Huxkono Maksasesnu, "Tocygaps” (1513)

"Ho MBI He ycIeeM, IPOCMOTPETh BCe HOMEPA aB-
ToMobueli” , — Boapasui [Ipeiik. " A HaM 1 He HYKHO
aToro geaarb. Ilos. MBI IPOCTO PACIOJOKUM UX IO

MOPALKY U IOUIIEeM OANHAKOBEIE .
TIeppu Meiicon * I3 "The Case of Angry Mourner”

(1951)

CopTupoBKa JepeBheB ¢ ucnob3oBaHueM OBM.

IIpu TaxoM HOBOM, ' MAIIMHHOM IIOAXOZe K HU3Y-
YEHUIO IIPUPOABI Bl IOJYUYNUTE BO3BMOIKHOCTD OBICTPO
pacmo3HaBaTh 6oJiee 260 pasanunbix gepesbes CIITA,
Ansacku, Kananbl, BKJII0oUas HaJIbMBbI, IePEBbs TYCTHIHD
¥ IPOUYYIO 9K30TUKY. UTOOBI OIIPEAEeIUTE IIOPOAY HIe-
peBa, IOCTATOYHO IIPOCTO BCTABUTD CIIHILY.

Karamor "Edmund Scientific Company” (1964)

B 5T0#1 rmaBe MBI M3yUYMM BOIIPOC, KOTOPBIN YaCTO BOSHMKAET B IPOrPaMMUPOBAHUM: IIepepasMelre-
HUE 3JIEMEHTOB B BO3pPacTaloIleM MM yObIBaoIlneM mopsaake. IIpeacraBbTe, HACKOJBKO TPYAHO OBIIO GBI
MMOJIb30BATHLCA CJI0BAPEM, €CJIM OBl CJI0BA B HEM He pacioJiarajuch B aJadaBuTHOM mopaake. TouHo Tak ke
OT MOPSAAKA, B KOTOPOM XPaHATCA 3JeMEHThI B mamMATu OBM, BO MHOIOM 3aBHCUT CKOPOCTDH U IIPOCTOTA
aJITOPUTMOB, IPpeJHA3HAUEHHBIX IJId X 00pad0OTKH!.

XO0TA B CI0BAPAX CI0BO  COPTHUPOBKA™ (sorting) ompenensercsa Kak ~ pacipefeesne, 0OT00p IO COPTaM;
JIeJleHre Ha KaTeropuu, COPTa, PaspaLbl , IPOrPAMMUCTEI TPALUIIMOHHO UCIIOJL3YIOT 3TO CJIOBO B rOpasio
0oJiee Y3KOM CMBICJIe, 0003HAYAA UM COPTHUPOBKY IIPEAMETOB B BO3PACTAIOIIEM WJIM YOBIBAIOIIEM IIOPS-
Ke. JTOT IpoIecc, MOYKaIYil, ciefoBajio ObI Ha3BaTh He COPTUPOBKOIL, a ynopsadouenuem (ordering), mHo
HCIIOJIb30BAHNE STOTO CJI0BA IPUBEJIO Obl K MYyTAHNIE M3-3a IEePErPYsKeHHOCTH 3SHAUCHUAMHU CJIOBA ' IIOPJ-
ook~ . PaccMoTpuM, HAIpuMep, ciaeayiolee Ipeaioxenne: " Tak KaK TOJNLKO ABa HAIIINX JeHTOIPOTAMKHBIX
yCcTpoiicTBa B MOPAAKE, MEHS IPU3BATIY K MOPAAKY 1 0043211 B CDOUHOM IMOPAAKE 3aKa3aTh eIlle HeCKOJIbKO
YCTPOMCTB, UTOOBI MOKHO OBIJIO YIIOPAAOUNBATEL JaHHBIE PA3HOTO IOPAAKA HA HECKOJbKO HOPALKOB ObI-
crpeel. B MareMaTn4ecKol TEPMIHOJOTHY BTO CJIOBO TAKKe M300MIyeT 3HAUCHUAMH (IIOPALOK I'DYIIIEI,
MIOPAIOK II€PECTAHOBKH, IIOPALOK TOUKY BETBJICHNUA, OTHOIIEHNE IOPALKA 1 T. 1I.). ITakK, CI0BO " IOPALOK
MIPUBOIUT K Xa0CYy.

B kauecTBe 0603HaUEHNA 14 IPOIECCa YIOPALOUEHIA IPe[JIaraloch TAKIKE CIOBO |~ PAHKIPOBaHMe 2,
HO OHO BO MHOTHX CJIy4asX, IO-BUAUMOMY, He BIIOJIHE OTPa’kaeT CyTh Jeja, 0COOeHHO eCJiu IPUCYTCTBY-
IOT paBHBIE 9J€MEHTHI, U, KPOMe TOTO, MHOTa He CoTJiacyeTcd ¢ APYTMMHU TepMuHaMu. KoHeuHO, CJIOBO

* ITeppu MeiicoH—Trepoil cepuu AeTeKTUBHBIX POMAaHOB HOMYJIAPHOTO aMEPUKAHCKOT0 ITNcaTeIsa JpJia
Crennu 'apguepa.— Ilpum. nepes.
I B opurunane "Since only two of our tape drives were in working order I was ordered to order more
tape units in short order, in order to order the data several orders of magnitude faster”.— IIpum. nepes.
2 B opurunaie "sequencing”.—IIpum. nepes.
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"copTHpPOBKAa" ¥ CaMO HMeeT JOBOJBHO MHOTO 3HAUEHHUIH®, HO OHO IIPOYHO BOIILIO B IPOIPAMMUCTCKUII sKap-
rou. ITosTomy MBI 6e3 HaabHEeAINX N3BUHEHNN 6y eM HCII0Jb30BaTh CJIOBO  COPTHUPOBKA B Y3KOM CMBICJIE
" COPTHUPOBKA II0 IIOPALKY .

Bort HekoTophie n3 HanboJiee BaXKHBIX IIPUMEHEHU COPTUPOBKU:

a) Pemrenue 3asaun "IpyNIupOBKHU , KOI[a HYsKHO cOOpaTh BMECTe BCE 3JIEMEHTEI C OAMHAKOBLIM 3HAUE-
HUeM HeKoToporo npusHaka. Jlomyctum, umeerca 10000 sjieMeHTOB, PACIIONIOMKEHHBIX B CIAYYANHOM
TopsaAKe, IpUYeM 3HAUEHUST MHOTUX M3 HUX PABHLI; M IPEATIOJI0KNM, HAM HYKHO MePeyHIoOPATOUUTD
daiin TaK, YTOOBI SJIEMEHTHI C PABHBIMY 3HAUEHUSAMU 3aHUMAJIY COCEeIHNe MO3UINu B (aiiie. ITo, IO
CYII[eCTBY, 3aJada COPTUPOBKU B IIMPOKOM CMBICJIE CJI0BA, X OHA JIEIKO MOXKeT ObITh PellleHa IIyTeM
COPTHUPOBKH (hailia B y3KOM CMBICJIE CJIOBA, a MMEHHO PACIOJIOMKEeHNEeM 9JIeMEHTOB B HeyObIBAIOII[EM I10-
panke v; < vy < ... < v19000. OPPEKTUBHOCTHIO, KOTOPASA MOKET OBITh JOCTUTHYTA B 3TOM IIpoIeaype,
1 00'bSCHAETCA N3MEHeHNe IEPBOHAYAIBHOTO CMBICJIA CJIOBA  COPTUPOBKA .

b) Eciu gBa miam Gojee (paiijia OTCOPTUPOBATH B OJHOM M TOM K€ HMOPAMKE, TO MOMKHO OTBICKATH B HUX
Bce 0O0IIre 3JIeMeHThI 3a OAMH IOCJeJ0BATEeNbHLIN IIPOCMOTP BceX (paiisoB, 6e3 BO3BPaTOB. ATO TOT
caMbIil IPUHIIUI, KOTOPBIM BocmoJib3oBajicsa Ileppu MeiicoH ajisa pacKpbITUA Aeja 00 youiicTBe (CM.
suurpadsl K aToii riaaBe). OKasbiBaeTcdA, UTO, KaK MPaBUJIO, TOPA3a0 9KOHOMHEee IPOCMAaTPUBATE CIIH-
COK IIOCJI€IOBATEJILHO, a He IEPECKaKMBas C MeCcTa Ha MECTO CAyJaHBIM 00Pa3oM, eCJIU TOJIBKO CIIMCOK
He HAaCTOJIBKO MaJI, UYTO OH I[eJIUKOM IIOMEeIllaeTcsi B onepaTuBHOM maMmAaTu. CopTUpPOBKAa II03BOJISIET HC-
IIOJIL30BATH IIOCJIEI0BATEILHBIN JOCTYHI K OOJBIINM (paiijlaM B KauecTBe IIPHUeMJIEMOM 3aMeHbI IPAMOii
aapecaruu.

c¢) Kak mbI yBuUgUM B 1. 6, COPTHPOBKA IIOMOTAET U MPU IIONCKE, C ee ITOMOIIBI0 MOKHO CIeJIaTh BhIAa-
y OBM 06osiee yIOOHBIMHY AJIS UEJIOBEUECKOTO BOCIPUATUSI. B camMoMm mesie, TUCTUHT (HalleuaTaHHBIN
MAaIUHON JOKYMEHT), OTCOPTUPOBAHHBIN B ajihaBUTHOM IOPSAKE, 3aUacTyIO BBITVISAUT BeCchbMa BHY-
IIUTEJBHO, JaKe eCJIM COOTBETCTBYIOIME YNCIOBbIe JaHHbIe ObIIN PACCUNTAHEI HEBEPHO.

XO0TsA COPTUPOBKA TPAAUIIMOHHO U GOJIbIIIEll YaCThI0 MCIIOJb30BaJIACh AJIs 00pab0TKU KOMMEPUECKUX
JaHHBIX, HA CAMOM JeJjie OHA SBJISeTCS UHCTPYMEHTOM, II0JIE3HBIM B CAMBIX PA3HBIX CUTYAIIUSX, ¥ IO9TOMY
0 HeM He ciienyeT 3abbiBaTh; B yup. 2.3.2—17 MbI 00CcyAnIu ee IpuMeHeHe OIS YIIPOIleHusa ajarebpanye-
cxkux hopmMyJsa. YOpaKkHeHUs, IPUBeJeHHbIe HIKe, UJIIIOCTPUPYIOT PadHooOpasye TUITNUYHBIX TPUMEeHeHUH
COPTUPOBKH.

Opmoii U3 MepPBBIX KPYMHBIX CUCTEM IIPOrPAMMHOI0O o0ecIieueHusI, IPOJAEeMOHCTPUPOBABIINX OOTaThIe
BO3MOXKXHOCTH COPTHUPOBKH, ObLI KoMmuuasaTop Larc Scientific Compiler, paspa6oranusrii pupmoit Computer
Sciences Corporation 8 1960 r. B aToM onTHMHU3UPYIOIEM KOMIUIATOPE 45 pacitupernoro POPTPAHa
COPTHPOBKA MCIO0JIb30BaIach BeChMa MHTEHCUBHO, TAK UTO PA3JIMYHBIE aJITOPUTMbBI KOMITUIAIIAY padoTaaiu
C OTHOCAIIIUMUCA K HUM YaCTAMU UCXOIHOM IPOrPaMMBbI, PACIIOJOKEHHBIMH B YI00OHOI IIOCJIeJ0BATEIBLHO-
cru. [Ipu mepBOM IPOCMOTPE OCYIIECTBIIAICA IEKCUIECKU I aHAa N3, T. €. BhIJeJIeHIe B UCXOAHOM IporpaMme
JIEKCUYECKUX eIUHUIL (JIeKCceM), KasKaada U3 KOTOPBIX COOTBETCTBYET 00 uAeHTUPUKATOPY (MMEHU Iepe-
MEHHOI1), JIN00 KOHCTaHTe, OO omepaTopy u T. A. Kaikaas jiekceMa mojrydaja HECKOJIBKO MOPATKOBBIX
HOMepOoB. B pesybTaTe COPTUPOBKY IT0 IMEHAM M COOTBETCTBYIOIUM MOPSATKOBLIM HOMEPaM BCe UCII0JIb30-
BAHUA JAHHOI'O NAEHTU(PUKATOPA OKAa3EIBAJINCH COOPAHHEIMI BMecTe.  OIpeAesiole BXOXKIeHNA , cIie-
nuUIUPYOINe nAeHTU(OUKATOP KaK UMA QYHKIIUY, IapaMeTp U MHOTOMEPHYIO IIePeMeHHYI0, II0JIyua-
JIX MEHbIIIe HOMepPA, [I03TOMY OHU OKA3bIBAJIUCH IIEPBLIMHU B II0CJEL0BATEIbHOCTH JIEKCEM, OTBEUAOIINX
aTOMY UaeHTUPUKATOPY. TeM caMbIM obJieruajach MPoBepKa IPaBUJILHOCTH YIIOTPeOIeHuA nAeHTu(GUKA-
TOPOB, pacIpeiesieHre IaMATH C YYEeTOM JeKJaapaluii 9KBUBaJIeHTHOCTH U T. 1. CoOpanHaa TakuM 06pa3oM
nHGOPMAINA 0 KaKIOM HUAEHTU(MUKATOPE NPUCOEIUHAIACh K COOTBETCTBYIOIIel JekceMme. [loaTomy He
OBLIO HEOOXOAUMOCT! XPAHUTh B OIEPATUBHON HaMATH TaOJUILy CUMBOJIOB , COAEPKAIIYIO CBeJeHus 00
ugeHTuduraropax. Ilocie Takoil 06paboTKM JeKCeMbl CHOBA COPTUPOBAJNCEH II0 APYTOMY IIOPSAKOBOMY
HOMeEpY; B pe3yJjbTaTe B IIporpamMme, IO CYIIECTBY, BOCCTAHABJIMUBAJICA II€PBOHAYAIbHBINA MOPSAI0K, €CIN
He CUUTATh TOT0, YTO apU(PMETHUECKNE BEIPAYKEHNA OKa3hIBAJINCH 3alIMCAHHLIME B 0oJiee y400HOM, " H0JIb-
cKoii mpedurcHoi” dopme. COPTUPOBKA MCIOJB30BANACH W HA MOCAEAYIONINX (ha3ax KOMIMJIAIUA— IJIA
00JIeTUYeHU S OIITUMHUBAIUY ITUKJIOB, BKJIIOUEHUS B IUCTUHT COO0IIeHn 06 ommrnOKax u T. 1. Kopoue rosops,
KOMOUJISATOP OB YCTPOEH TaK, YTO BCIO 00paboTKy aitioB, XxpaHAIUXCA HA Oapabarnax, GaKTHUECKU MOK-
HO OBLIO BECTH II0CJIefoBaTe bHO. [[09TOMY-TO HaHHBIE U CHAOMKAINCH TAKUMU HOPSIIKOBBIMU HOMEDPAMH,
KOTOPBIE MMO3BOJIAIY YIIOPSALOUUBATD 9TH JaHHbIE PA3TUUYHLIMU YIOOHBIMU CIIOCOOAMU.

Hpyroe, 6ojiee oueBUHOE IPUMEHEHNE COPTUPOBKY BO3HUKAET IIPU PeJaKTUPOBaHUU (HailjaoB, rae
KaKJas CTPOKa cHaO:KeHa KJarouoM. Iloka moab30BaTe b BHOCUT C KJIABUATYPHI M3MEHEHUA U J00aBIeHHUA,

3 D70 B 6OJIBIIeEIT CTEIIEHN OTHOCUTCA K aHIINHCKOMY CJIOBY ' sorting”. Bmech aBTOp IPUBOLAT IIPUMeED:
"He was sort of out sorts after sorting that sort of data”. (Ox 0511 Kak 6yATO He B [yXe IIOCJIEe COPTUPOBKU
TaKOT'0 COPTA JIEHHBIX ), KOTOPHIM B PYCCKOM IIePeBOjie He CTOJIb BhipasureaeH.— IIpum. nepes.
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Heo0sA3aTeJbHO Aep:KaTh Bech (hpaily B olepaTWBHON maMsaTu. Bce maMeHseMble CTPOKHM MOXKHO IIO3THEe
OTCOPTHPOBATH (4 OHU M TaK OOBIYHO B OCHOBHOM YHOPSAIOYEHBI) M CJIUTH C UCXOAHBIM (paiiioM. ITO AaeT
BO3MOJKHOCTh PA3yMHO KCIIOJIB30BATh IaMATH B PesKuMe MyJabTunporpammupoBauus. [Cp. ¢ C. C. Foster,
Comp.d., 11 (1968), 134-137].

ITocTaBIMUKY BHIUMC/INTEJIbHBIX MAIINH CUNTAIOT, UTO B cpegHeM OoJsiee 25% MAIIMHHOTO BPeMEHU
cucTeMaTUYeCKU TPATUTCA HA COPTUPOBKY. BO MHOTUX BBIUMCJIUTENbHBIX CUCTEMAaX Ha Hee YXOAUT 60JIb-
II1e ITOJIOBUHBI MAIIIMHHOTO BpeMeHu. V3 9TOi CTATUCTUKU MOKHO 3aKJIOUYUThH, YTO JbOo (i) copTUpOBKA
MMeeT MHOI'0 BAXKHBIX IIpUMeHeHunit, 6o (ii) ero yacTo moab3yoTesa 6e3 Hy K abl, 1160 (iii) npumensoTcs
B OCHOBHOM Hea(p(PeKTHBHBIE aJITOPUTMbI COPTUPOBKU. Ilo-BuanMoMy, Kaxkaoe U3 TPeX IIPEeIIOJI0MKeHIA
COIEPIKUT TOJII0 UCTUHBI. BO BCAKOM ciydyae SCHO, YTO COPTHUPOBKA 3aCIYKUBAET CEPbE3HOr0 U3YUEHU C
TOYKU 3PEHUA ee IPAKTUYECKOr0 UCIIOJIb30BAHUS.

Ho paxe ecsiu 651 COPTHUPOBKA ObLiIa TOUTH GecIojiesHa, Hallljlach ObI Macca JPYTUX IPUUYNH 3aHATHCA
ero! I3o0peTaTebHbIE aJITOPUTMbBI COPTHPOBKU I'OBOPSAT O TOM, UTO OHA 1 caMa 10 cebe MHTepecHa KaK 00beKT
nccaemoBaHuA. B aToii 001aCTH CYII[eCTBYET MHOXKECTBO yBJIeKaTe/JbHBIX HEPeIlIeHHBIX 3aJau Hapsaay C
BEChbMAa HEMHOTVMU YK€ PeIleHHBIMMU.

PaccmarpuBas Bompoc B 60Jiee MIMPOKOM IIJIaHe, Mbl OOHAPYKKUM, UTO AJITOPUTMBI COPTUPOBKY IPEI-
CTaBJAIOT CO00IT MHTEePECHBIH YaCTHBIN MPUMEP TOTO, KaK CJeAyeT MOAXOAUTH K PEeIleHn0 IpodieM Ipo-
TpaMMUPOBAHUA BOOOIIe. MBI MO3HAKOMUMCS CO MHOTMMHY BaXXHBIMU IIPUHITAIIAMYA MAHUIYJIUPOBAHUSA CO
CTPYKTYpPaMU JaHHBLIX W IPOCJIEeTUM 3a 9BOJIOIUEN Pa3INUYHbIX METON0B COPTUPOBKHU, IIPUUYEM UHTATEIIO
yacTo OyeT IpefoCTaBIATLCA BOSMOMKHOCTL CAMOMY ' OTKPBLIBATL  Te dKe UAen, KaKk OyATo ObI 0 Hero HUKTO
¢ TOHOOHBIMY 3aauaMu He cTadKkuBajaca. O6001eHre 9TUX YACTHBIX METO/IOB ITO3BOJIUT HAM B 3HAUUTEJb-
HOM CTeIleHU OBJIA/IETh TEMHU CIIOCO0AMU MBIIILJIEHNSs, KOTOPhIe IIOMOTYT CO34aBaTh JOOPOTHBIE aJITOPUTMbI
LIS pellieHus IPYyTux mpodiieM, cBA3aHHBIX ¢ IBM.

MeToABI COPTUPOBKY CIIY:KAT BEJIMKOJEITHOM MILIIOCTpaniuell uxeil anaaus3a aizopummos, T. e. unei,
MMO3BOJIAIOIIUX OLIEHNBATh paboure XapaKTePUCTUKU AJrOPUTMOB, a 3HAUUT, PA3YMHO BBIOMPATH CPEIN.
KasaJyioch ObI, PABHOIIEHHBIX METOZ0B. YuTaTea u, MMelllue CKJIOHHOCTh K MaTeMaTUKe, HalAyT B 9TO
rJlaBe HeMaJio CII0CO0O0B OIIEHKU CKOPOCTU PAabOThHI aJITOPUTMOB ¥ METOOB PEIIleHNA CI0KHBIX PEKYPPEHT-
HBIX cooTHomrenuii. C Apyroil cCTOpPOHBI, U3JIOKEHNEe MOCTPOEHO TaK, UTO UUTATENN, He MMeloIue TaKoii
CKJIOHHOCTH, MOTYT 0e300JIe3HEHHO ITPOITYyCKATh BHIKJIATKN.

IIpe:xme ueM ABUTaThCS JaJIbIlle, HeOOXOAMMO 00JIee UeTKO OIIPeIeIUTD 3ajauy U BBECTU COOTBETCTBY-
IOIIYI0 TepMuHOJIOTHIO. IIyeTh HAamO yropaaouuTb N 31eMEeHTOB

Ri,Rs,...,Ry.

HasoBeM ux 3anucamu, a BCIo COBOKyInHOCTb N samuceil HasoBeM @ailnon. Kasxnas sanuck R; UMeeT Ka104
K ;, KOTOPBIH U yIPaBJIsIET IPOLECCOM COPTUPOBKY. IIOMIMO Kir04a, 3aIIiCh MOKET COAEPKATh JOIIOJHNU-
TeJbHYIO, COIIYTCTBYIOIYIO HHPOPMAIMIO , KOTOPAas He BIUAET HA COPTUPOBKY, HO BCEIIa OCTAETCS B 9TOM
3aIlUCH.
OTHOIIIeHNe OPAIKA = < Ha MHOYKECTBe KJIouUell BBOLUTCA TAKUM 00pasoM, UTOOBI JJsd JO0BIX Tpex
3HAUEHUN KJII0ueii a, b, ¢ BEIIIOJIHAINCH CJIEAYIOIIe YCIOBMI:
i) cmpaBemJIMBO OJHO U TOJHLKO OJHO 13 COOTHOINeHUM a < b, a = b, b < a (3aKOH TPUXOTOMUM);
ii) ecmma < bubd < ¢, T0o a < ¢ (3aKOH TPAH3UTUBHOCTH).
9THU [Ba CBOMCTBA ONIPEAEIAI0T MATEeMATUYECKOE IIOHATHE IUHEILH020 YNopAdoueHl A, HA3bIBAeMOTo ellle
cosepuienHbLM ynopsadouenuem. JIto60e MHOMKECTBO C OTHOIIIEHUEM <, YAOBJIETBOPAIOIIUM cBoiicTBaM (i)
u (ii), mogmaeTcsi COPTUPOBKE GOJIBIINHCTBOM METO/L0B, OMMMCAHHBIX B ATOH IJIaBe, XOTSI HEKOTOPhIE U3 HUX
TOAATCS TOJBKO JJIS YNCIOBBIX U OYKBEHHBIX KJIIOUEH ¢ OOBIYHLIM OTHOIIIEHUEM ITOPAIKA.
3ajaua COPTUPOBKU—HANTH TaKyIo IepecTaHoBKY 3amnuceit p(1) p(2) ... p(N), mocie KOTOPOR KiIoun
PACTIOJIOMKUINCEH OBl B HEYOBIBAIOIIEM IIOPALKE:

Kp1) < Kpz) < -+ < Kp(n)- (1)

COpTI/IpOBKa Ha3bIBaeTCA ycmofwueoﬁ, €CJIM OHA YAOBJIETBOPAET AJOIIOJTHUTEJIBHOMY YCJIOBUIO, UTO 3a-
IIMCHU C OJMHAKOBBIMHU KJIIOYaMHU OCTAOTCA B IIPEXKHEM IIOPAOKE, T. €.

p(7) < p(4), ecu K = Ky mi < j. (2)

B pane ciyuaeB mMoKeT moTpebOBaTHCA (PUBMUECKU IepeMeIaTh 3alNCHU B IIaMATU TaK, YTOOBI UX
KJII0YY, OBLIN YIOPSAAOUEHbl; B IPYTUX CAyYasiX AOCTATOYHO CO3JAaTh BCIIOMOTATENLHYIO TAGJIUIY, KOTO-
pasi HEKOTOPBIM 00Pa30M OMUCHLIBAET IIEPECTAHOBKY M 00eCIeunBaeT AOCTYII K 3alHUCAM B COOTBETCTBUHU C
TIOPALKOM UX KJIIOUEH.
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HexoTopble MeTOALI COPTUPOBKHY IPEAIIOIAraloT CYIIeCTBOBAHNE BeJINUNH 00" M —00  HJINA OZHOU U3
Hux. Beamuunaa "oo” cumTaeTcs 00JIbIle, a BeJIMYUHA  —00 MeHBIIIe JII00OTO0 KIUa:

—o0 < K < o0, 1<j<N. (3)

ITU BeJIUYNHBI UCIOJb3YIOTCSI B KaueCTBe MCKYCCTBEHHBIX KJIIOUEl, a TaK:Ke KaK I'paHuYHble IPU3HAKHU.
PagencTso B (3), BO0OIIe TOBOPS, UCKJIIOUeHO. EcJiu sKe 0HO TeM He MeHee JOITyCKAeTCs, aJITOPUTMbBI MOMKHO
MO Au(UIMPOBATE TaK, YTOOBI OHU BCe-TaKU PabOTaN, XOTSA HEPEJKO IIPU 9TOM MX U3AIIECTBO 1 9HeKTUB-
HOCTH OTUACTH YTPAUNBAIOTCS.

OGBIYHO COPTUPOBKY MOAPA3AEIAI0OT Ha ABA KJIACCA: BHYMPEHHION, KOTa BCe 3allUCK XPAHATCSA B OBI-
CTPOIi OIIePaTUBHOI MaMATHU, ¥ 6HEULH 010, KOT[a BCe OHU TaM He ImoMeIraoTcs. [Ipu BHyTpeHHel COPTUPOBKE
uMerTcs 60jiee ruOKMe BO3MOMKHOCTH AJIs IIOCTPOCHUS CTPYKTYP HJAHHBIX U HOCTYIA K HUM, BHEIIIHSAA Ke
MMOKAa3bIBaeT, KaK IMOCTYIATh B YCJIOBUAX CUJIHHO OTPAHUYEHHOTO AOCTYIIA.

JocTaToOYHO XOPOIIHUM O0IMII aJTrOPUTM 3aTpPauMBaeT Ha COPTHUPOBKY N 3amuceil BpeMsa HMOPAIKA
N log N; mpu saTom Tpe6byercs okouo log N “mpoxomos” mo ganubiM. Kak Mbl yBugum B 11. 5.3.1, 9170 MUHM-
MaJbHOe BpeMs. Tak, eciiu yIBOUTD UHMCJIO 3allicell, TO 1 BpeMs IPU IPOUYNX PABHBIX YCJIOBUIX BO3PACTET
HeMHOruM Gostee uem BaBoe. (Ha camom nesie, kKorna N cTpeMuTes K 0o, Bpemsa ' pactet kak N (log N)2, eciu
BCe KJIIOUM Pa3JIMUHbI, TaK KaK 1 PasMephl KJI0oUel yBeIndnuBaTes ¢ pocToM N ; HO mpakTuyecKku N Bcerjga
OCTaeTCs OTPAHUYEHHBIM. )

YpaxkHeHUuA
(ITEPBAS YACTD)
1. [M20] JokaskuTe, 4YTO U3 3aKOHOB TPUXOTOMUHY U TPAH3UTUBHOCTY BHITEKAET e0UHCMBEHHOCMb IIepe-
crauoBiu p(1), p(2), ..., p(N), ecau cOpTUPOBKA yCTONUYUBA.

2. [21] ITycTs KakOad samuch R. HEKOTOpOro (aiiia nMeeT 06a KIioua: ~00JbLION K04 K 1 "Maiblit
KJII0Y " k;, IpU4YeM 06a MHOXKECTBA KJIIoUell INHEHHO yopago4deHsl. Torga MoxKHO 0GBIYHEIM CIIOCOG0M
BBECTH ' JIeKCUKOrpaQruecKul MOPALOK Ha MHOKecTBe nap Kuawouei (K, k):

(K, ki) < (K, kj), ecin K; < Kyumuecmun K, = Ky uk; < kj.

HexTo (masoBem ero mucrep A) orcoprupoBa sToT (haily cHavasa o OOJBIINM KJIIOUYAM, IIOJYUYUB N
TPYHI 3alKCel ¢ OMHAKOBBIMUY OOJIBINMIUME KJIIOUaAMU B KayKIOH I'PYIIIe:

Kpay == Kpiy) < Kp(iy1) =+ = Kpip) <o < Kpi, y41) = - = Kpi,,),

rae i, = N.3areM KaxKAY0 U3 n IPyni Ry, | 11), - - ., R(;;) OH OTCOPTUPOBAJ II0 MAJIBIM KJIIOUAM.

Tot ke ncxoxHbIN daita B3AI Muctep B U 0TCOPTHPOBAJ €ro cHauaja II0 MaJbIM KJOYaM, a IOTOM
TMOJYyUYUBINIHICA DA OTCOPTUPOBAJ IO OOJBIITUM KJIIOUAM.

BssaB ToT ke ncxoaHbIi aiii, muctep C' OTCOPTUPOBAJI €TI0 ONUH Pas, M0JIb3ysICh JeKCUKOTrpahuUecCKuM
LOPASKOM MeKAY Hapamu Kiouei (K, k;).

ITonyuunocs. 1 y BCeX TPOUX OJHO U TO Ke?

3. [M25] ITycTs Ha MHOKecTBe K1, ..., Ky ollpeaesieHO OTHOIIeHNEe <, IJIS KOTOPOTO 3aKOH TPUXOTOMUM
BBIIOJIHAETCS, 8 3aKOH TPAHSUTUBHOCTU— Hem. JLlOKasKuTe, UTO U BITOM CJIyUuae BOSMOKHA yCTONUMBAA
COPTHMPOBKA 3amUCe, T. €. TaKad, UTO BRIMIOJHAIOTCSA ycaoBud (1) u (2); Ha caMoM [JieJie CyII[eCTBYIOT IO
KpaiiHeil Mepe TPU PACIIOJOMKEHN 3aII1Cel, YA0BIETBOPAIOIINX 3TUM YCIOBUAM!

4. [15] Mucrep Tynuna (IporpaMMUCT) 3aX0TeJ Y3HATh, HAXOAUTCS JU B siueiiKe A mamuubl MIX yncIo,
GoJIbIlIee YKcya U3 TUeiiKy B, MeHbIllee NIU Ke paBHoe emy. OH Hamuca

LDAA

SUBB
a MOTOM IIPOBEPUJI, KAKOM Pes3yIbTaT IMOJYUYUJICA B TA: MOJIOKUTETHHOE YKUCIO0, OTPUIATESIHLHOE NN
HyJb. KaKkyio cepbesHyio onbKy OH JOIYCTHII U KaK JOJKEH ObLI IOCTYIUTh?

5. [17] HanumuTte MIX-mOAIPOrpaMMYy [JIsl CDABHEHUA KJII0UYel, 3aHUMAIOINX HECKOJIBKO CJIOB, MUCXOIA
U3 CJAeAYIONINX YCIOBUIL:

Brisos: JMP COMPARE

CocTosiHue TIpU BXOZE: rI1 = n; CONTENTS(A + k) = ay, CONTENTS(B + k) = b, upu
1 < k < n; mpexnmoJiaraercs, uton > 1.

CocTosiHme IIpu BeIXOE: CI =+1, ecau (an,...,a1) > (bn,...,b1);

CI =0, ecnu (an,...,a1) = (bp,...,b1);
CI =-1,ecau (an,...,a1) < (bn,...,01);
rXurlIl, BOSMOXXHO, U3MEHUJINCS.
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3nech orHomenue (an,...,a1) < (bn,...,b;) o6o3HaUaeT JeKCUKOrpadUUecKoe YIOPALOUEHUE CIeBa
HaIpaso, T. €. CyIleCTByeT UHJeKC j, TAKOMH, UTO aj, = by mpun > k > j, Ho a; < b;.

6. [30] B sueiikax A u B comep:kaTcs COOTBETCTBeHHO umcsa a u b. [lokakure, 4TO MOKHO HAIIMCATH
MIX-nporpamMmmy, KoTopas Gbl BeIUncsiia min(a, b) u sanvceiBaia pesyabTar B SueiKy C, He n0Ab3YAch
romandamu nepexoda. (IIpedocmepercerue: IOCKOJBKY aprudMeTHUeCKOe IIepPeroJHe e HeBOZMOKHO
00HApPY:KUTH 03 KOMaH/] IIepexojla, pa3yMHO TaK IIOCTPOUTH IPOTpaMMy, UTOOBI IepemoJHeHue He
MOTJIO BO3HUKHYTH HU IIPU KAKUX 3HAYEHUAX a U b)

7. [M27] KakoBa BepOATHOCTh TOr'0, YTO IIOCJIE CODTUPOBKY B HEYOBLIBAIOIIIEM ITOPAJAKe N HE3aBUCUMBIX
PaBHOMEPHO pacupejieleHHBIX Ha oTpeske [0, 1] cayuafiHBIX BeIUUYWH 7-€ OT Havaja YKCjI0 OKAKeTCs
< z?

YupaxkHeHUA

YIIPASKHEHUSA (BTOPAS YACTD) B rkakmom u3 9TuX yIupakKHeHUH IToCcTaBJIeHa 3a1ada, ¢ KOTOpOoit
MOXKEeT CTOJKHYTLCA IporpaMmuct. IlpemioxuTe "xXopollnee  pelleHNe 3afaul, IPeAnoaaras, 4To uMeeT-
Cs CPABHUTEJHLHO HeOOJIbINAs OepaTUBHAA IAMATEL U OKOJIO HOJIYAI0MKUHBI, JeHTOIPOTIKHBIX YCTPONCTB
(3TOT0 KOJIMUECTBA JOCTATOUYHO JJIS COPTUPOBKM).

1. [75] UmeeTcs nenTa, HA KOTOPOI 3aICAH MUJIJIMOH CJIOB JaHHBIX. Kak ompenesnTh, CKOJIbKO Ha 9TOU
JIEHTE Pa3JINUYHBIX CJIOB?

2. [18] BooGpasuTe cebs B posiu ¥ IpaBjieHUA BHYTPEHHUX nox0on0B Munucrepctea ¢punancos CIITA. Ber
[moJiyuyaeTe MUJLINOHBI  MH(MOPMAIMOHHBIX KapPTOUYEK OT OPTaHU3AIUi O TOM, CKOJIBKO, JeHer OHH BhI-
ILIATUAIY PA3JIUYHBIM JIAIAM, M MUJJIMOHBI HAJIOTOBBIX KapPTOYEK OT PA3JUYHBIX JIUI] 00 UX JOXO0AaX.
Kaxk OnI BBI CTaJIM OTBLICKMBATE JIOAEl, KOTOPhIe COOOIIIIN He 000 BCeX CBOUX AOX0omax?

3. [M25](Tpancnoruposarnue mampuybt. ) MeeTcss MarHUTHASA JE€HTA, COAePIKaIasa MUJLJIMOH CJIOB, KO-
TOPBIe IPeCTaBAAI0T co60ii saemeHTHI 1000 x 1000-MaTPHUILH, 3aICAHHBIE II0 CTPOKAM: (1,1 G1,2 - - - 11,1000
@21 - .- @2,1000 - - - 61000,1000- BaIlla 3agaua—IOJIYINUTh JIEHTY, Ha KOTOPOil 3JIeMeHTHI 9T0I MaTPUILLI OBLIN
OBI 3aIIMCAHBI 10 CTOJIOLIAM: G1,1 G2,1 - - - @1000,1 O1,2- - - @1,2- - - @1000,2 - - - @1000,1000 (IlocTapaiiTecs crenars
He 0oJiee TecATU IIPOCMOTPOB JTaHHBIX. )

4. [M26] B BaiireM pacnopsxeHuu SOBOJBLHO 00JbIIoN (aita us N ciaoB. Kak GBI BHI 1o ' IIepeTacoBagu’
coryyaiHbBIM 00pa3om?

>5. [24] B HexkoMm yHuBepcutete padoraeT okoJsio 1000 mpemogaBaTeneir u umeerca 500 komuteToB. Cunra-
eTcd, UTO KaKIbIH IIPemogaBaTesb ABISeTCA YISHOM 0 Kpalineil Mepe IBYyX KOMUTETOB. BaM HYKHO
MMOATOTOBUTE C IIOMOIIIBIO MAIIIMHEI YI000UNTaeMble CIINCK Y YJI€HOB BCeX KOMUTETOB. Bl pacmosiaraere
KoJionoi us npudbausuresbHo 1500 nmepdorapT, Ca0KeHHBIX IIPOU3BOJBLHBIM 00pPa30M U COEPKAIIUX
caenyromlyio nabpopmanuio: YaeHckue kapmouku: KoJoHKa 1—1pobes; KoaoHKU 2—18—damuiud c
IOCJIeAYIOIUME HpobenamMit; KOJOHKYU 19—20—wunuinuaiasl; Koaouku 21-23—mnomep nepsoro Komu-
TeTa; KOJOHKU 24—26—HOMep BTOPOT'0 KOMUTETA; . . . ; KOJOHKU 78—80— HoMep ABAAIIaTOr0 KOMUTETA
(ecau HYKHO) MJIY IPOOEJIHI.

Komumemckue kapmouku: KoJoHKa 1—"*"; Komouku 2—77—HasBaHUe KOMUTETA; KOJOHKK 78—80—
HOMED KoMuTeTa. Kak BbI JOJKHBI AeiicTBOBaTEL? (OmuUIIuTE CBOI METOM JOCTATOYHO ITOAPOOHO.)

6. [20] Bur paboraeTe ¢ AByMs BBIUUCJIUTEJIbHLIMU CHUCTEMaMM, B KOTOPBIX IIO-PA3HOMY YIIOPATOUEHBI
autepsl (OyKBHI 1 11u(phI). Kak 3acTaBuTh nepsyio OBM copTupoBaTh Gaiiibl ¢ 6yKBeHHO-TTU(POBOI
nadopMaIreii, IpeJHasHaueHHbIE I/ ICII0Jb30BAHNI HA BTOPoit OBM?

7. [18] ImeeTcs 1OBOJIBLHO GOJIBITION COUCOK Jioeii, poauBiuxcsa B CIITA, ¢ ykazanueM 1mitata, B KOTOPOM
OHH poaminchk. Kak mogacuurars 4nco Jgoaeii, poausiruxcs B Kaxgom mrate? (IIpegmonaraercs, 4to
HU OJWH YeJIOBEK He YKa3aH B CIIUCKe 0oJiee OJHOTO pasa.)

8. [20] YTo6n!I 06sIerYnTH BHECEHNE U3MEHEHUH B OoJsibInue mporpamMmsbl, Hanucanable Ha @POPTPAHe,
BBl XOTHUTE HATIMCATH IPOTPAMMY, BBHITIEUATHIBAIOIIYIO TAGAUILY ' EePEKPECTHBIX CCHLIOK . BXomHBIMUI
ITaHHBIMU IJIS Hee cay:Kut nporpamma Ha @POPTPAHe, a B peayibTaTe moryd4aeTcs JUCTUHT UCXOTHOMN
IporpaMMbl, CHAOKEeHHBIN yKasaTeJeM BceX CAydaeB yImoTpeOeHnuA KasKaoro uaeHTuduraropa (T. e.
uMeHn) B mporpamme. Kak HamucaTs TaKkyio IporpamMmy ?

9. [33] (CopTupoBKa KaTadoKHBIX KapToueK.) CriocoObI cocTaBiieHNA aa(haBUTHBIX KaTaJ0T0B B Pa3HBIX
6MbJIMOTeKaX HECKOJLKO OTINYAIOTCA APYT OT Apyra. B caenyomem "aapaBUTHOM CIHCKE COAEP:KaT-
cA PeKOMEeHIaIluy, B3AThIe U3 IIPABUJI PETUCTPAIIUY ¥ XPAHEHUA KaTAJOKHBIX KapToueK AMepUKaH-
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ckoii bubanoreunoii accoruanuu (Hukaro, 1942):

TekcT KapTOUKH

R. Accademia nazionale dei Lincei, Rome
1812; ein historischer roman.
Bibliotheque d’histoire révolutionnaire.
Bibliotheéque des curiosités.

Brown, Mrs. J. Crosby

Brown, John

Brown, John, mathematician

Brown, John, of Boston

Brown, John, 1715-1766

BROWN, JOHN, 1715-1766

Brown, John, d. 1811

Brown, Dr. John, 1810-1882
Brown-Williams, Reginald Makepeace
Brown America.

Brown & Dallison’s Nevada directory.
Brownjohn, Alan

Den’, Vladimir Eduardovich, 1867—

The den.

Den lieben silissen médeln.

Dix, Morgan, 1827-1908

1812 ouverture.

Le XIXe siecle francais.

The 1847 issue of U. S. stamps.

1812 overture.

I am a mathematician,

IBM journal of research and development.
ha-T ha-ehad.

Ia; a love story.

International Business Machines Corporation
al-Khuwarizmi, Muhammad ibn Miisa, fl. 813—846
Labour; a magazine for all workers.

Labor research association

Labour, see Labor

McCall’s cookbook

McCarthy, John, 1927—
Machine-independent computer programming.
MacMahon, Maj. Percy Alexander, 1854—1929
Mrs, Dalloway.

Mistress of mistresses.

Royal society of London

St. PetersburgerZeitung.

Saint-Saéns, Camille, 1835-1921

Ste. Anne des Monts, Quebec
Seminumerical algorithms.

Uncle Tom’s cabin.

U.S. Bureau of the census.

Vandermonde, Alexander Théophile, 1735—1796
Van Valkenburg, Mac Elwyn, 1921 —
Von Neumann, John, 1903—1957

The whole art of legerdemain.

Who’s afraid of Virginia Woolf?
Wijngaarden, Adriaan van, 1916—

3ameuaHus

B HazBaHMSAX MHOCTPAHHBIX (KpoMe OPUTAHCKUX ) YUPEIKIEHY
Achtzehnhundert zwolf

Bo dppanmysckoM TeKcTe artocTpod) paCCMaTPUBAETCS KAK IIP(
HagcTpounble 3HAKYM UTHOPUPYIOTCA

VYrasanue nmoaosxenud (Mrs.) urHopupyercs

damMuany ¢ JaTaMu CAeAYIOT 3a hamMmuausamMu 6es gar . . .

... KOTOpHIE YIIOPAAOUYNBAIOTCSA IO

OMMMCAaTeJbHBIM CJIOBAM

OamHaKoBBIE (haMUIUM YIIOPATOUMBAIOTCS IO TaTaM POYKIAEH!
PaGorer "o HeM"” uayT mocJe ero paGéor

WHorpa rox poskgeHUs OIpeAessieTcAa IPUOIU3UTeTbHO
VYxazanue nonosxenud (Dr.) uraopupyercs

Heduc paccmaTpuBaeTcs Kak mpobes

HasBanua KHUT UAYT MOCJ€E COCTaBHBIX (haMUImnit

& B aHIIMICKOM TeKcTe Ipespaiiaerca B~ and”

ArnocTpod B MMeHaX UTHOPUPYETCS

ApTUKJIb B Hauaje TeKCTa UTHOPUPYETC

... €CJIH CYII[eCTBUTEJIbHOE CTOUT B UMEHUTEJIbHOM IIalere
damuany uayT PpaHbIIe IPYTUX CJIOB

Dix-huit cent douze

Dix-neuviéme

Eighteen forty-seven

Eighteen twelve

(by Norbert Weiner)

AO66GpeBHaTypPEI pACCMaTPUBAIOTCA KaK PAL OJHOOYKBEHHBIX (
ApTUKJIBL B Hauaje TeKCTa UTHOPUPYETCs

3HaKM NPEeNUHAHUSA B HA3BAHUAX UTHOPUPYIOTCS

Hauanpuoe "al-" B apabCcKux nMeHaX UTHOPUPYETCA
3amenserca Ha -~ Labor”

CchLIKa Ha IPYTYIO KAPTOUKY B KAPTOTEKE
AmnocTpo( B aHIINICKOM TeKCTe UTHOPUPYETCS
Mc = Mac

Hedwuc paccmaTpuBaeTca KaK mpobest
Yxasanue nmonoxxenus (Maj) uraHopupyercsa
"Mrs. "= "Mistress”

"St."="Saint"” gaske B HeMeIIKOM TeKcCTe
Hedwuc paccmaTpuBaeTca KaK mpodest
Sainte

"U.S." = "United States”

IIpoGen mocie mpedurca B GaMUIUAX UTHOPUPYETCS

ArocTpo( B aHIIIMHICKOM TeKCTe UTHOPUPYETCS
daMuana HUKOTAA He HaUMHAETCA C MaJIoil OYKBBI

(Y 60abIIMHCTBA U3 9TUX IIPABUJ €CTh UCKJIIOUEHNA; KPOMe TOTO, CYII[eCTBYET MHOTO APYTUX IPaBUJI,
KOTODHIE 3JeCh He YIIOMAHYTHL. ) [IpeATI0I0K MM, BaM IPUIILIOCH COPTUPOBATE GOJIBIIIOE KOJMUECTBO Ta-
KX KapTOUYeK C IIOMOIITHIO BLIUMCINTEIbHOM MAIITMHBI 1 BIOCJIECTBUY OOCIY K BATh OTPOMHYIO KapTo-
TeKy, IPUYEM y BaCc HET BO3MOYKHOCTHU USMEHUTH Y Ke CJIOMKUBIIHNECS ITOPAAKY 3aII0JTHEHU S KapTOUeK.
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Kaxk 651 BbI opraHm3oBanu MHGOPMAIMIO, YTOOBI YIIPOCTUTH ONEPAIIUY BKJIIOUEHUS HOBBIX KAPTOUEK U
COPTUPOBKU?

10. [M21](Hduckpemnste nozapugmot. ) IlycTs n3BeCTHO, 4TO p—(IOBOJIBHO 0OJIBIIIOE) IIPOCTOE UMCIIO, & a—
IIepBOOOPA3HBIN KOPEeHb IT0 MO Y0 p. CiregoBaTeIbHO, AJd 1t000r0 b B imanasone 1 < b < p cyIiecTByeT
eIMHCTBEHHOE n, TaKoe, uTo a™ mod p = b, 1 < n < p. Kax no sagannomy b Haiitu n meHee uem 3a O(n)
mraros? [Ykasauwme. Ilycts m = [,/p|. Ilombrraiiteck permuts ypaBHerme "' = ba™ " (mod p) mpu
0 < ni,ne <m.]

11. [M25] (9. T. ITapkep.) Jitynep BELABUHYJI IPEAIIOJIOKEHNE, UTO YPABHEHUE

ub + 08 + w4 28 + b = 28

He UMeeT PellleHu (3a UCKJIIoUeHneM TPUBUAIbHBIX) CPeIH IIeJbIX HeOTPHUIATEeIbHBIX YNCeNT U, U, W,
z, Y, 2, KOTJla II0 KpaiiHell Mepe YeThIpe IIepeMeHHble PaBHBI HYJII0. IloMuMO 9TOr0, OH IIpeamoJiaras,
YTO ypaBHEHUE

T4 =)

He UMeeT HeTPUBUAJIbHBIX PEIIeHUI Opu n > 3, HO 9TO IPEAII0JIOKeHNe ObLIO OIIPOBEPTHYTO: C II0-
MOIIBIO BHIUHCINTEIHHON MAIIMHbLI HAaHeHO TOXRIecTBO 27° + 845 4 110° + 1335 = 1445; cm. JI. Iax.
JIsupep, T. P. ITapkun u . JI. Cendbpunx, Math. Comp., 21 (1967), 446—459. IIpunymatite, KaK
MOKHO OBLIIO GBI UCIIOJIB30BATh COPTUPOBKY AJIsI MIOMCKA IPUMEPOB, OIPOBEPTaOINX MPEAI0JI0MKeHIe
diinepa mpu n = 6.

>12. [24] Paiin comep:KUT 060JbIIOe KoauuecTBO 30-pas3pagHbIX ABOMYHBIX CJOB: I1, ...xN. IIpuaymaiiTe
XOpoIINil cIroco6 HAXOMKIEHUA B HEM Bcex dononnumenvHuix nap (z;,x;). (IlBa cioBa HasbIBAIOTCH
IOIOJIHUTEIbHBIMU, €CJIU BTOPOe cofep:KuT 0 Bo BceX paspAnax, B KOTOPHIX OLIN 1 B IepBOM CJIOBe, U
o6paTHO; TAaKMM 06pa3oM, OHU JOIOJHUTEILHEI TOTAA ¥ TOJIBKO TOra, KoTga ux cymma pasua (11... 1),
€cJIM OHU PACCMATPUBAIOTCA KAK JBOWMYHBIE UNCJIA. )

>13. [25] UmeeTca daiia. comepsxamniuit 1000 30-pa3pAIHBIX JBOUUHBIX CJIOB X1, . . . , £1000- @K OBI BBI CTAJIHT
COCTaBJIATH CIIMCOK BCeX map (&, ), TAKUX, ITO &; OTIUIAETCS OT ; He Oojiee YeM B ABYX paspagax?

14. [22] Kak 6bI BBl HOCTYIUJIN IPU OTHICKAHWU BCEX HNATUOYKBEHHBIX aHarpaMM, Takux, kak CARET,

CARTE, CATER, CRATE, REACT, TRACE; CRUEL, LUCRE, ULCER; DOWRY, ROWDY, WORDY?
[Ecau GBI BBI, CKaKeM, 3aX0TeJIN Y3HATD, CYIIECTBYIOT JIX B aHTJIUIICKOM siabIKe HaOOPbI U3 JeCATH NN
0oJiee aHarpaMM, KpoMe 3aMeYaTeJIbHOI Cepuu:

APERS, ASPER,PARES,PARSE,PEARS, PRASE, RAPES, REAPS, SPARE, SPEAR,

K KOTOPOI MOKHO H00aBUTH errfe paHIrysckoe cioBo APRES.]

15. [M28] IlycTs maHbI onncaHUs BecbMa OOJIBIIIOrO Umcja HalnpaBieHHBIX rpadoB. KakuMm myTeM MOYKHO
CTPyIIUpPOBaTH U30Mmop@Hbuie Tpadbl? ([IBa HanpaBIeHHBIX rpada Ha3bIBAIOTCA U30MOPGHBIMU, €CJIU
CYII[eCTBYET B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEKY MX BePIINHAMY U B3BANMHO OJJHOSHAYHOE CO-
OTBETCTBUE MEXKIY UX AYTaMu, IPUUEM 9TH COOTBETCTBUA COXPAHSAIOT MHIITUAEHTHOCTD BEPIIIUH U AYT.)

16. [30] B mexotopoii rpymnme u3 4096 uemoBex Kakabrii uMmeeT okosio 100 3HakoMbIX. BBII cocTaBiaeH
CIUCOK BCEX IIap JII0ell, 3HaKOMBIX MeKY co00ii. (ITO OTHOIIIEHIIe CUMMETPUYHO, T. €. €CJIN T 3HAKOM
cy, To 1 y 3HAKOM ¢ x. IToaromy crimcok comep:kut nmpumepuo 200000 nap.) ITpugymatiTe aaropurtm,
KOTOPBIH 110 3aJJaHHOMY k BBIIABAJI ObI Bce KAUKU U3 k uenoBek. (Kiinka — aTo rpymia Joei, B KOTOPOi
Bce MesKay co0oii 3uakoMbl.) IIpeamosaraercs, 4To CAUIIKOM OOJIBITNX KJINK He ObIBaeT.

17. [30] Tpu MmunImoHa YeJIOBEK C PA3JIUYHBIMY UMEeHAMU OBLIU YJIOMKEHBI PAJOM HeIIPEPHIBHON IIEIIOYKOI
ot Hero-Mopxra o Kanndopuun. KamgoMy 13 HUX AaJId JIXCTOK OyMaru, Ha KOTOPOM OH HAIIKICAJ CBOE
UMsA ¥ UM CBOET0 OJIMIKaMIIero 3anagHoro cocesia. YesloBeK, HAXOAMBIINIICA B CAMOM 3alIaTHON TOUKE
1enu, He MOHAJ, UYTO eMy AeJiaTh, U BRIKMHYJ cBoit JucTok. Ocranabuble 2999999 smucTKOB cobpaau
B OOJIBINIYIO KOP3UHY U OTIpaBuau B HamuoHa bHBIN apxXuB, B Bamuurron, okpyr Koaymbusa. Tam
COZIePKMMO€e KOP3UHBI TIATEJLHO IIePeTACOBAIY M 3AIMCAIN HA MAarHUTHBIE JeHThI. CIenuag nucT mo
Teopuu nHGOPMAIMY OIIPEAEINII, YTO MMEeTCs JOCTATOYHO NH(OPMAIIUY IJIsI BOCCTAHOBJICHUS CIIUCKA
Jioneil B ncxogHOM nopAznke. CrernuasnucT mo IporpaMMUPOBAHUIO HAIIIEJ CIOCO0 CIeIaTh 3TO MeHee
yeMm 3a 1000 mpocMOTPOB JIEHT ¢ JAHHBIMU, UCIIOJb3Y A JUIIE TOCIeL0BaTeIbHBIN JOCTY K (aitiam Ha
JIEHTaX 1 HeOOJIBIII0e KOJINMYECTBO MaMATU ¢ IIPOM3BOJIBHEIM focTynoM. Kak emy aTo ynanocs?
[Apyrumu cioBaMu, Kak, MMes PACIIOJOKEeHHbIE IPOU3BOJILHBIM 06pasoM mapsl (r;, Ti+1), 1 < i < N,

Tle BCe x; PA3JIMUHBI, IIOJYYUTh IIOCIEL0BATEIBLHOCTD X1, L2, - - . , LN, IPUMEHAS JINIIb METObI II0CJTIE[0Ba~

TeJIBbHOM 00pabOTKY JaHHBIX, IPUTOAHBIE IJIs PA0OTHI ¢ MATHATHLIMU JIEHTaMu? OTO 3a4a4a COPTUPOBKU B

ciayJae, KOrga TPYAHO OIPeAeSuTh, KAKOH 13 ABYX KJOUeH IpeAIlecTByeT APYTroMY; Mbl yiKe IOTHUMAIN

3TOT BOIIPOC B ymp. 2.2.3—25.]
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5.1. * KOMBUHATOPHBIE CBOMICTBA ITIEPECTAHOBOK

ITepecTaHOBKOII KOHEUYHOTO MHOYKECTBA HA3hIBAETCA HEKOTOPOE PACIIOJIOMKEHNE ero 3JIEMEHTOB B PAJ.
ITepecTaHOBKU 0COOEHHO BasKHBI IIPU U3YUEHUY AJTOPUTMOB COPTUPOBKY, TaAK KaK OHU CJIYXKAT JJIA IIPEX-
CTaBJIeHUA HEYHIOPAZOUEHHBIX MCXOMHBIX NJAaHHBIX. UTOOGBI MccieqoBaTh 3(p(PeKTUBHOCTh PA3TUUYHBIX Me-
TOZOB COPTUPOBKHU, HY;KHO YMETh IIOACUYNTHLIBATD UMCJIO II€PECTAHOBOK, KOTOPhIE€ BRIHYKIAIOT MIOBTOPATH
HEKOTOPLIH IIar aJropuTMa olpeaeIeHHOe YUCJIO Pas.

Mg, KOHEeUHO, y:Ke He pas3 BCTpedaJuch ¢ mepecrtaHoBkamu B ri. 1, 2 u 3. Hampumep, B m. 1.2.5
00CysK/IaINCh ABa OCHOBHBIX TEOPETUYECKUX METO/[a MOCTPOeHUA n! ImepecTaHOBOK U3 1 00'HEKTOB; B II.
1.3.3 mpoaHaIU3UPOBAHBI HEKOTOPHIE AJITOPUTMbI, CBI3AHHBIE C ITUKJINYECKO CTPYKTYPOHM 1 MYJIbTHUILIN-
KaTUBHBIMU CBOMCTBAMU II€PECTAHOBOK; B II. 3.3.2 N3YyUYEHBI UX OTPE3KU MOHOTOHHOCTHU. Ilesib HacTOAIIero
naparpada—mus3y4yuTh HEKOTOPbIE APYTHe CBOMCTBA IIePEeCTaAHOBOK 1 PACCMOTPETH 00U ciIyuail, Koraa 1o-
MIyCKaeTCs HaJu4Yue OJUHAKOBBIX 9J1€MEeHTOB. IIoyTHO MBI y3HAaeM MHOTOe 0 KOMOMHATOPHOM MaTeMaTHKe.

CBoiicTBa mepecTaHOBOK HACTOJBKO KPACUBHI, UTO MIPEACTABIAIOT U CAMOCTOSTEIbHBIN HHTEpec. Y 100-
HO OyZeT ZaTh UX CUCTEMATUYECKOe N3JI0XKEeHNE B OJHOM MECTe, a He pa3dpachkIBaTh MaTepUaJl II0 BCel IJIaBe.
Yuraresnam, He UMEIOIINM CKJIOHHOCTHY K MaTeMaTHUKe, a TaKKe TeM, KTO JKaKIeT IIOCKopee Jo0paTbea IO
caMHX METOJ0B COPTHUPOBKHU, PEKOMEHAYeTCA ImepeiiTu cpasy K § 5.2, moToMy uTo HacToAluii maparpad
HenocpedcmeeHH020 OTHOILIEHUS K COPTUPOBKeE IIOUTU HEe UMeeT.

5.1.1. *AuBepcuu

ITycth a1 as ... a, — HepecTaHOBKa MHOXxecTBa {1,2,...,n}. Ecani < j, a a; > a;, To mapa (a;, a;) Ha-
3BIBAETCS MHBEPCUEH IIepecTaHOBKY; HAIpuMep, nepecranoBka 3 1 4 2 umeer tpu unsepcun: (3,1), (3,2) u
(4,2). Karxgas mHBepCUS—3TO Iapa 3JIeMeHTOB, = HAPYIIAOIINX IOPALOK " ; CJIeJ0BATEIbHO, 6JUHCTBEHHAS
mepecTaHoOBKa, He coj/iep:Kalas MHBepCuil,—3TO OTCOPTUPOBaHHAas mepecranoBka 1 2 ...n. Takasa cBasb ¢
COPTUPOBKOM U €CTh I'IaBHAA NIPUUYMHA HAIIIEr0 MHTEPECAa K MHBEPCUAM, XOTS 9TO IIOHATHE Y2Ke HUCIIOIb30-
BaJIOCh HAMU TIPU aHAaJM3e aJrOPUTMa TMHAMUYECKOTO pacupeaeeHnsa naMaTu (eM. yup. 2.2.2-9).

ITousarue nuBepcun BBea I'. Kpamep B 1750 r. [Intr. & 1’Analyse des Lignes Courbes algébriques
(Geneva, 1750), 657-659; cp. c Tomac Mioup, Theory of Determinants, 1 (1906), 11-14] B cBA3u co cBOUM
3aMeUaTeJbHBIM IIPABUJIOM PEIeHUA JUHEeHNHBIX ypaBHeHU. B CyIHOCTH, OH OIpEeeNU JeTePMUHAHT
N X N-MaTPUILI CIEAYIOIIUM 00pa3oM:

11 12 e Tin
. . . I(aiaz...a
det : . : = Z(_l) (a2 n)$1a1$2a2 o Tnay,
ITnl Tp2 ... Tpn

rze cymma 0epercs 1o BCceM IePecTaHOBKaM aj as - . . Gy, a I(ajas . .. a,)—4NUCIIO UHBEPCUH B IePECTaHOBKE.

Tabauyeil uH8epcuUll IEPECTAHOBKU A1 G2 . . . G, HA3BIBAETCA MOCJIEIOBATEILHOCTE Uyncea by by ... by, TOe
b;—umcJIo 2JIeMeHTOB, 001bUWLUX j U PACIIOJIOKEHHBIX Jaegee j. (I pyrumu cioBaMu, b;—4ucIo UHBepCUii, y
KOTOPBIX BTOPOI 3JIeMEHT paBeH j.) Hanpumep, Tabiuiieit ”HBePCUI IePECTAHOBKU

591826473 (1)

oymeT
236402210, (2)

IIOCKOJIBKY 5 1 9 pacmoso:kensl jesee 1; 5, 9, 8—ieBee 2 u T.1., Bcero 20 uuBepcuii. Ilo onpenenenuio
0<bh <n—-1,0<bs<n—-2,...,0<b,-1 <1,b, =0. (3)

IToskanyii, HamboJiee BasKHBIN (DaKT, KacaloIuiics IepecTaHOBOK, U yCTaHOBJIeHHBIN Mapinaiiaom XoJ-
JIOM, 3TO TO, UTO MAOAUUA UHEEPCUL eOUHCMBEHHbLM 00pa30M onpedessiem cOOmMaeemcmayuLyio nepecma-
Hosxry. [Cm. Proc. Symp. Applied Math., 6 (American Math. Society, 1956), 203.] 13 m1060#1 TabIUIIBI
uHBepcuii by by ... b,, ynoBaeTBopsiomieii yeaoBuAM (3), MOKHO OJHO3HAYHO BOCCTAHOBUTD IIEPECTAHOBKY,
KOTopas IOPOKIaeT JaHHYI0 TabJIUIly, IIyTeM II0CJeJ0BaTeIbHOr0 OIpeAeeHnss OTHOCUTEIHLHOTO PACIIO-
JOXKeHUus dJeMeHTOB n, n — 1, ..., 1 (B aTom nmopsaake). Hanpumep, mepecTtaHOBKY, COOTBETCTBYIOMIYIO (2),
MOJKHO IIOCTPOUTD CJAeAYIONINM 00pa3oM: BeIMUIIIEM Ynciio 9; Tak Kak bg = 1, To 8 crout mpaBee 9. [Iockoab-
Ky b7 = 2, To 7 crouT ipaBee 8 u 9. Tak Kak bg = 2, To 6 CTOUT IIpaBee ABYX YK€ BHIMHNCAHHBIX HAMU YKCEJ;
TaKUM 00pa3oM, MMeeM

986 7.

ITpunumiem Tenepsb 5 ciesBa, moromy uTo bs = (; momerniaeMm 4 BcJiel 3a UETHIPbMSA U3 ysKe 3allMCAHHBIX
YKces, 3—II0CJIe IIIeCTU BhIMTUCAHHBIX UKcel (T. €. B IIPaBbIi KOHEIT) U IoJyJYaeM

5986473.
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BceraBuB aHasornuuabsIM o0pasom 2 u 1, npugem  (1).

Takoe COOTBETCTBUE BasKHO, IIOTOMY UTO YaCTO MOKHO 3aMEHUTH 3a7a4y, CHOPpMYJIUPOBAHHYIO B TeP-
MHHAaX IIepecTaHOBOK, 9KBUBAJIEHTHOI el 3amaueii, chOpMyJUPOBAHHON B TepMHHAX TAOJUIT MHBEPCUH,
KOTOpasd, BO3BMOXKHO, pelraeTca mpoire. Paccmorpum, HampuMep, CaMbIil IPOCTOM BOIPOC: CKOJIBKO CYIIle-
CTBYeT IIepecTaHOBOK MHOKecTBa {1,2,...,n}? OTBer KOJKeH GLITH PABEH YNCJY BCEBO3MOYKHBIX TAOJINIY
WHBepCuil, a UX JIETKO IepecunTaTh, TaK KaK by MOXKHO BRIOPATD N PA3IUUYHBIMU CIIocO0aMu, by MOMKHO He-
saBucumo ot b — 1 BeIGpaTsh n — 1 ciocobamu, . . . , b,—oxHum cnoco6om; uroron(n —1)...1 = n! pagnuuubx
TabauIl nHBepcuii. TabauIIbl MHBEPCUH IIepecuuTaTh Jierde, IOTOMY UTO b He3aBUCHUMEI, B TO BpeMs KakK a
JMOJIYKHBI OBITH BCE PA3JIMUHEI.

B . 1:2.10 MBI McCIeLOBaN 3a4aUy O UHCJIe JIOKAJbHBIX MAKCHIMYMOB IIePEeCTaHOBKH, €CJIN UNTATE €€
cIpaBa HajJeBO; MHBIMU CJIOBAMH, TPEOOBAJIOCH IIOICUUTATD KOJUUECTBO dJIEMEHTOB, KaKAbIN N3 KOTOPHIX
6oJiblile J000T0 13 ciaeayionux mnociae Hero. (Hampumep, mpaBocTopoHHMe MakcuMyMbl B (1)—s10 9, 8, 7
u 3.) OHO paBHO KOJIMYECTBY UHAEKCOB j, TAKUX, 4To b; = n — j. Tak Kak b; npuHNMaeT 3HaueHue n — 1
€ BEPOATHOCTHIO 1/n, by (HE3aBUCUMO) IPUHUMAET 3HAUeHMEe . — 2 ¢ BepositHOCThIO 1/(n — 1) u T.4., TOo U3
paccMoOTpeHUAa UHBEPCUH SICHO, UTO CpeIHee YKUCJIO TPABOCTOPOHHUX MAKCUMYMOB PAaBHO

1 1

n n-—1

44 1= H,.

AHaJIOTUYHBIM CIIOCOOOM JIETKO IOJYUUTh U COOTBETCTBYIOIIYIO IIPOU3BOAAIIYIO QYHKIHIO.

Hpyrue npuMeHeHUA TaOJUI, UHBEPCUM BCTPETATCA Aajee B 3TOH IJIaBe B CBA3U C KOHKPETHBIMY aJIr0-
pUTMaMM COPTHUPOBKMU.

fAcHo, UTO ecaW TOMEHSATH MECTAMU COCeOHUe DJIEMEHThI ePeCTaHOBKM, TO 00Ilee UYMCJIO MHBEPCUH
VBEJUYUTCS WIY YMeHbIINTCA Ha eguHuny. Ha puc. 1 mokasausl 24 nepectaHoBKu MHOKecTBa {1,2,3,4};
JUHUSIMU COeINHEHBI IePeCTAHOBKY, OTINYAIOIINECA IPYT OT APYyTa MOJ0KeHNEeM IBYX COCeTHUX dIeMeH-
TOB; JIBUTASACH BIOJIb JNHUY BHU3, MBI . YBeJINUNBAEM UNCJIO MHBEpCHU Ha equHHUIly. ClieJoBaTeIbHO, UNCJIO
WHBepPCUil B IIepecTaHOBKE N PABHO AJIMHE HUcXoasAmiero nytu u3d 1 2 3 4 B n Ha puc. 1; Bce Takue IIyTu
JIOJIYKHBI UMETh ONMHAKOBYIO IJIUHY.

3aMeTnM, UTO BTy AUATPAMMY MOYKHO PACCMATPUBATH KAK TPEXMEPHOE TBEPAOe TeJ0— yCeUEeHHBIN
OKTasAp  , UMEIOIIHNN 8 IIeCTUYroJbHEIX U 6 KBaJpaTHBIX IpaHeli. ITO OAUH U3 PABHOMEPHBIX MHOI'OI'DAH-
HUKOB, KOTOpbIe obcy:kaan Apxumen (cMm. yup.,10).

Picture: Puc. 1. YceueHHBIH OKTasAp, HA KOTOPOM IIOKAa3aHO N3MEHEeHIe UICJ/Ia NHBEePCUii, Koraa
MEHSIIOTCS MECTaMU JBa COCEIHUX JIeMEHTA IePeCTAHOBKHY;

He crmenyer myTaTh "MHBEPCUHN II€PECTAHOBOK C OOPATHLIMU II€PECTAHOBKAMU. BCIIOMHUM, 4TO Iepe-
CTAHOBKY MOJKHO 3alIMCHIBATH B BU/IE JBYX CTPOK

1 2 3 ... n\ @
ar ay as ... ap)’
00pamHuoil K 9TO! IepecTaHOBKe HA3BIBAETCS IIEPECTAHOBKA a), ab, ... a

n» KOTOpad IOJIy4aeTcs, eClIu B
(4) moMeHATHh MecTaMi CTPOKHU, a 3aTeM YIIOPSAAOYNUTH CTOJOIBI B BO3PACTAIOIIEM IIOPSAKEe II0 BePXHUM

2JIEMEHTAM:
a1 a2 a3 ... a,\ _(1 2 3 ... mn\. (5)
1 2 3 ... n/) \a, a ay ... a,)’

Hanpumep, o6patHoii K mepecTanoBKe 5918 26 4 7 3 6yzer nepectanoBka3 59716 84 2, Tak Kak
5 18 26 4 7 3\ (1 2 3 45 6 8 9
<1 3456789>_<359716 42)'
MosxHO aTh IPyTOE ONpenesnenre oGpaTHO IePeCTaHOBKY: a; = k TOTZa U TOJIBKO TOTAA, KOTAA a), = j.
O6paruyio mepectaHoBKY BriepBbie BBEN X. A. Pore[B K.F. Hindenburg(ed.)., Sammlung combinatorisch-
analytischer Abhandlungen, 2 (Leipzig, 1800), 263—305]; ou 3amMeTuJ UHTEPECHYIO CBA3b MEXKIY 00paT-
HBIMU IIePEeCTAaHOBKAMU U MHBEPCUAMU: 00PAMHAL NepecmarHo8Ka cO0epIcUm POBHO CMOJbKO Hce UHBepCUllL,
CKOMIbKO ucxodHas. Pore nay He caMoe IIPOCTOE JOKA3aTeIbCTBO 9TOr0 (haKTa, HO OHO MOYUYUTEJIHHO U IIPHU-
TOM JOBOJIbHO KpacuBo. [locTpoum Tabauity pasmepa n X n ¥ MOCTABUM TOYKH B j-i KJIeTKe i-il CTPOKH, ecJIn
a; = j.Ilocye a3TOro paccTaBUM KPECTUKHM BO BCeX KJIETKAX, CHU3Y OT KOTOPHIX (B TOM JKe CTOJI0Ie) U cIipaBa
(B TOI1 sKe cTpoke) ecTh TouKu. Hampumep, 1115918 26 4 7 3 nuarpamma OyIeT TaKo:

o ©
0

Picture: Juarpamma
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KosmyecTBO KpecTNKOB PABHO YHCITY MHBEPCHIl, TAK KaK HETPYAHO BUJETh, UTO b; PABHO YHCIY KPECTUKOB
B j-M cToJibme. Ecaiu MBI Tenleph TPAHCIOHUPYEM AUATrPaMMYy (IIOMEHSB POJIAMU CTPOKU M CTOJOIIBI), TO
MOJIYYUM AuArPaMMy IJIs 00PATHOM 10 OTHOIIEHHUIO K NCXOAHOM MepecTaHOBKY; SHAUNUT, YKUCJIO KPECTUKOB
(umciio MHBEPCUi) OAMHAKOBO B 000MX ciaydaax. Pore ucmosrb30Ba 3TOT GAaKT A TOKAa3aTeJbCTBa TOTO,
YTO AJeTEPMUHAHT MATPUIILI He MEHAETCS IPU TPAHCIIOHUPOBAHUH.

s ananusa HEKOTOPHIX aJITOPUTMOB COPTUPOBKY HEOOXOAMMO 3HATH YNCJIO IIEPECTAHOBOK 1 3JI€MEH-
TOB, COAEPIKAIUX POBHO k mHBepcuii. O6o3Hauum 510 uymcio uyepesd I, (k); B Tabs. 1 npuBeseHbI IIepBHIE
HECKOJIbKO 3HAYeHU 9TON PYHKIIUHU.

Tabauma 1
ITlepecTanoBKY ¢ k M”HBEPCUSIMU

no L0) In(1) In(2) I.(3) I.(4) I.(5) I.(6) I.(7) I.(8) I.(9) I.,(10) I,(11)
11 0 0 0 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0 0 0 0
31 2 2 1 0 0 0 0 0 0 0 0
41 3 5 6 5 3 1 0 0 0 0 0
5 1 4 9 15 20 22 20 15 9 4 1 0
6 1 5 14 29 49 71 9 101 101 90 71 49

W3 paccmoTpeHus rabanusl uHBEpCuii by by . . . .b, siceo, uro I;,(0) = 1, I,,(1) = n— 1 u 4TO BEIIOTHSAETCS

CBOMCTBO CUMMETPUN:
1 ((3) =) =1 0

Hanee, Tak Kaxk 3HaYeHUA b MOYKHO BHIOMPATh HE3aBUCUMO APYT OT JPYyra, TO HETPYAHO BUAETD, UTO ITPOU3-
BOAAINAA QPYHKIUA
Gn(2) =1,(0) + I,(1)z + I,,(2)2% + - - - (7)

yaoBIeTBopsAeT cooTHomeHuo Gy, (2) = (1 4+ 2 + - + 2" 1 G, _1(2); cremoBaTensHO, OHA UMeeT IOBOJILHO,
TIPOCTOM BUJ

(I+z4+-+2"H (1 +2)D)=1—-2")...(1-22)1—2)/1—2)" (8)

C IIOMOIIIBIO 9TOM HpOI/IBBO,Z[HH.Ieﬁ (I)YHKI.II/II/I MOMKHO JIETKO IIPOOOJIKUTDH Taba. 1 u Y6eZLI/ITBCﬂ, 4ToO 4UucJa,
PacCIIOJIOKEHHBIE II0] CTyrIeH‘IaTOﬁ JUHUEH B Ta6JII/II.Ie, YAOBJIETBOPAIOT COOTHOIIIEHNIO

I,(k) = IL,(k — 1)+ I,_1(k) mpu k < n. (9)

(s unces Had CTyIeHYATOM INHUEH 9TO COOTHOIIIEHUE He BBIIOJIHsIeTCs.) Boee ciiosKHbIe pacCyKIAeHUA
(cM. yrp. 14) moxkassIBalOT, YTO HA CAMOM JieJie UMeIOT MecTO (hOpMYJIbL

L@)=()-1n=2

o= ("))
nw= ("1 (") mze
I(5) = (n;?’) - (n;%) +1,n>5.

O6mas popmyna mis I, (k) comep:RuT 0KoJI0 1.6k ciaraembIx:
n+k—2 n+k—3 n+k—=6 n+k—38
I,(k) = _ .
w=("T )= () - ()
_}_(_1)j((n—i—k—w—l)_’_(n—i—k—w—q—l))_i_-“7 n>k
kE—u; E—u;—j
rxe u; = (3j2 — j)/2 — Tak HaspIBaeMoe "HATUYTOJHHOE THUCIO" .

Paspenus G, (z) Ha n!, MOTyYnM NPOUSBOSIIYIO PYHKIIUIO g, (2) pacIpeneseHns: BEPOATHOCTEN Uyucia
WHBepCUIl B CIyYalHONM IepecTaHOBKeE n 3j1eMeHTOB. OHA paBHA IPOU3BEEHUIO

gn(2) = h1(2)ha(z) ... hn(2), (11)
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rae hy(z) = (14+2+22+- - -+ 2F1) /k — npoussogamas pyHKIIMA pABHOMEPHOTO PACIIPe/IeIeH NS CIyIaiHOH
BeJMYMHEI, IPUHIMAIOIEH Iesble HeOTPUIlaTeIbHEIe 3HAUeHu s, MeHbIue k. OTcona

mean(g,) = mean(hy) + mean(hs) + - - - + mean(h,,) =

1 n—1 n(n-1)
— Z4... = : 12
O+ 5+ +— YR (12)
var(gn) = var(hy) + var(hz) + - - - + var(hy,) =
1 n?—1 n2n+5)(n—-1)
= 4. = 1
0+ 1 + + 12 7 (13)

2

Takum 06pasom, cpeaHee YKUCJI0 MHBEPCUI JOBOJIbHO BEJIMKO—O0KOJIO in ; CTAHJapTHOE OTKJIOHEHUE TaKKe

BECbMa BeIMKO—0KO0MI0 §n’/2.,

B KauecTBe MHTEPECHOT0 3aBEPINIEHNA N3YUeHUA NHBEPCUI PACCMOTPUM OIHO 3aMeUYaTebHOe OTKPHI-
THe, npuHagie:xariee I1. A. Max-ﬁarony [Amer.J. Math., ?35 (15)1 3), 281-322]. Onpemenum uHderc mepe-
CTaHOBKH a1 G .. .G, KAK CYMMY BCeX j, TAKMX, UTO a; > a;11, 1 << n. Hanpumep, nHJeKC nepecTaHOBKHU
5918264 73pasen 2+ 4+ 6+ 8 = 20. Ungekc coyuyaiiHO COBIIAJ C YMCJIOM MHBepcuii. Eciu cocTaBuTh
CIKCOK Bcex 24 mepecTaHOBOK MHOKecTBa {1,2,3,4}, a umeHHO

ITlepecranoBka Uunexc MuBepcun Ilepecranosxallumexc MuBepcuu

123 4 0 0 312 4 1 2
124 3 3 1 3114 2 4 3
132 4 2 1 3121 4 3 3
1 34| 2 3 2 3124 1 4 4
142 3 2 2 341 2 2 4
14‘3| 2 5 3 34‘2| 1 5 5
2l13 4 1 1 412 3 1 3
2‘14| 3 4 2 401 3] 2 4 4
231 4 2 2 42|13 3 4
234 1 3 3 42 3] 1 4 5
241 3 2 8 4031 2 3 5
24‘3| 1 5 4 43‘2| 1 6 6

TO BUJHO, UTO YUCJLO NepecmarHo80K, umerouwux 0antblii uHdekc k, paHo YucLy nepecmaHnosox, UmMeujux
k uneepcuii.

Ha nepssIii B3razan sToT (haKT MOXKeT IIOKAa3aThCA IOYTU OUYEeBUAHBIM, OJHAKO II0CJIE HEKOTOPHIX Pas-
MBIIIJIEHUH OH HAaUMHAET Ka3aThCA YYTh JU HEe MHUCTUUYECKUM, M He BUAHO HUKAKOTO IPOCTOTO IPAMO-
ro ero mokasaresbcTBa. Mak-Maron Harmes ciefyroliee OCTPOYMHOE KOCBEHHOe JOKa3aTeJbCTBO: IIYCTh
J(ayas ... a,)—HMHAEKC IEPECTAHOBKY a1 G2 . . . Ay, U COOTBETCTBYIONIAS IPOU3BOAIIAS DYHKINS €CTh

H,(z) = E zJ(@az-an) (14)
rze cymma GepeTcsi o BceM ITepecTaHOBKaM MHOKecTBa { 1,2, . ..., n}. Mbl xorenu 651 foKkasaTsb, uto H, (z) =
G, (z). Ija 9TOTO0 OIIpEfeINM B3aMHO OJHO3HAUHOE COOTBETCTBYE MEKAY Nn-KaMu (q1, g2, - - - , §n ) HEOTPHUIIA-

TEJIBHBIX IIeJIbIX YHcCeJI, C OI[HOfI CTOPOHBI, 1 YIIOPAJOYEHHBIMMU IIapaMu n-OK

((a17a27 EREE) a'n)7 (p17p27 s 7pn)),

¢ APYTOi#l CTOPOHBI; 3[1ECh a1 A2 ... G — IepecTaHoBKa MHO:KecTBa {1,2,...,n}up; > py > ... > p, > 0..
ITO COOTBETCTBUE OYAET YIOBJIETBOPATH YCJIOBUIO

G1t+gat -+ gn=J(araz...a,) + (p1 +p2+ -+ pn) (15)

IIpousBopsaman QyHKmus y 29 T92+ i pre cymma Gepercss O BceM n-KaM HEOTPUIATENbHBIX I@JIBIX
umcen (q1,92,---,qn), PaBHA Q,(2) = 1/(1 — 2)?; a mpousBopaman QyHKIUs Y 2P1 P2 T +Pr  pre cymma
GepeTcs MO BCeM n-KaM IIeJIbIX YKCe] (pl,pg, .. .pn), TaKUX, 9TO p; > p2 > ... > p, > 0, paBHaA, Kak
IIOKas3aHo B ymup. 15,

P.(2)=1/(1—2)(1—2%)...(1 —z"). (16)

CyirecTBoBaHIe B3AMMHO OZHOSHAYHOTO COOTBETCTBHUA, KOTOPOE YAOBIETBOPAET ycaoBuio (15) u KoTopoe
MBI cO0upaeMcsi yCTaHOBUTD, JOKA3bIBAET PABEHCTBO Oy, (2) = Hy(2) P, (2), T.€.

Hy(2) = Qn(2)/Pa(2) = Gn(2).

15
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TpebyeMoe COOTBETCTBHE OIIPELEISIeTC C IOMOIILIO AJITOPUTMA ' copTupoBKK . Hauas ¢ mycroro couc-
Ka, opu k =1, 2, ..., n (B TaKOM HOPAAKE) BCTABJIAEM B 9TOT CIIMCOK YMCJIA G} CAEAYIONINM 00pa3oM: IIyCTh
mmocJie k — 1 m1aroB B CIUCKeE COAEPIKATCS BJIEMEHTHI P1, P2, - - - » Pk—1, TAE P1 > P2 > ... > Dk_1, U OIIpeJieJieHa
[IePeCTaHOBKA a1 a3 . . . G, MHOKecTBa {n,n—1,...,n—k+2}.IlycTs j—eqUHCTBEHHOE I1eJI0e YKCJIO, TAKOE,
UTO p;j > Gk > Dj+1; €CHU g > p1, TO mojaraem j = 0, a ecnu py_1 > gy, To Hojaraem j = k — 1. BctaBum
TeIepb ¢j B CIIUCOK MEXKAY p;j U Dj+1, & Ilesioe IucJIo (n—k+ 1)—B IepecTaHOBKY MeXKAY a;, X a;j41. IIpofenan
9TO IJIsA BCeX k, IOIyUYnM IIePeCTAHOBKY aj as . ..a, MHOKecTBa {1,2,...,n} u n-Ky uncen (pi,ps,...,Pn)>
TaKUX, YTO P > P2 > ... > pp > 0m

Pj > Pj+1, €CIu a; > Qj41.-

Haxonen, ana 1 < j < n BeIUTeM eJUHUIly U3 BCeX UHCeN i, ..., Pj IPU BCeX j, TAKUX, YTO a; > Gjy1.

TTonyuennas napa ((a1,as,...,an), (1,02, --,Pn)) YAOBIETBOPsET ycaoBuio (15).
IlycTs, Hanpumep, n = 6 u (q1,...,q6) = (3,1,4,0,0,1). IlocTpoeHIEe IPOUCXOLUT CIELYIOMINM 06PA30OM:

.- Pk ai...ag

iy

S UL W N~ R
R R W Wy
W wWwwwHr

— o=

_ o O

N N s = =L
SO OO Ut

— Ot Ot

(S 3 CRYJV]

0 3
00 23
Ilocuie 3aKJIIOUNUTEIBHON KOPPEKTUPOBKY mmosryuaeM (py, ..., ps) = (2,1,0,0,0,0).

HeTpyaHO IPoBEePUTH, UTO STOT HPOILECC 00paTHIM; TAKUM 00pasoM, TpeGyeMoe COOTBETCTBUE YCTAHOB-
aeHo u teopema Mak-Marona gokasaHa. AHAJOTMYHOE B3aMMHO OJHO3HAUHOE COOTBETCTBUE BCTPETUTCA

HaMm B 1. 5.1.4.

YipakHeHUuA

1. [10]KaxoBa Tabauiia naBepcuii ajs nepectanoBru 2 718459 367 Kakoii mepecTaHOBKE COOTBETCTBYET
rabauia naBepcuit 5012120 0?
2. [M15] Pemieruenm 3agauu Nocuda, chopmyaupoBarHHoO B yup. 1.3.2—22, apnsdercd nepecTaHOBKA MHO-
skecrBa {1,2,...n}; perenue 15 IpUBELEHHOro TaM npumepa (n = 8, m = 4) — mepecranoBxa 5 4 6 1
3 8 7 2. CooTBeTcTBYyIOIIaA dTOM ITepecTaHOBKe Tabauita naBepcuii—3 6 3 1 0 0 1 0. Hatigure nmpocTtoe
PEKYPPEHTHOEe COOTHOIIeHNe AJA 3JIeMeHTOB by by ... b, Tabauisl nHBepcHuil B obIeii 3agaue Mocuda
ILJISI . YeJIOBEK, €CJIU KasHAT KasKI0T0 m-TOo YejloBeKa.
3. [18]IlycTs mepecTaHOBKE a1 Q2 . . . Ay, COOTBETCTBYET TaOJINITa MHBEPCHU by bs . . . b, ; KAKOI IepecTaHOBKe
ai as .. .04, COOTBETCTBYeT TabJauIla MHBepCuil
(n—1—b1)(n—2—b2)...(0—bn)?
>4. [20]IIpugymaiiTe aJTOPUTM, TOTHBIH M1 peanusaiiuy Ha IBM, KOTODbI 0 JaHHOM Ta0aIUIle MHBEPCU
b1 by ... b, yOIOBIETBOPAIOIIEH YCIA0BUAM (3), CTPOUMJI OB COOTBETCTBYIOITYIO IIEPECTAHOBKY A1 A3 . . . Gy«
[Vkasanue: BcmoMmuUTE METOABI PAOOTHI CO CBSIBAHHOM TaMSATHIO. |
5. [35] Ona BeimosmHeHnusa Ha TunudyHoit IBM asroputm us yup. 4 TpebyeT BpeMeHU, IPUOJIUIUTEIHHO
IIPOIOPIIOHAILHOTO 12 ; MOKHO JIX CO3/ATh AJITOPUTM, BpeMs PaboTHI KOTOPOT'o OBLIO GBI CYIIIECTBEHHO
MeHbIIIE 12 ?
>6. [26] IIpunymaiiTe aaropuT™M BBIYUCJIEHUS TaOJMUIBI MHBepCcUii by by ...b,, COOTBETCTBYIOIIEl JaHHOMN
[IepecTaHoOBKe aj as . ..da, MHOXKectBa {1,2,...,n},, BpeMs paGorsl KoToporo Ha TununuHoi IBM Gbrino
ObI mopaAxKa n logn.
7. [20]ITomumo Tabautibi by bs . . . b, , oIpeseIeHHOM B 9TOM TYHKTE, MOYKHO OIIPEIeIUTh HEKOTOPbIE APYTe
THUIBI TAGINI] MHBEPCUN, COOTBETCTBYIOIIUX JaHHOU IepeCTaHOBKE a1 Az . . . a, MHOXKecTBa {1,2,... ,n}.
B aTom ynpaskHeHUN MBI PACCMOTPUM TPHU APYTUX THUIIA TAGJUI MHBEPCUIl, KOTOPbIe BOSHUKAIOT B IIPU-
Jno:xeHnAx. ITycTs c;—4nciio HBepCUil, nepeas KOMIOHEHTa KOTOPHIX PAaBHA j, T. €. YUCJIO 3JIEMEHTOB,
MEHBIINX j ¥ PAaCIOJIOXKeHHBIX npagee j. [IIepecranoske (1) coorBercTByeT Tabmuna 000142157,
acHo, uTol < ¢; < j.]Ilyers B; = by, u C = ¢y, .
ITokaxxure, uro npu 1 < j < n cupasegiaussl HepaBeHcTBa 0 < B; < ju 0 < C; < n — j; HOKaKHUTE
TaKsKe, YTO [IePEeCTaHOBKY a1 a2 ...d, MOYKHO ONHO3HAYHO OIPEAEJNUTh, €CJU 3aJaHa WIW TaOJUIla C1 Co
coCpymau By By ... B,,um C; Cy ...C,.
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[M24] Coxpauum oGosHaueHus yup. 7; MyCcThb a) aj ...al, — mepecrTaHoBKa, o6paTHas K aj dg ...a4n U
IIyCTh COOTBETCTBYIOLINE el Tabanuusl naBepcui— by b, ...b, ¢\ ch...c,, By By ...B,. uC{ C...C!.
Haiinure KaK MOXKHO GOJIbIlIe MHTEPECHBIX COOTHOIIEHUHM MEKAY a;, b;, ¢;, Bj, C;, a;, b;, c;-, B;-, C’J{.
[M21] Jokaxxure, 4TO B 0003HAUEHUAX YIP. 7 IePeCTaHOBKA aj as . . . 4, 00paTHa caMoil cebe TorHa u
TOJBKO TOTAa, Korgab; = C;mpul < j < n.
[BM20] Paccmorpure puc. 1 Kak MHOTOTPAaHHUK B TPEXMEPHOM IIPOCTPAHCTBe. UeMy paBeH JuamMeTp
yceueHHOTO oKTasapa (paccrosuue Mme:xkay BepimuHamu 1234 u 4321), ecaiu Bce pedbpa UMeIOT eTUHUY-
HYIO AJUHY?
[M25] (a) Ilyctb ™ = a1 as...a,—IepecTaHOBKa MHOKecTBa {1,2,...,n}, E(x) = {(a;, q;)i < j,a; >
a; } —MHOKEeCTBO ee HHBEPCHIi, a

F(ﬂ') = {(ai,aj)|i > j,a; > aj}

—MHOKecTBo ee *"Hemnsepcuit . [lokaskure, uto F(7) u F(r) rpansutusHbl. [MHOKecTBO S yrnopsamo-
YEHHBIX I1ap HA3bIBAETCA MPAH3UMUBHbLM, €CJIU IJis JIOOBIX (a,b) u (b, ¢), mpuHamIeKamux S, mapa
(a, ¢) Takoxe npunammexur S.] (b) O6paruo, nycTs E—i000e TPAH3UTUBHOE ITOAMHOKECTBO MHOMKE-
crBaTl = {(z,y)|1 <y <z < n}, rononuernne koroporo I'\ E rpaH3uTHBHO. [[OKAMKNUTE, YTO CYIIECTBYET
mmepecTaHoOBKa T, Takas, 4yro E(w) = E.

[M28] Ucnonb3ysa o003HAUEHUS NPEABIAYINETrO YIPaKHEHUS, TOKAYKUTe, UTO €CJIU 71 U Ty — Iiepe-
CTaHOBKH, a F—MUHUMaJILHOe TPAaH3UTUBHOE MHOMKECTBO, cofiepskairee F(m ) U E(m;), To E—Tosxe
TPAaH3UTHUBHOE MHOKecTBO. [CireqoBaTeIbHO, eCIu MBI OyAeM MOBOPUTD, UTO T, HAXOAUTCA HAL o,
rorga E(m1) C E(72), To OIpezesieHa peleTKa IepecTaHOBOK; CYIeCTBYeT eJUHCTBEeHHA ~ caMas HU3-
Kas IIepecTaHOBKA, HAXONAIIASACA ~HAX MABYMs JAaHHBIMU lepecTaHOBKamu. [[marpamMma peleTku
mpu n = 4 mpeacTaByieHa Ha puc. 1.]

17
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YipaxkHeHUuA

Cyi1mecTByeT i KOMOMHATOPHOE JOKAa3aTeJbCTBO TOMKAecTBa SIK0OOM, aHAJIOTMUHOE JOKAa3aTeJbCTBY
DpaHKJINHA AJIA YaCTHOTO caydasa yup. 14? (Takum o6pa3om, HYy»KHO PACCMOTPETh  KOMILICKCHBIE pas36ue-

HUA
m+ni = (p1 + qii) + (p2 + @28) + - - - + (P& + i),

rme p; + ¢;i—pasJINYHbIe HeHyJIeBble KOMILIEKCHBIE UUCIIA; P;, ¢;—HEOTPUIIATeJ]bHBIE IleJIble YKCa, IIPU-

yeM |p; — ¢j| < 1. CorsacHo ToxgecTBy SIKOGH, UNCIO TAKUX NPEACTABICHU C UETHBIMU k PaBHO YHCIY

MIPeJCTaBJEHUH C HEUeTHLIMU k, €CJU TOJBKO 1M U N He ABJSIOTCA COCEJHUMU TPEeYTrOJbHBIMU yucaaMu!)

Kaxumu erfe 3amMeuaTeJIbHBIMU CBOMCTBAMU 00JIa1al0T KOMILIEKCHEIE pa30orueHusa?

>1. [M25] (T'. O. Kuorr.) IToka)xkuTe, YTO IIEPECTAHOBKY a7 ...d, MOYKHO IIOJYYUTh C IIOMOIIHIO CTEKA B
cMmblicae ynp. 2.2.1-5 unau 2.3.1-6 Torga u tonsko torga, korga C; < Cijpp +1mpul < j < n(cm.
ob6o3HaueHUA B yIp. 7).

2. [M28] (K. Meiiep.) Me1 3HaeM, 4TO €CaM M W n—B3aMMHO IIPOCTBLIE YHCJA, TO IIOCJIEJOBATEIHHOCTD

(m mod n) (2m mod n) ... ((n—1)m mod n) npexcrasisgeT coboii nepecraHoBKY MHOKecTBa {1,2,...,n—
1}. ITokaskuTe, YTO YMCIO UHBEPCUH B 9TOM IepeCTAHOBKE MOXKHO BHIPA3UTh Yyepes cyMMbl Henexunna
(cp. cm. 3.3.3).

5.1.2. *TlepecTaHOBKU MYJIbTUMHOKECTBA

o cux mop MBI pACCMATPUBAJIY IEPECTAHOBKY MHOMCECM A 3JI€MEeHTOB; 9TO YACTHBIH cIydaii mepecra-
HOBOK MyabmumHodcecmaa. (MyIbTUMHOMKECTBO—3TO TO K€ CaMoe, YTO XU MHOJKECTBO, HO B HEM MOTYT
COIepPIKaThCA ONUHAKOBbBIE 9JieMeHThI. HeKoTopble OCHOBHBIE CBOMCTBA MYJBTUMHOYKECTB 00CYIK/JaINCh B
m. 4.6.3.)

PaccmoTpuM, HAIIpUMeD, MYJIbTAMHOKECTBO
M ={a,a,a,b,b,c,d,d,d,d}, (1)

B KOTOPOM COIEP:KUTCA 3 9JIeMeHTa a, 2 ajemMeHTa b, 1 aiemeHT ¢ u 4 saemenTa d. [IoBropeHus sJ1eMeHTOB
MOXKHO YKa3aTh U JPYTUM CIIOCO00M:
M={3-a,2-b,c,4-d}. (2)

IlepecTaHOBKA MYJIbTHMHOMKECTBA — 5TO HEKOTOPOE PACIIOJIOKEHNE €r0 9JIEMEHTOB B P, HAaIIpUMep
cabddabdad.

C Ipyroii CTOPOHEI, TAKYIO IIOCJIEI0BATEILHOCTh MOMKHO HA3BaTh IIEIIOYKOM OYKB, colepsxalieiil 3 OyKBEI a,
2 0ykBBI b, 1 OyKBY c 1 4 OYKBHI d.

CKOJIBKO CYIIECTBYET IIePEeCTAHOBOK MYyJIbTUMHOMXKecTBa M ? Ecyiu ObI MBI pacCMaTPUBAIN BCE 9JI€MEH-
Tel M Kak pasjnyHble, 0003HAUUB UX a1, d2, A3, b1, ba, C1, di, da, d3, dy, TO mosyunsu 661 10! = 3 628 800
IepecTaHo0BOK, HO IIOCJe OTOpPachlBaHUA NHAEKCOB MHOTHE U3 HUX OKAa3aJINCh Obl OAMHAKOBbIMU. DaKTHUE-
CKU Ka)kJas rnepecranoska M BecTperuiach Obl poBHO 3!2!114! = 288 pas, moCKoOJIBKY B 1100011 IIepecTaHOBKE
M wHAeKchl mpu O6YKBaxX a MOKHO paccTaBuTh 31 cmocobamu, mpu b (HesaBucumo)—2! cmocobamu, mpu
C—OJIHUM CII0c060M, a Tpu d—CcooTBeTCcTBeHHO 4! cmocobamu. IlosToMy umcso mepecTaHOBOK M paBHO

10!

i 12600

B IIPUMEHEHUHU K O6IIIeMy CJIy4aIO Te e PacCyXxaeHHA NOKA3BIBAIOT, UTO YHNCJIO IIE€PECTaHOBOK JT1060T0
MYJBTUMHOMEeCTBa PaBHO MYJIbTUHOMUAJIBHOMY ROS(I)(I)I/IHI/IGHTY

( n ) n!
= 7
ny,na,... n1'n2'

TJie n1—YUCJIO 3JIEMEHTOB IEPBOTO TUNA, 1o —YKCJIO 3JIEMEHTOB BTOPOTO TUTTA U T. I., N =N + Ny + - - -—
00117€€ UMCJIO BIIEMEHTOB.

KosnnuecTBO mepecTaHOBOK MHOKECTBA OBIJIO M3BECTHO ellle B APeBHUE BpeMeHa. B IpeBHeeBpencKoii
Kuure Teopernus (okoxo 100 r. H. 5.)*, Haubosee paHHEM JUTEPATYPHOM IPOMU3BEIeHUH MYAEHCKOT0 (Pu-
JI0cO(hCKOTO MUCTHUIIM3MAa, JAaHLI BepHble 3HAUEHUS IIEPBBIX ceMU (haKTOPHAaJIOB, IIOCJE Yero TOBOPUTCH:
"IIpomosskaii M IMOJYYHUINb YUCIA, KOTOPLIE YCTAa HEe MOTI'YT IIPOM3HECTH, 4 yXO He MOXKET BOCIPHUHSATL.
[Sefer Yezirah, ed. by R. Mordecai Atia (Jerusalem: Sh. Monson, 1962), ctux 52 (ctp. 107-108); cp.

4 Knuura Teopernus (Momupa)—ofHa 13 OCHOBOIIOIATAIOINX KHUT Kab0aaucTuku. — IIpum. nepes.
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Tak:e ¢ Solomon Gandz, Studies in Hebrew Astronomy and Mathematics (New York: Ktav, 1970), 494—
496. Kuura TBopeHus ObliIa OCHOBAHA HA CUMTABIINXCS Ba’KHBIMU OTHOIIIEHUAX MEK Iy CEMbIO IJIaHEeTaMU,
CeMbIO COTJIACHBIMU 3BYKAMMU C JBOMHBLIM IPOU3HOIIEHNEM, CEMbIO OTBEPCTUAMU B T'0OJIOBE UEJIOBEKA U Ce-
MbIO THAMU COTBOPEHUA MUPA.] ITO mePBLIil M3BECTHBIN B UCTOPUHU IIO[CUET YKCJIA IePEeCTaHOBOK. BTopoii
BCTpeUaeTcsa B MHAUMCKOM KJacCUUYeCKOM IpousBefeHun AHyioragBapa-cyrpa (okoso 500 r. H. 3.), mpa-
BuJI0 97, re mpuBoAUTCA (OPMYJIa UKMCJIA IePEeCTAHOBOK IITECTH 5JI€MEeHTOB, KOTOPHIe He PACIOJIOMKEeHbI HI
B BO3pACTAaIOIIeM, HI B yOBIBAIOIIIEM IIOPAIKE:

6XxHx4x3x2x1—2.

[Cm. G. Chakravarti, Bull. Calcutta Math. Soc., 24 (1932), 79—-88. Anyiioragsapa-cyTpa—o0IHa U3 KHUT
KaHOHOB [KafHU3Ma, PeJIUTM03HOU CEKTHI, PaclIipocTpaneHHoH B Unaun. |

CooTBeTcTByIOIIee TPABUJIO AJS MYJbTHMHOMKECTB BIEPBLIE, MO- BUJMMOMY, BCTpPeUaeTCcA B KHUTe
JIunaBatu, Hanucanuoi Bxackapoit Axapbeit (ok. 1150 r.), pasa. 270—-271. ¥V Bxac:kapbsl 3T0 IIpaBUJIO
c(OpPMyYIMPOBAHO BEChMa CIKATO W IPOUJLIIOCTPUPOBAHO JIMUIIL ABYMs IPOCTBIMU mpumepamu {2,2,1,1}
u {4,8,5,5,5}. B pegynbTaTe B aHTJIUICKOM [IEPEBO/IE HTO IIPABUIIO He C(hOPMYIHNPOBAHO KOPPEKTHO, BIIPO-
yeM, UMEIOTCA HEKOTOPhIe COMHEHUA OTHOCUTEJIBHO TOT0, IOHMMAJ JIX caM BxacKapa, 0 ueM OH TOBOPMII.
Bceusen 3a aTum npaBusioM Bxackapa mpuBOAUT UHTEPECHYIO (hopMyTy

(4+8+5+5+5)x120x 11111
5X%X6

nasa cymmel 20 uncen 48 555 + 45855 + - - -,

BepHoe nmpaBuIo A1 HAXO0XKJEHUA YKCJIA IEPECTAHOBOK B CIyUae, KOT[a TOJIbKO OAUH 3JIEMEHT MOYKET
MIOBTOPATHCS, HAMIEHO He3aBUCUMO HEMEI[KUM yUeHBIM ne3yuToMm Aranacuycom Kupxepom B ero MHOTO-
TOMHOM Tpyze o Mmy3bike Musurgia Universalis (Rome, 1650), Tom 2, crp. 5—7. Kupxepa nHTepecoBaJ
BOIIPOC O KOJIMUECTBE MeJIOAUIl, KOTOPhIe MOKHO CO3J]aTh 13 JaHHOI'0 Habopa HOT; IJIS 9TOT'0 OH IPUIYMAaJ
TO, UTO HasbIBaJI ~Mys3apudmeruroii . Ha crp. 18—21 cBoero Tpyza oH JaeT BepHOe 3HAUEHUE UKCJIA [Tepe-
CTAHOBOK MyJbTUMHOKecTBa {m - C,n - D} Ipu HECKOJIbKUX BHAYCHUAX M U N, XOTA OLKUCAJ OH CBOH METOJ,
BBIYMCJIEHUH JINIIb OJdA caydadan = 1.

O6iee npasuiio (3) mosBuaoch rmosxxe B KHure sKaua IIpects Elémens de Mathématiques (Paris, 1675),
cTp. 351-352, KoTOpas COAEPIKUT OJTHO U3 IePBhIX U3JIOKEHNH KOMOMHATOPHOII MaTeMaTUKM, HaIMCAHHBIX
B 3anmagHoil EBpome. IIpecTs BepHO cHOPMYIMPOBAT IPABUJIO AJA CIAyUasa IPOU3BOJIBHOIO MYJIbTHMHOMKE-
CTBa, HO IIPOMJLIIOCTPUPOBAJI €T0 JIUIIb IPOCTHIM npumepoM {a, a, b, b, ¢, c}. OH 0c060 OT™METHII, UTO HeseHue
Ha cymmy GaxTOPHaIOB, KOTOPOE OH CUUTAJI €CTECTBEHHBIM 00001IeHreM mpasmia Kupxepa, 661510 ObI 01116~
koit. Heckoabko et cuycera :xoun Bamnuc B cBoeit kuure Treatise of Algebra (Oxford, 1685), Tom 2, cTp.
117-118, obcyama aTo IpPaBUJIO HECKOJIBKO 60Jiee IOIPOOHO.

B 1965 r. Jomuauk PoaTa BBEJ OJHO HHTEPECHOE IIOHATHE, TAK HA3bIBAEMOE = COeIUHUTEIbHOE IIPOM3-
BefleHne'®, KOTOpOe MO3BOJIMIO PACIPOCTPAHUTEL MHOTHIe U3BECTHEIE Pe3yIbTaThl, KacaoIuecs 00bLITHBIX
TIepecTaHOBOK, Ha OOIIUI ciydyau ImepecTaHOBOK MyJabTuMHOKecTBa. [Cm. Publ. Inst. Statistique, Univ.
Paris, 14 (1965), 81-241. a raksxe Lecture Notes in Math., 85 (Springer, 1969).] IIpeamonarasi, uTo aJe-
MEHTBI MYJIbTUMHOKECTBA KAKUM-TO CII0CO00M JIMHENHO YIIOPSI0UeHbl, MOKHO PACCMOTPETD 08YCMPOLHOe
0003HAUeHUe, HATIPUMED

a a a b b c d d d d
(cabddabdad>'

31ech BEPXHAA CTPOKA COTEPIKUT 3JIeMeHTHI M B HeyOBIBAIOIEM MOPAAKE, 1 HIDKHAA—3TO caMa IiepecTa-
HOBKa. CoedunumenvHoe npousdgedenue o1 $ ABYyX IIePECTAHOBOK MYJIbTUMHOKECTB ( U J—3TO0 I€PECTAHOB-
Ka, KOTopasi IoJIyuaeTcsi, ecau (a) B3ATh ABYCTPOUHbIe 0003HaUeHUA AJs o 1 3, (b) 3amucaTb COOTBETCTBYIO-
III1e CTPOKH B OJIHY U (C) OTCOPTUPOBATH CTOJIOIIBI TAK, UTOOBI 9JIEMEHTHI BEPXHell CTPOKY PACIOJIOKUIINCH B
HeyObIBatoIeM mopsaake. CopTupoBKa AOJIKHA OBITH YCTOMYMBOM B TOM CMBICJIE, UTO BBAUMHOE PACIIOIOMKE-
HUe 3JIeMEeHTOB HIKHell CTPOKY COXPaHAETCs, eCJIM COOTBETCTBYIOIHE 3JI€MEeHTHI BepXHell CTPOKY PABHBI.
Hanpumep,cadabTbddad=cabddabdad, Tak Kak

aabcd_rabddd_aaabbcdddd (5)
c a d a b b d d a d/ \¢c a b d d a b d a d)°
HeTpyaHo BumeTh, 4TO OIlEPAIlUa COeIUHUTEILHOTO IPOU3BEIeHN aCCOLMATUBHA, T. €.
aTBTy=aT(BTy), (6)

5 B opurunane— "intercalation product”.—IIpun. nepes.
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¥ YTO OHA IMIOAUYNHSIETCS 3aK0HAM COKPAIIleHI

eciunm T a=nT (@, T0oa =0,

ecima T n=FTm, Toa =[.

CyiecTByeT " e JUHUYHBIA 3JIEMEeHT
aTe=eTa=a, (8)

rfe e—IIyCTas IePEeCTAHOBKA, PACIIOJOMKEHUE B PAJ] 3JI€MEHTOB IIYCTOTO MHOMKECTBA. S3aKOH KOMMYTATHUB-
HOCTH, BOOOIIle TOBOPS, He BEITIOJIHAETCA (CM. yOp. 2), TeM He MeHee

aTB=8Taq, ecau o u 3 He comepKaT 06X OYKB. (9)

AHaJOTUYHBIM CIIOCOOOM U TIOHATHE UUKJAa MOYXHO PACIIpOCTPaAHUTBh HA cnyqafxi, Kormga 9JiIieMeHTBhI MOT'yT
IIOBTOPATHCA. By}leM 3alliChIBaTh B BUJE

(x1 22 ... Tp) (10)

IIepecTaHOBKY, JBYCTPOUHOE IMpPECTaBJIeHNe KOTOPOH IIOJydYaeTcsa IyTeM YCTOHUYNBON COPTUPOBKH CTOJIO-

1[0OB
T2 I3 N 5
110 BepXHUM sjieMeHTamM. Hanpumep,
(dbddacaabd):<dbddacaabd>:<aaabbcdddd)
b d da c a a b d d c a b dd a b d a d

TaK 4TO IepecTaHoBKA (4) paKTHUECKU ABJsSEeTCA IMUKJIOM. MBI MOIJIX OBI OIIMCATH 9TOT IUKJI CJIOBECHO,
CKa3aB 4To-HuOYAb Bpoje " d IepexonuT B b, IepexXonuT B d, IepexXoquT B d, IIEPEeXOJUT B . . . IePeXOIUT B d U
BO3BpalllaeTca o0paTHO . 3aMeTHM, YTO 3TH 0000IIleHHbIe IIUKJIBI He 001a5a0T BCeMU CBOMCTBAMY O0LIUHBIX
IUKJOB; (1 T2 ... T,) HEe 06I3aTEIBHO TO JKe caMoe, UYTO U (Ta ... Ty T1) -

B 1. 1.3.3 MbI BRISACHUJIN, UTO KAaKAYIO IePECTAHOBKY MHOKECTBA MOKHO eJUHCTBEHHBIM C TOYHOCTHIO
IO TOPSAKA COMHOMKHUTEJEH 00pasoM MpeACTABUTL B BHUIE IPOU3BENCHUS HeIepeCeKalo[UXCsa IUKJIOB,
TJle IpOou3BeieHe ITIePECTaHOBOK OIPeAeAeTCA 3aKOHOM KOMIIO3UIIUH. JIEeTKO BUAETD, UTO npou3gedeHue
HenepeceKanuiuxcs yUKLI08—mo Je Camoe, ¥mo ux coe0uHuUmelbHoe npousgederue; 3To HaBOAUT HA MBICJIb
0 TOM, YTO MOYKHO OyIeT 06001 Th ITOJyUeHHBIE PaHee pe3yIbTaThl, €CJIN HaWTH e IUHCTBEeHHOE (B KaKOM-TO
CMbICJIE) IIPeCTaBJIEHNE U AJIs IPOU3BOJILHOM IIepeCTaHOBKY MYJIBTUMHOKECTBA B BUJ[€ COeNUHUTEILHOTO
IIPOM3BEIEHUA IIUKJIO0B. B MefiCTBUTEILHOCTH CYINECTBYIOT II0 KpaliHell Mepe ABa €eCTECTBEHHBIX CIIOCO0a
clesiaTh 9T0, ¥ KaXKIbIM U3 HUX UMeeT BasKHble IPUJI0KEeH!A.

Pasenctso (5) maet oguH crocob mpeactaBiaenua ca bdda b d a d B Bume cCoOefMHUTENIHHOTO IIPOU3-
BelleHUsA 6oJiee KOPOTKUX IePeCTAHOBOK; PACCMOTPHUM OOIIYIO 3aauy O HaXOMKAEHUU BCeX PAa3JI0KeHU

T=al ﬁ lIaHHOfI IIepeCTaHOBKH Tr. IIJIH HCCJIeJOBAHUA 9TOI'O BOIIPOCA II0JIESHO PACCMOTPETh KOHKPETHYIO
IIepeCTaHOBKY, CKaXXeM

7T:<aabbbbbcccddddd) (12)
d b e b cacdaddb b b d)’

Ecin MmosxHO 3anucaTs 7 B Buie o 1 3, Tlle & COAEPKUT 110 KpaiiHei mepe ogHy OYKBY a, TO caMoe JIeBOe
a B BepxHell CTPOKe ABYCTPOUHOI'O IPEACTABICHNA (v JOJIKHO OKa3aThbCA Hal d, 3HAUUT, IepecTaHOBKA «
IOJIKHA COAEep KaTh M0 KpaliHeil Mmepe ogHY OYKBY d. Ecau B3rJISHYTEH Telleph HA caMoe JieBoe d B BepXHei
CTPOKE o/, TO YBUAUM TOUHO TaK K€, UTO OHO JOJIMKHO 0Kas3aTbCs HaJl d, BHAYUT, B (& TOJIKHBI COIEPIKATHCA IO
Mewublei mepe dge 6ykBbI d. [lTocMoTpeB Ha BTOpoe d, BUAUM, UTO (x COAEPKUT TaKKe b. OIHO-eIMHCTBEHHOE
MIPEeAIOJ0MKeHIe O TOM, UTO (v €CTh JIEBBIII COMHOYKUTEIb T, COAEPKAIIUN OYKBY a, IPUBOAUT K TAKOMY

IPOMEKYTOUHOMY Pe3yJabTaTy:
a b d d

(13)
d d b

IIpomos:xasa paccy:KIaTh TOYHO TaK JKe W Jajee, OOHAPY:KUM, UTO OyKBa b B BepxHeii cTpoke (13)
IOJIXKHA OKAas3aThbCA HaA ¢ U T. A. B KOHIle KOHIIOB 5TOT IPOIECC BHOBL IIPUBEAET HAC K OYKBE a4, M MBI
CMOXK€eM, eCJI 3aX0THUM, OTOMKJEeCTBUTE €€ C IepBOi 6YKBOU a. TOJIBKO UTO IPOBeAeHHOE paccysKaIeHne, 1o
CYIIeCTBY, JOKA3bIBAET,
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40 J1I000H JIEBBIH COMHOKUTEJH B PasioskeHnu nepecranoBku (12), cogepsramuiia, umeer sug (ddbedbbea)T
o, rme o/ — HekoTopas nepecTanoBka. (Y06HO 3alIMCHIBATE a He B HAUAJIe, 4 B KOHILE [IUKJIA; 9TO JOIYCTH-
MO, ITIOCKOJIbKY OYKBa a TOJIBKO OJHA.) AHAJIOTUYHO, CJIU ObI MBI ITPEAIIOJIOMKUIIN, UTO (x COOEePIKUT OYKBY b,
T0 BbIBeJH OBI, uTo @ = (¢ d d b) T o/, rme o/’ —HeKoropas mepecTaHOBKA.

B o61m1eM caryuae 5Tu paccyKIeHU MTOKA3BIBAIOT, UTO eCAU eCmb KaKoe-Huoyob pasnoxcenue a1 3 =,
20e o codepicum dannyio 6YK8yY Yy, mo cyuiecmaeyem eOUHCMEEHHbBLI YUK 8U0Q

(1 ... zn y), n>0,21,...,%, Y, (14)

KOmMOopblLil A81eMCs LeBblM COMHOMCUMELeM 8 PA3JLOKHCeHUU nepecmarno8Ku o.. TaK0M ITUKJI JIETKO OTHICKATD,
3HASA T U Y; 9TO CAMBIN KODOTKUH JIEBBIN COMHOMKUTEJb B PA3JIOYKEHUU IIEPECTAHOBKY 7, COAEPIKAIIINIL OYKBY
y. OHO U3 cJaeACTBUH 3TOTO HABIIOAEHUS JaeT

Teopema A. [Tycmbv anemenmuL myavmumnoxcecmea M nuneiino ynopsdowenvr omuowenuem”<”. Kaxcdas
nepecmano8ka m myrvmumrnoxcecmea M umeem eduncmeenHoe npedcmasenue 6 6ude coeduHUMEenbHO020
npousgedeHus

m=(211. . T1n,y1) T (@21 ... Tan,¥2) T oo (X1 -+ - Tn, Y1), t>0, (15)

yodosaemeopawuee caiedyouum 06Ym Yycioeusm:

y1 <y < ... <y
yi <xgjnpul <j<n;,1<i<H. (16)

(Huvimu crosamu, 8 Kax0oMm yuKie nocaedHUll dieMeHm menbvlle 1100020 0pYyz020, U nociedHue J1eMeHmbl
YUK.L08 00pa3yom Heyobl8aWy0 nocaedo8ameibHOCMb. )

Ilokazameavcmeo. Ilpu m = € mosyuum Tpebyemoe pasiioskeHue, mojaoxus t = 0. B mporuBHOM cirydae
MYCTh Yy —MUHNUMAJIBHBINA BJIEMEHT T; ONPeAeIUM (17 . .. T1p, Y1) —CAMBIA KOPOTKUM JIEBBII COMHOKUTEIb
PABJIOKEeHUA T, COLEepP:KAIUMA ¥, KAK B PACCMOTPEHHOM npumepe. Tenepb m = (x11...2%1n,Y1) | P, THE
p—HEKOTOpasA IIepecTaHOBKA; IPUMEHUB NHAYKITUIO I10 JJINHE IePECTAHOBKY, MOKEM HAINCATh

p=(x21...Tanoy2) T ... T (@41« Ty, Yt), t > 1,

rae ycaoBus (16) BeimoaHeHbI. TeM caMbIM TOKa3aHO CYIeCTBOBaHME TAKOT'0 Pas3IOKeH! .

HokaskeM eIMHCTBEHHOCTh pasoskenusd (15), ynoBaerBopsiotiero ycaoBuam (16). fcwo, urot = 0 To-
TIa ¥ TOJBKO TOT/Ja, KoTAa m— ImycTasd mepectraHoBka ¢. [Ipu ¢ > 0 us (16) cienyer, 4TO y; —MUHUMAJIbHBIHN
3JIEMEHT IIePEeCTAHOBKHU T U UTO (11 . . .&T1p, Y1 —CAMBIN KOPOTKUH JIEBBLI COMHOMKUTEb, COLEPIKAIINI ¥ .
IloaToMy (211 . .. Z1n, Y1) ONIPEAEIISETCS OGHOSHAUHO; JOKA3aTEIbCTBO eJNHCTBEHHOCTY TAKOTO IIPE/ICTaBIe-
HUSA 3aBepIllaeTcA IPpUMeHeHneM NHAYKIINY 1 3aK0HOB cokparenus (7). |

Hanpuwmep, "kanonuuecKkoe” pasiosxkeHue mepectanoBku (12), yIoBIeTBOPAOIIEe JaHHLIM YCIOBUAM,
TaKOBO:

(ddbedbbca) T (ba) T (cdb) T (d), (17)

ecaua < b <c<d.

BaiKHO OTMETHUTH, UTO Ha CAMOM JIeJie B 3TOM OIIPeieIeHUY MOYKHO OTOPOCUTE CKOOKY 1 3HAKY OTIepaIuu
T, 1 9TO He TpUBeAET K HeomHO3HAUHOCTU! KasKABIN ITUMKJ 3aKaHYMBAETCA IIOABJIeHEeM HanMeHbIITeTo 13
OCTaBIINXCS 3JeMeHTOB. Takum 00pasom, Hallle HOCTPOEHMeE CBA3LIBAET C NCXOJHOU IIePecTaHOBKOM

' =ddbedbbcabacdbd

IIEPEeCTAHOBKY
m=dbcbcacdaddbbbd.

Ecnu B IBYCTPOYHOM IIPEICTABIEHHMH 7T COAEPXKUTCA cronber Bupa Y, rme x < y, TO B CBA3AHHOH C T
IepecTaHoBKe IPUCYTCTBYET COOTBETCTBYIOIIA ITapa COCeHUX BJIEMEHTOB. .. Y T . . .. TaK, B HAIlleM IpuMepe
T CONEPIKUT TPU CTOJOIA BUAA ,, & B ' TpUAKALI BecTpeuaerca mapa d b. Boobije u3 3TOro mocTpoeHuns
BBITEKAET 3aMeuaTeJibHaA
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Teopema B. ITycmoe M —myavmumnorcecmao.Cyuecmayem 83auMHO 00HO3HAYLHOE cOOmaEemcemaue mexncdy
nepecmanoskamu M, makoe, ¥mo ecau ™ coomeemcmayem m , mo 8bLNOJIHAIOMC caedyouiue Ycaro8us:

a) KpAaiiHuil 1e6blil diemenm T’ pasen KpailHemy 1e6oMY IIeMeHmYy T,
b) 0as ecex nap yiacmeyouux 6 nepecmaHosie 3iemenmos (x,y),

makux, umo x < y, 4ucio exoxcdenuii cmoabya ¥ 6 deycmpounoe npedcmaserHue nepecmaro6KU T paeHO
yucay cayiaes, K0z0a 6 nepecmanogke ™ diemenm x ciedyem HenocpedcmeenHo 3a y.

Eciu M —MHOK€eCTBO, TO 3TO, IO CYII[eCTBY, = HECTAHAAPTHOE COOTBETCTBUE , O0CY K AABIIEECS B KOHIIE
m. 1.3.3, c He3HAUNTETbHBIMU U3MeHeHUuAMU. BoJiee 001Ul pe3yabTaT TeOPeMbI B mojIe3eH mpu mozcueTe
YHucJa mepeCTaHOBOK CIIEIIHAJIBHBIX THUIIOB, IIOCKOJIBKY YaCTO IIPOIIe PEIINTh 3agady C OrpaHNYeHUuAMU,
HaJIOKE€HHBIMU Ha ABYCTPOYHOE IIpeJCTaB/JI€eHNEe, YeM 9KBUBAJIEHTHYIO 3a/a4uy C OrPaHNYEeHUAMUN Ha IIapbl
COCeJHUX 3JIEMEHTOB.

II. A. Mak-Maros paccMoTpeJI 3aJauy 9TOr0 THUIA B cBoell BuIgarlreecs Kuure Combinatory Analysis
(Cambridge Univ. Press, 1915), rom 1, cTp. 168—186. OH maJI KOHCTPYKTUBHOE JOKa3aTeJILCTBO TeopeMbl B
B YaCTHOM CJIy4ae, Korga M comepsKuT sJieMeHThI JIUIIb IBYX PAa3JIMYHBIX TUIIOB, CKasKeM a U b, ero mocTpo-
eHue [JIs 9TOTO caydasi, II0 CYII[eCTBY, COBIALAET C IPUBEJEHHLIM 3/1eCh, HO IIPEACTABICHO B COBEPIIEHHO
uHOM Bume. I caydas Tpex pasJnuHbIX 3JIEMEHTOB a, b, c Mak-MaroH gaj cJI0KHOe HEKOHCTPYKTUBHOE
IOKa3aTeJIbCTBO TeopeMbl B; 00III1ii cayuail Briepshie qoKasaa Poata B 1965 r.

B KauecTBe HeTPUBUAJILHOIO IIPUMepa MPUMeHeHnsA TeopeMbl B HalizeM duciio memnouex OYKB a, b, ¢,
COZepPIKAIIUX POBHO

A BXOXKJeHul OYKBBI a;
B BxoxaeHUn OYKBEI b;

C BXOKIeHUI OYKBEI C;

18
k BXOKAeHUI Maphl CTOAIIUX PSIAOM OYKB C a; (18)
| BXOKIeHUII TTaphbl CTOAIINX PAIOM OYKB ¢ b;
m BXOXKIEHU Maphbl CTOAIINX PAIoOM OYKB b a;
W3 TeopeMbI cIeyeT, YTO 3TO TO Ke CaMoe, UTO HAaWTU YKMCJIO JBYCTPOUHBIX MAaCCUBOB BUIA
A B c
a ... a b ... b c ... c
( ) (19)
(W] e (W] (W] e (] (W} o [}
A—k—m OyKBa m OyKBa  k OYKB a
B — 1 6ykBb L 6ykB b
C GYKB C

ByKBBI @ MOKHO PaCIOJIOIKUTEH BO BTOPOU CTPOKE

4 B ¢ crocobamu;
A—k—m m k ’

TIocJie 9TOT0 OYKBBI b MOKHO Pa3MECTUTh B OCTABIITNXCS MTO3UITAAX

Btk C—Fk cmocobamu
B -1 l ’

OcranbHBIE CBOGOI[HBIG MecCTa HYy»XHO 3aIIOJTHUTH 6yKBaMI/I C; CJIefOoBaTeJIbHO, MICKOMO€ Y1 CJIO PaBHO

(o) GBI ) @

BepueMcs K BOIIPOCY O HAXO0KIEHUU BCeX PA3JIOKEeHUN JaHHOM mepecTaHOBKY. CyIllecTByeT U TaKOH
00'BEKT, KaK " IpoCTasd IIePEeCTAHOBKA, KOTOpAas He pas3jiaraeTcsa Ha MHOYKUTEJIN, OTJINYHEBIE OT Hee CaMOil 1
£? O6cysxIeHne, IpeAIecTRYOIee TeopeMe A, HeMe[JIeHHO IPUBOJUT K BEIBOJY O TOM, UTO NepecmaHo8Ka
O0ydem npocmoii mozda u mobko mozda, K0z0a OHA ecmb YUK 63 NOBMOPAIOULUXCA IJLeMEeHM08, TAK KaK,
€CJIN IIepeCTaHOBKAa ABJIAETCA TaAKNM IITUKJIOM, HaIllle paCcCyKJaeHne JOKa3bIBaeT, YTO He CYIIIeCTBYET JIEBbIX
MHOMKUTEJIEH, KPOME € M CaMOT0 I[UKJIa. Ec/iu Ke mepecTaHOBKA COAEPIKUT IMOBTOPAIOIIUNACS 9JIEMEHT Y, TO
BCerjla MOXKHO BBIAEJUTH HETPUBUAJILHBIN MK/ B KAUECTBE JIEBOTO COMHOMKUTENA, B KOTOPOM 3JIEMEHT Y
BCTPEUAETCS BCETO OJHAMKIEL.

Eciu nmepecTaHOBKA He IPOCTAasd, TO €€ MOMKHO Pa3jiaraTh Ha BCe MEHbIINE U MEHbIIINe YacTH, [I0KA He
OyZeT moJIy4eHO IPOU3BeeHNe MPOCTHIX MTePEeCTaHOBOK. MOMHO Jarke IMOKA3aTh, YTO TAKOE PA3JIOKEHUe
€IMHCTBEHHO C TOYHOCTBIO IO IMIOPAAKA 3alIMCH KOMMYTHUPYIOIIINX COMHOMKUTeEJIEH.
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Teopema C. KasxOyio nepecmaHo8KY MYJbMUMHONECNEA MOHCHO 3ANUCAMDb 8 8Ude npou3éedenus
o1 ToaT...Toy, t>0, (21)
20e 0;—UyUuK.Ibl, He codepicauyiie NO6MOPAIOULUXC dLeMeHmOo8. Imo npedcmasienue eOUHCMEEHHO 8 MOM

cmvlcae, umo abble 08a makKux npedcmagneHus 00RO U moil Jce nepecmaHo8KU MOHCHO NPpeodpa308amy
00HO 8 Opyzoe, nocaedo8ameslbHO MEHAA MeCMaAMU COCeOHUe HenepeceKanuuecs YUKLbL.

TepMuH "HellepeceKaroluecsa IIUKIbl OTHOCUTCA K IIMKJIaM, He MMEIOIIM OOI[1X 3JIeMeHTOB. B Ka-
YecTBe IIPUMepa MOYKHO IIPOBEPUTE, YTO IIePECTAHOBKA

pasjiaraeTcd Ha MHOMXHUTEJIW POBHO IIATHIO cmocobammu:

(ab) T(a) T(cd) T(be)=(ab)T(cd)T(a)T (be) =
=(@b) T(cd)T(be)T (a) = (22)
=(cd) T (ab) T (a) T (be) =
=(cd) T (ab) T (be)T (a)

Iloxasameavcmeo. Hy;KHO yCTaHOBUTH, UTO BBIMOJHAETCS c)OPMYJHUPOBAHHOE B TEOpeMe CBOMCTBO
equHCTBeHHOCTH. [I[prMEHUM MHAYKIIUIO 110 JJINHE IePeCTAHOBKU; TOT/A JOCTATOUHO JOKA3aTh, UTO €CJIH P
¥ 0—[IBa PA3JIMYHBIX IIUKJIA, HE COAEePsKallliie IOBTOPSIIOIIUXCS DJIEMEHTOB, 1

pTa=0Tp,
TO p U 0—HeIllepeceKaroluecs Kb, 1
a=0cT0, p[=pTH,

rae f—HeKOoTOopas MepecTaHoOBKA.

IIycTs y—TIPOMBBOJILHBIN 3JIEMEHT ITUKJIA P, TOTA Y JF000T0 JIEBOTO COMHOYKUTEJIA B pasjtoKeHuu o | I,
COZEPIKAIIero STOT AJIEMEHT Y, OyAET JIEBBIF COMHOMKUTENb p. SHAUUT, €CJIU p U 0 UMEIOT 00U 9JIeMEeHT,
TO IUKJI 0 NOJIKEH OBITH KPAaTeH p; CJIeJ0BATEeIbHO, 0 = p (TaK KaK OHU IPOCTHIE), UTO IIPOTUBOPEUUT
HaIleMy npexamnojoskeHnio. CiaeroBaTesIbHO, IIUKJ, COAEPIKAIINN y U He UMEIOIIUN 001X 3JI€MEeHTOB C 0,
IOJI3KEeH OBITH JIEBBIM COMHOJKHTEJIEeM B pasjokeHuu (3. [IpuMeHnB 3aKOHBI cOKpalneHus (7), 3aBepIinm
JIOKAa3aTeJbCTBO. |

B kauecTBe miroctpanuy TeopeMbl C pacCMOTPUM IIepecTaHOBKY MyJabTuMHOKectBa M = {A - a, B -
b,C - ¢}, cocrosiero us A sseMmeHTOB a, B anementoB b u C amementos c. Ilycrs N(A, B,C,m)— uucio
IIepecTaHOBOK MYJIbTUMHOMKecTBa M , IByCTPOUHOE IIPeACTaBIeHNEe KOTOPBIX He co0epicum cToJIOIOB BUuIa

. 2 , ¢ ¥ COZIEPKUT POBHO 1 CTONOIIOB BUAA ; . OTCIONA CIesyeT, YTo uMeeTcs POBHO A —m cros6Ios Buja ¢,

B — m cToJ0110B BUga g, C — B + m cToJI0I0B BUIAa fl, C — A+ m croabioB Bm[alc’ nu A+ B — C —m cTonbIiios

BHUJA Z ; CJIelOBATeJIbHO,
A B c
N(A,B = . 2
sem =)o tam)(550) (23)

Teopema C mpeaiaraer Apyroi cnocob A4 IMOACUETA 9TUX MepecTaHOBOK: KOJIb CKOPO CTOJIOIEI Z, Z, 2

HUCKJIIOYEHBI, TO B PA3J0XKeHNUN IIePeCTaHOBKY eJUHCTBEHHO BO3MOXKHBI TAKHe IIPOCThle MHOMKUTEIN:
(ab),(ac),(be),(abe),(ach). (24)

Kaxkmas mapa aTUX IIUKJIOB UMeeT XOTA ObI OAHY 00IIyio O0YKBY, 3HAUHUT, pasjiosKeHne eJunHCcTBeHHO. Ecin
nukiI (a b ¢) BeTpeuaeTcs B pasyiosKeHuu k pas, TO U3 HAIIEro IPeJbIAYINEero MPeAN0JI0KeHUS CIeLYeT, YTO
(a b) Bcrpeuaercst m — k pas, (b ¢) Bcrpeuaercss C — A + m — k pas, (a ¢) Bcrpeuaerca C — B + m — k pas
u (a cb) Berpeuaercss A+ B — C — 2m + k pas. CiregoBaresnsHo, N (A, B,C,m)

23
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B zakJiouenmne aTOro NyHKTa PACCMOTPUM CBOMCTBA OTPE3KOB B CIyUyae, KOTZa B IIePecTaHOBKE JAOIYyC-
KaloTcsd OJUHAKOBBIE 9JIeMeHThI. BecunciieHHbIe MachAHChI, KOTOPHIM IIOCBSAIIAJ CBOU JOCYTH 3HAMEHUTHIH
aMepukaHcKuii actpouoM 19-ro Beka Caiimon HriokoM6, UMEIOT HeIlOCPEICTBEHHOE OTHOIIEeHNE K MHTe-
pecyromemMy Hac Bompocy. OH OpaJi KOJIOAY KapT U CKJALBIBAJ UX B OJHY CTOIKY IO Te€X IIOP, IIOKA OHU
IIIW B HeyOBIBAIOIIEM HOPANKE IO CTAPIIMHCTBY; KaK TOJBKO CIEAYIOIIad KapTa OKa3bIBajlach MJIAJIIIE
TIPeabIAYINeli, OH HaunHaJ HOBYIO CTONIKY. OH X0TeJ HAaliTH BePOATHOCTH TOTO, UTO B Pe3yJIbTaTe BCA KOJI0a
OKaKeTcs PasjgoKeHHOU B 3alaHHOe KOJIUYECTBO CTOIOK.

3apmaua Catimona HplokoM6a COCTOUT, CA€JOBATENIBLHO, B HAXOMKAEHUN paclIpefeeHns BepPOATHOCTeH
ST OTPE3KOB CIAYUYANHOM IIepecTaHOBKU MYJLTUMHOMKECTBa. B o0IeM ciiyuyae OTBET JOBOJBHO CJIOMKEH
(cm. ymp. 12), X0Ts MBI y3Ke BN, KaK PeIllaTh 3a/jauy B YaCTHOM CJIydYae, KOTJA Bce KapThl PA3JIUUHBI 10
CTaPIIUHCTBY. MBI yI0BJIETBOPUMCS 314€Ch BBIBOIOM (DOPMYJIBI IJIsI CPedHe2z0 YNCJIa CTOIOK B 9TOM HAChSIHCE.

ITycTs uMeeTcA m Pa3INUYHBIX TUIIOB KapT U KasKAasd BCTpevaeTcsa POBHO p pas3. Hanpumep, B 00bIYHOM
KoJiozie AJs opumka m = 13, a p = 4, ecyiu mpeHeOperaTh pa3andyueM MacTH. 3aMeuaTeJlbHYI0 CUMMETPUIO
o6Hapy:kuaI B aToM caydae II. A. Mak-Maron [Combinatory Analysis (Cambridge, 1915), Tom 1, cTp. 212—
213]: uymcao mepecTaHOBOK ¢ k + 1 oTpe3dKaMu paBHO YMCJY IIEPECTAHOBOK ¢ mp — p — k + 1 oTpe3kamu.
ATO COOTHOIIIEHNE JIETKO MPoBepuTh pu p = 1 (hopmyaa (7)), omHaKo TIpu p > 1 OHO KaKeTCs JOBOJHLHO
HEOKUTAHHBIM.

Mo2KHO JOKa3aTh 3TO CBOMCTBO CUMMETPUM, YCTAHOBUB B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY
mepecTaHOBKaMu, TaK0e, YTO KaKI0I ImepecTaHoBKe ¢ k + 1 oTpe3kaMu COOTBETCTBYET APyTrad, C mp — p —
k+1oTrpeskamu. MbI HACTONYMBO PEKOMEHIyeM YUNTATEII0 CAMOMY IIOIIPOOOBATEL HAMTH TaK0Oe COOTBETCTBIE,
IpesKje YeM JBUTaThCs JajbIIe.

Kaxoro-au0yas oueHb IPOCTOT'0 COOTBETCTBUA HA YM He IPUXOAUT; JOKasaTeJabcTBO Mak-Marona ocHo-
BaHO HA IIPOU3BOAANINX PYHKIINAX, a He HA KOMOMHATOPHOM moctpoennu. OmHaKo yeranoBiaeHHoe @oaToit
coorBeTcTBUE (Teopema 5.1.2B) 103BoJIAET YIIPOCTUTH 3aaUy, TaK KaK TaM YTBEPKIAETCs CYIIleCTBOBaHIE
B3aMMHO OJHO3HAYHOI'O COOTBETCTBUS MEKAY IIepecTaHOBKaMu Cc k + 1 oTpe3sKaMu U IepecTaHOBKaMHU, B
JIBYCTPOYHOM TPe/ICTaBJIeHNM KOTOPBIX COIePIKUTCA POBHO k cTosI610B ¥, Takux, uTo = < y.

IIycTh faHO MYyJABTUMHOXKECTBO {p- 1,p - 2,...,p - m}; pACCMOTPUM IIEPECTAHOBKY C ABYCTPOUHBLIM 060-

SHaUYeHneM
1 ... 1 2 ... 2 ..oom ... m (32)
11 ... T1p X221 ... XT2p --- Tml .-+ Tmp )
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5.2. BHyTpeHHIA COPTUPOBKA

Haunem o0cy»xJeHre XOPOIIero  COPTUPOBAHUA C MAJEHBKOI'O SKCIEePUMEHTa: KaK Obl Bbl PEINIn
CIeIYIONIYIO 32424y IPOrPAMMUPOBAHUA?

"fueiiku mamatTu R + 1, R+ 2, R+ 3, R+ 4 u R + 5 comepakar maTh uncesa. Hamuimnure mpo-
rpaMmy, KOTOpas IIepepasMelllaeT, ecJau HYKHO, STU YHCJa TaK, YTOObl OHM PACHOJIOMKUJINCEH B
BO3PACTAIOIIEM IIOPALKE.

(Ecsm BBI yoKe 3HAKOMBI ¢ KAKMMU-JIN00 METOLaMU COPTUPOBKY, MOCTApPANTECh, IOYKATYHCTA, HA MUHYTY
3a0BITh 0 HIX; BOOOPA3UTe, UTO BLI peIiaeTe TaKyIio 3aaUy BIIePBbIe, He MMesA HUKAKUX ITPeIBapUTEIbHBIX
3HAHUI O TOM, KaK K Hel ITOACTYIUTHCS. )

ITpescOe vem wvumamo daavlie, HACMOAMENLbHO NPOCUM 8AC HALMU XOMb KaKoe-HubYyOb peuterue 3moil
3adauu.

Bpewms, 3aTpaueHHOE Ha pPellleHNe IPUBEJeHHOM BBIIIIE 3aa4l, OKYIIUTCA C JUXBOU, KOTIa BBl IIPOJOJI-
JKUTe UTeHUe 3Tol ryiaBbl. BO3MOMKHO, Ballle pellleHre OKaKeTCs OJHUM U3 CJIeLYIOmnX:

A.Copmuposrka ecmagkamu. IeMeHTbl TPOCMATPUBAIOTCS IO OZHOMY, U Ka’KABIN HOBBIA 9JI€MEHT
BCTaBJsAETCA B MOAXOASAINEE MECTO CPeIU paHee YIOPSIIOYeHHBIX 9aeMeHTOB. (IMeHHO TakuM cIocoGoM
UTPOKHU B OPUIK YIIOPAAOUMBAIOT CBOU KapThI, O€pPs IO OJHOIA. )

B.O6mennas copmuposra. Eciiu 1Ba sj1eMeHTa PACIIONOMKEHBI HE 110 TMTOPAAKY, TO OHU MEHSIOTCA Me-
cTamMu. ITOT IIPOIECC ITIOBTOPSETCA O TEX IIOP, IIOKA BJIEMEHTHI He OyayT ynopazouensl. C. Copmuposka
nocpedcmeom evi6opa. CHauaIa BBIAENAETCA HAMMEHBIINN (UIU. OBITh MOKET, HAaUOOJBININIT) 3JIEMEeHT U
KakKuM-I1100 06pa3oM OTIEJISAETCA OT OCTATIbHBIX, 3aT€M BLIOMPAETCS HAMMEHbI N (HanOoJIBIINIT) U3 OCTaB-
IIUXCSA U T. [I.

D. Copmuposrxa nodcuemom. KaxxpIii 5ieMeHT CPAaBHUBAETCS CO BCEMHU OCTAJILHBIMU; OKOHUATEJIHLHOE
MIOJIOKEHIEe 3JIeMEeHTa OIIPe/e/IsIeTCs MOACUETOM YHCIa MeHBIITNX KII0Ue.

E. CneyuanvHnas copmuposka, KOTopas X0Opollla IJis OSATA 9JIeMEeHTOB, YVKa3aHHBIX B 3a7aue, HO He
MMOAAAETCS IIPOCTOMY 000OIIeHMIO Ha. cayuail 6oJbiero yncsaa sjeMeHTOB. F. JleHugoe pewenue. Bul He
OTKJMKHYJINCh HA HAIlle IPeJJIoyKeHne U 0TKa3aINCh perrars 3agauy. JKajb, HO Terepb, KOTa Bl IPOUIN
TaK MHOTO, Balll IIIAHC YIIYIIeH.

G. Hosas cynepcopmuposka, KOTopas IPeACcTaBIAeT cO00H ompe/ieieHHOE YCOBEPIIIEHCTBOBAHME M3~
BecTHBIX MeTonoB. (ITo:xanyiicTa, HeMeIJIeHHO COOOIITUTE 00 3TOM aBTOPY.)

Ecxau 661 aTa 3amaua 0bL1a chopMyaInpoBaHa, ckakeM, 1 1000 sieMeHTOB, a He 14 5, TO BbI MOTJIHN
ObI OTKPBITH M HEKOTOPEIE H0Jiee TOHKIME METOIbl, 0 KOTOPBIX OyZeT YIOMAHYTO HUxKe. B Jio6om ciayuae,
TIPUCTyTIad K HOBOI 3aZjaue, Pa3yMHO HalTH KaKyoO-HUOYIbh OUeBUAHYIO IPOIEAYPY, a 3aTeM IIOIbITATHCA
yayuimnuTh ee. Ciyuau A, Bu C 1puBOgAT K BalKHBIM KJIaCcCaM METOIOB COPTUPOBK M, KOTOPHIE IPEACTABISIIOT
co00if yCOBEepIITeHCTBOBAHUA CDOPMYINPOBAHHBIX BBIIIE TPOCTHIX UAEH.

Bb110 13006peTeHo MHOKECTBO Pa3INUHBIX aJITOPUTMOB COPTUPOBKH, 1 B 3TOH KHUTE PACCMaTPUBaeTCA
0KO0JI0 25 M3 HuX. ITO myraioliee KOJNYeCcTBe METOL0B HA CAMOM JeJie JUIIb MaJjaas TOJNKAa BCeX aJIlOPUT-
MOB, IPUAYMAHHBIX 0 CUX IIOP; MHOI'HeE, Y2Ke yCTapeBIllrie MeTOAbl MLl BOBCe He OyaeM paccMaTpHUBATh
WY YIIOMSHEM JIUIIb BCKOJIb3h. [loueMy jKe TaKk MHOTO MeTOZOB COPTUPOBKU? [[Jid MporpaMMUPOBaHUS ATO
YaCTHBIN ciydaii Bompoca: ' IloueMy CyIecTByeT TaK MHOT'O METOLOB x? ", I'ie x mpoberaeT MHOKECTBO BCeX
3agad. OTBET COCTOUT B TOM, UTO KaKABII METOI MMEeT CBOU ITPENMYIIIeCTBa 1 HeJOCTATK Y, IIO3TOMY OH OKa-
3bpIBaeTcs 3(pPpeKTUBHEe APYIUX IIPU HEKOTOPBLIX KOH(PUTypanuax JaHHBIX U anmnapaTypsl. K coxanennro,
HEM3BECTeH  HAWIYUYIINA CI0CO0 COPTUPOBKMU; CYINECTBYET MH020 HAWJIYUIINX METOLOB B 3aBUCUMOCTH
OT TOT0, UTO COPTHPYeTCs, Ha KaKOU MalllnmHe, AJd Kakoi menu. ['oBopsa ciaoBamu Penbsapaa Kunnunra,
"cymecTByeT 9 u ermre 60 cI0COGOB CIOKUTH MECHIO IIJIEMEHH, U KAXKAbINA N3 HUX B OTAEJIbHOCTH XOPOIII .

ITosie3HO M3YUYNUTH XaPAKTEPUCTUKN KAaXJOr0 METOJa COPTUPOBKM, UTOOLI MOYKHO OBLIO IPOU3BOIUTDH
pasyMHBIHN BEIOOD 1A KOHKPETHBIX TpuoKeHu#. K cuacThio, 3ajaua N3yUeHU 9TUX aJITOPUTMOB HE CTOJID
YK TPOMO3/IKa, TOCKOJbKY MEXKAY HUMHU CYII[eCTBYIOT MHTEePECHbIe B3aNMOCBA3MU.

B HauaJe 9Toii r1aBbI MBI BBEJI OCHOBHYIO TEPMHUHOJIOTHIO U 0003HAUEHU A, KOTOPhIEe U OyAeM UCIIOJIb-
30BaTh IIPU U3YUYEHUU COPTUPOBKYU. 3aIlUCH

RlaRQ?"'aRN (1)
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JIOJI:KHBI OBITH OTCOPTUPOBAHBI B HEYOBIBAIOIIEM ITOPSAAKE II0 cCBouM KJatouam K1, Ko, ..., Ky, 110 cyIliecTBy,
nyTeM HaxoxgeHus nepecranoBru p(1) p(2) ... p(N), Takoii, uro

Kpay < Kpo) < - < K- (2)

B sTom nmaparpade paccMaTpuBaeTCA 8HYMPEHHASL COPMUPOBKA, KOTa YKUCJIO 3aIIUCe, IOAIeKAIINX COP-
THUPOBKE, JOCTATOUHO MAJIO, TAK UTO BeCh IIPOIeCC MOYKHO IPOBECTH B OllepaTUBHOM maMmaTu OBM.

B ogHUX caydasix MOMKET MOHAA00UThCS (PU3UUECKY [IePePa3MeCcTUTh 3allUCH B IAMATH TaK, YTOOBI UX
KJIIOUH OBLIHN YIIOPSAOUEHBI; B JPYTUX MOYKHO 000NTHUCH BCIIOMOraTeIbHOMN TabJanIlell HEKOTOPOTro

Picture: Puc. 6. CopTupoBKa TabIUIIBI aIpPECOB.

BHUa, KOTOpAas OIpe/esisdeT IIepecTaHoBKY. Ecu 3anucu u/uiiy KJI0UYY 3aHUMAaIOT HECKOJIBKO CJIOB ITaMATH,
TO YaCTO JIYUIIle COCTaBUTDH HOBYIO TaOJIUITY aapecoB (CCHLIOK), KOTOPHIe YKAa3hIBAIOT Ha 3aIllCH, 1 pab0oTaTh
C 9TUMU afpecamu, He ITepeMerrias rpoMo3Kue 3anucu. TaKkoil MeTo; Ha3bIBaAeTCS COPMUPOBKOL MAOAUYbL
adpecos

Picture: Puc. 7. CopTupoBKa cuucka.

(puc 6.). Eciu KJa0UM KOPOTKUE, a CONMMYTCTBYIONIasad nH(GOPMAIUa B 3aINCAX BEJWKA, TO JJIs IOBHIIIIE-
HUA CKOPOCTY KJIIOUY MOYKHO BEIHECTHU B TAOJIMITY aZpECOB; 9TO HA3hIBAETCSA COPMUPOEKOLL Katouell. [Ipyrue
CXeMbI COPTUPOBKY MCIIOJB3YIOT BCIIOMOTATEJIbHOE II0JIe CBA3KM, KOTOPOEe BKJIIOUAETCS B KAXKAYIO 3aIUCh.
CBsizu 0O6pabaThIBAIOTCA TaKUM 00pasoM, UTO B Pe3yJbTAaTe BCe 3aIlICH OKA3bIBAIOTCS CBA3AHHBLIMU B JIU-
HEeMHBIH CIIMCOK, B KOTOPOM KasKIadA CBSA3b YKa3bIBaeT Ha CJIeAYIONIYIO IO MMOPAAKY 3allMCh. DTO HAa3bIBAETCS
copmuposkoil cnucka (puc. 7).

ITocse copTuUpPOBKU TAOJIUIIBI aAPECOB WM COPTUPOBKM CIMCKA MOMKHO IO KeJaHUIO PACIOJIOKUTH
3amucu B HeyObIBaromeM nopsaake. [yis aToro uMmeeTcss HECKOJIBKO CIIOCO00B, TPEOYIOIINX JOIOJIHUTEIbHON
MaMSATH AJIS XpaHeHUs Bcero ogHou 3amucu (cM. ymop. ¢ 10 mo 12); uiau :Ke MOMKHO IPOCTO IIEPEMECTUTH
3aliCcU B HOBYIO 00JIaCTh MAMATH, €CJIU OHA MOYKET BMECTHUTh Bce 9T 3anucu. [locaenuuit cnocod 06bIYHO
BIBOe OBICTpee IIepBOTO, HO TpebGyeT MOUTH B 1Ba pasa 60JIbIle MaMATH. Bo MHOTUX IPUJIOKEHUSIX BOBCE He
00s13aTeIbHO TIepeMelIaTh 3allUCcH, TaK KaK II0JIA CBSI3U, KaK IPaBUJIO, BIIOJHE IPUEeMJIEMbI AJIA omepaIuii
C IocJeqoBaTeJIbHOM agpecaliueii.

Bce MeTobI COPTUPOBKM, KOTOPbIE MBI HCCIAEAYEM  AOCKOHAJIBHO , OYAYT IIPOUJLIIOCTPUPOBAHLI Ue-
THIPHMS CIIOCO0AMU: IOCPEACTBOM

a) CJOBECHOTO OIIMCAHUA aJITOPUTMA,

b) 6s0K-CXeMBbI,

C) IIPOTPaMMGBI IJIsI MAIITUHEI MIX,

d) mpumepa npuMeHEHUA 9TOT0 METOIa COPTUPOBKY K 3aJaHHOMY MHOYKECTBY UUCEJI.

[B Tex mpumepax, Tie 3TO YMECTHO, OyAeT o0pabaTeIBaThCA MHOKECTBO 13 16 unces, KOTOpPBIE aBTOD,
MOJIb3YACH Hab0pOM AECATUUHBIX UT'PAJIBbHBIX KOCTEMH, BEIOpaJ cayuaiiibiM obpasom 19 mapra 1963 r.; cp.
c yop. 3.1-1 (¢).]

W3 coobpakeHuit ygo0CcTBa IIPOrpaMMBbl 1A MaInHbl MIX 6yAyT, KaK IPaBUJIO, HAIIMCAHEI B IIPEIO0JIO-
JKeHUU, YTO KJI0YU YKMCJIOBOM U UTO OH IIOMEIIAEeTCA B OOHOM CJIOBE; MHOTAA MBI fajKe Oy/1eM OTpaHUYNBATH
3HAUEHUA KJII0Uel TaK, YTOOBI OHU 3aHMMAJIU JIUIITH YAaCTh cJI0Ba. OTHOIIIeHMEM OpAAKa < OyeT O0bIUHOe
apudMeTHUYECKOe OTHOIIIEHNME IOPALKA, & 3aIUCH OYAYT COCTOATH U3 OJHOTO KJII0Ua, 0e3 COIIyTCTBYIOIIEH
uuaGopMaIuu. B 5TUX MPEAMOI0KeHNAX TPOTPAMMBI IIOJYyYaIOTCS KOpoUe, IPOoIle AJs IIOHUMAaHuA, 1 He
IpeACcTaBJIsIeT TPYyAa PaclIpPOCTPAHUTh WX Ha OOIUE ciayuail (HampuMep, MPUMEHSS COPTHUPOBKY TAOJIMIT
aapecoB). Bmecre ¢ MIX-mporpaMMaMu TPUBOJUTCA aHAJIN3 BPEMEHU BBHITIOJIHEHUS COOTBETCTBYIOIIETO aJI-
TOPUTMA COPTHUPOBKMU.

CoprupoBKa moacueToM. YToOLI MPOUJIIIOCTPUPOBATE CIIOCO0, KOTOPLIM MBI OyIeM M3ydaTh MeTOIbI
BHYTPEHHE! COPTUPOBKHU, PACCMOTPUM HEI0 ' IojAcUeTa’ , YIOMAHYTYIO B HauaJe 9TOro maparpada. 9Tor
IIPOCTOI METOJ OCHOBAH Ha TOM, UTO j-# KJII0Y B OKOHYATEIbHO YIIOPSAL0UEHHO [10CIeJ0BATEILHOCTH IIpe-
BBHIIIIAET POBHO (j — 1) M3 ocTanbHBIX Kiioueil. IHaue TOBOPSI, €CJIM U3BECTHO, YTO HEKOTOPHIH KJIIOY IIpe-
BBIIIAET POBHO 27 APYTrUX, TO IOCJE COPTUPOBKYM COOTBETCTBYIOIAA 3aMNUCh JOJIKHA 3aHATH 28-e MecTo.
Taxkum o6pa3om, uaess COCTOUT B TOM, UTOOBLI CPABHUTD MOMIAPHO BCe KJIIOUM U IMOJCUNTATD, CKOJIBKO U3 HUX
MeHBIIIEe KasKI0T0 OTAEJHLHOTO KJIHoUa.

OueBUAHBIN CIIOCO0 BHITOJIHUTL CPABHEHUA—

((cpaBruTE Kjc K;)mpu1 < j < N)mpul <i < N,
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HO JIETKO BUIETh, YTO 00Jiee OJIOBUHBI ATUX MeHACTBUN U3JIUIIHN, IIOCKOJbKY He HYKHO CPABHUBATH KJIIOU
caM ¢ coboii u mocJie cpaBHeHusA K, ¢ K y:ke He Hajmo cpaBHuUBaTh K, ¢ K. IloaTomy mocTaTouHo

cpaBEUTL K;c K;)mpu 1 < j<i)mpml <i < N.
J J

HUrak, npuxoauM K clIeAyo0OIIEMY aJrOPUTMY.

Agaroputm C. (Cpasrnenue u nodcyem.) ITOT ajJTOPUTM COPTHUPYeT 3amucu Rj, ..., Ry mo Kiamouam
Ky, ..., Ky, UCTIONB3yA AJs MOACYETa YHMcaa KJIoUel, MeHBIIUX JaHHOTO, BCIIOMOTATEIbHYI0 TAaOJIUIly
COUNT[1], ..., COUNT[NV]. ITocse 3aBepiieEus anropurma Beauduaa COUNT[j] + 1 onpezessieT OKOHUATEIBHOE
IoJoXKeHue 3anucu ;.

C1 [C6pocuts cueTunku.] Yeranosuts COUNT[1], ..., COUNT[N| paBHBIMYU HYJIIO.
C2 [uka oo ¢.] Beimonauts mar C3 npui = N, N — 1, ..., 2; 3aTeM 3aBepIIUTL PaOOTy aJIropuUTMa.
C3 [uka mo j.] Bemmosaurs marC4ompu j =¢—1,i — 2, ..., 1.

C4 [Cpasruts K;, K;.]Ecnu K; < K, To yBeauuuts COUNT[j] Ha 1; B IpOTHBHOM CciIyuae yBeauauTs COUNT(:]
Ha l.

3aMeTuM, UTO B 9TOM aJITOPUTMe 3alucu He mepemeraiorTcsa. OH aHAJIOTHMUYEH COPTUPOBKE TAOGIUITHI
azpecoB, MOCKOJbKY Tabsuita COUNT ompezesisgeT KOHEUHOE PACIIOJOMKEeHMe 3amuceii; HO 3T METOAbI He-
CKOJIBKO pas3jinyarTcs, IOTOMY 4TO COUNT[j] yKasbIBaeT TO MeCTO, KyJa Hy)KHO IlepecjlaTh 3alluch [7;, a He
Ty 3alllich, KOTOPYIO Hajo IepeciaaTs Ha MecTo R;. (Takum o6pasom, Tabauiia COUNT onpefeJisieT epecTa-
HOBKY, ooparayo p(1) ...p(n); cm. m. 5.1.1.)

B paccy:xmenun, IpeAInecTBYIOIEM 3TOMY aJITOPUTMY, MbI He YUUTBHIBAJIN, UTO KJIIOUN MOTYT OBITH PaB-
HBIMU. ITO, BOOOIITe TOBOPS, CEPhe3HOe YIYIIeHe, IOTOMY UTO eCJIX ObI PABHBIM KJIIOUaM COOTBETCTBOBAJIU
PaBHBIE CUETUUKY, TO 3aKJIIOUUTEJILHOE IIepeMelleHre 3anuceil 66110 ObI JOBOJIBLHO CJIOKHBIM. K cuacTrio,
KaK II0OKasaHo B yup. 2, anroputm C 1aeT BepHBIN pe3yJIbTaT HE3aBUCUMO OT YMCJIA PABHBIX KJIOUEH.

Picture: Puc. 8. Anropurm C: cpaBHeHUe U1 TOACUET.

Tabauma 1
Coprupoeka noacuerom (aaroputm C)

KJIFOUM: 503 087 512 061 908 170 897 275 653 426 154 509 612 677 765 703
COUNT(mau.): 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
COUNT(: = N): 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 12
COUNT(G:=N—1): 0 0 0 0 2 0 2 0 0 0 0 0 0 0 13 12
COUNT(i=N—2): 0 0 0 0 3 0 3 0 0 0 0 0 0 1 13 12
COUNT(: =N —3): O 0 0 0 4 0 4 0 1 0 0 0 9 11 13 12
COUNT(i =N —4): 0 0 1 0 5 0 5 0 2 0 0 7 9 11 13 12
COUNT(: =N —5): 1 0 2 0 6 1 6 1 3 1 2 7 9 1 13 12
COUNT(i = 2): 6 1 8 0 15 3 14 4 10 5 2 7 9 1 13 12

IIporpamma C. (CpasHenue u nodcuem.) B caenyroreii peanusamuu aaropurma C ajusa Mammuabl MIX
IpeAIIoaraeTcsA, UTO 3aluch R; HaxogurTca B ddelike INPUT + j, a COUNT[j|—B aueiike COUNT + j, rae
1<j< N;ri1=4;rI2=j;rA= K; = R;; X = COUNT[7].

START ENT1 N 1 C1 . Copocurs CUETUNKH.
STZ COUNT,1 N  COUNT[i] « O.
DEC1 1 N
J1P *=2 N NZ>i>0.
ENT1 N 1 C2.ukxnmo .
JMP 1F 1

2H LDA INPUT,1 N -1
LDX COUNT,1 N —1

3H CMPA INPUT,2 A  C4.Cpasrurs K;, K;.
JGE  4F A TIlepexon, ecmn K; > Kj.
LD3 COUNT, 2 B CC]UNT[j]
INC3 1 B +1



28

Original pages: 100-108

ST3  COUNT, 2 B — COUNT[j]

JYP  5F B
4H INCX 1 A — B COUNT[i] + 1 — COUNT[:].
5H DEC2 1 A C3.Iuramo j.

JoP 3B A

STX COUNT,1 N —1

DEC1 1 N -1
1H ENT2 -1,1 N N>i>j>0.

JoP 2B N

Bpems paboTsl sT0# mporpamMmsel paBHo 13N + 6A + 5B — 4 eqununI, rae N —uncio samnucei, A—uuciio
cnoco6oB BeIOpaTh 2 mpemmvera us N, T. €. (g) = (N? — N)/2, a B— uucio nap UHAEKCOB, TAKUX, UTO

Jj <i,u K; > K;. Takum obpasom, B—uuco unéepcuil mepecTaHoBKu K1, . .., K v; 5Ta BeInmunHa I0APOOHO
aHayju3upoBajgachk B m. 5.1.1, u O6vL10 HatigeHo [Gopmysas! (5.1.1-12,13)], yTO AJIA HepaBHBIX KJIIOYEH,
PaCIIOIOKEeHHBIX B CAYYaHOM MOPSIKE,

N2—-N (N2 — N)

1 ,max

,dev

B= (min 0,ave ( VNN - ?(N + 25)) .

CienoBaTeIbHO, BBIIOJIHeHNe mporpaMmbl C 3anuMaet ot 3N2 + 10N — 4 10 5.5N2 + 7.5N — 4 eguHUI
BpPeMeHU, a cpejiHee BpeMs PaboThl HAXOAUTCA IIOCepearHe MeKAY dTUMU ABYyMsA rpanunavu. Hampumep,
Ui naHubix Taba. 1 umeem N = 16, A = 120, B = 41, suauuT, nporpamma C oTCOpPTHUPYET WX 3a BpeMs
1129u. Moguduramnuio nporpaMmMsl C, 001a5aI0IITYI0 HECKOJIBKO UHEIMY BDEMEHHBIMU XapPaKTePUCTUKAMU,
CM. B yup. 5.

MuoxkuTens N2, KOTOPBIM OIIpefeiseTcaA BpeMs paGoThl, CBUAETEILCTBYET O TOM, UTO airoputM C He
naet 3(PeKTUBHOTO cIIocoba COPTUPOBKU, Korjaa N BeJIMKO; IPU YABOEHUM YMCJIa 3aIliceil BpeMs yBeJu-
yuBaercs B yerwipe pasa. IIocKoabKY aTOT MeTon TpebyeT cpaBHeHUs Beex map Kiroueil (K, K j), TO HET
OUEeBHIHOTO CI0CO6a UCKIUNTE 3aBIUCUMOCTD OT N2, TeM He MeHee MbI YBUUM JaJjbIlle B 3T0i TiaBe, 4TO,
MOJIb3YSCh ~ pasfejeHreM U OOMEHOM , MOXKHO CHUBUTH MOPANOK CpeaHero BpemMeHu pa6oTel 1o N log N.
Anropurm C nHTepeceH AJisd Hac He 3(P(PeKTUBHOCTHIO, a IVIABHBIM 00pa30M CBOEH IIPOCTOTOM; eT0 OIIMCaHUe
CIYKUT IPUMEPOM TOTO CTHUJIS, B KOTOPOM OYIyT ONMCAHEI 60Jiee cioKHbIe (1 60Jiee a(p(hpeKTUBHBIE) METObI.

CyirecTByeT Apyrasi PasHOBUAHOCTL COPTUPOBKHU MOCPEACTBOM IIO[ACUETa, KoTopas deilcmeumeavHo
BeChbMa Ba’sKHA C TOUKY 3peHUA 9(M(PEeKTUBHOCTH; OHA IPUMEHNMa B OCHOBHOM B TOM CJIyYae, KOTZa UMeeTCA
MHOT'O PaBHBIX KJIOUell U BCe OHU NONAfAoT B AmamasoH u < K, < v, rie 3HaueHUe (v — u) HEBEJUKO.
9T IPeAII0oI0KeHN S IPeACTaBISIIOTCA BeChMa OTPAHNYNTEIbHBIMY, HO HA,CAMOM JieJie Mbl YBUAUM HEMAJIO
IPUJIOMKEHUH 9TOH UAen; HAIPUMeD, eCJAU IPUMEHUTDb 3TOT METO/ JUIIIE K CTapIIUM Iudpam KIouei, a He
KO BCeM KJI0YaM I[eJTUKOM, TO (paily oKaKeTcs YaCTUYHO OTCOPTUPOBAHHBIM, U OyIeT yKe CPAaBHUTEJIbHO
IPOCTO LOBECTHU JIeJIO O KOHIIA.

YT00bI TOHATEL MPUHITAIL, IPEIIIOJ0KIM, UTO Bee Kiroun texkat mesxkay 1 u 100. ITpu mepsoM mpocMoTpe
(daiisa MOKHO IONCUNUTATh, CKOJIBKO MMeeTCs KJouell, paBHbBIX 1, 2, ..., 100, a mpu BTOPOM IIPOCMOTPE
MOKHO ysKe paciioJjiaraTh 3alliCH B COOTBETCTBYIOIINX MecTax 00JIacTH BBIBOZA. B cieayoIiieM aaropurme
BCe 3TO oIrcaHo 6oJiee IOAPOOHO.

Picture: Puc. 9. Anropurm D: pacnpenensomniuii moacuer.

Anropurm D. (Pacnpedensowuii nodcuem.) 3TOT aarOPUTM B MPEAMNOJOMKEHUN, UYTO BCE KJIIOUU—

nenble ymucnaa B guanasoHe u < K; < vompu 1 < j < N, coprupyer s3anucu R, ..., Ry, ucnonpsysa
BcriomoraresbHyto tabauiy COUNT[u], ..., COUNT[v]. B KoHIle paGOThI aJropuTMa BCe 3alnucH B TpeOyeMoM
MOPAJKEe IePeHOCATCA B 00IaCTh BBIBOAA S1, ..., SN.

D1 [C6pocutrs cuerunku.] Yeranosuts COUNT[ul, ..., COUNT[v] paBHBIME HYJIIO.

D2 [Iuka o j.] BermmoanauTs mar D3 npu 1 < j < N, 3arem nepeiitu K miary D4.

D3 [YBenumuuts COUNT[K;|.] YBesnunTh 3Hayenue COUNT[K ;] Ha 1.

D4 [Cymmuposauwue.] (K sromy momenTy suauernue COUNT[:] ecTs umcio Kiaroueil, paBHBIX ¢.) Y CTAHOBUTD
COUNT[i] + COUNT[i]+ COUNT[i —ljupuni=u+lLu+2,...,0.

D5 [Huxkx no j.] (K aTomy MomeHnTy 3Hauenume COUNT[:] ecTh YMCIIO KJIIOUEl, MEHBIINX WUJIU PaBHBIX i,
B uacrHoctu COUNT[v] = N.) Beimosuuts mar D6 npu j = N, N — 1, ..., 1 u saBepmurs paGoTy
aJIropuTMa.

D[BeriBox R;.] YeraHOBUTS ¢ <— COUNT[K|, S; < R;, u COUNT[K] < i — 1. |
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ITpumep npuMeHeHUS 9TOTO aJTOPUTMA IIPUBEEH B yIIp. 6; IporpaMmy AJis MaminHbl MIX MOMKHO HAaWTH B
yup. 9. IIpu chhopMyInpoOBaHHBIX BBIIIE YCIOBUIX 3TO OUEHBb OBICTPAA IIPOIeAypPa .COPTUPOBKH.

CopTHUPOBKA IOCPECTBOM CPAaBHEeHN A 1 II0CUeTa, KaK, B ajropurme C, BiepBble yIIOMIHAETCA B padoTe
9. X. ®poupa [JACM,3 (1965), 152],. x0TA OH U He 3adBUJ O Hell KAK 0 CBOEM COOCTBEHHOM M300pETeHUH.
Pacnopegensiomninii mogcueT, Kak B aaroputme D, Biepsoie paspadoran X. CoroBopaoMm B 1954 r. u ncmoab30-
BaJICA IIPU TTOPA3PALHON COPTUPOBKE, KOTOPYIO MBI 06CyAuM mo3:Ke (cM. . 5.2.5); 3TOT MEeTOI TaK:Ke -ObL
ony0JuKoBaH moj HasBanueM  Mathsort™ B pabore W. Feurzig, CACM, 3 (1960), 601.

YupaxkHeHUA

1. [15] Byzer sz pa6orats anroputM C, ecsiu B mare C2 saauenue C 0ygeT u3MeHATHC oT 2 10 N, a He OT
N no 2? Yro npousoiiger, ecau B mare C3 3HaueHuUe j OyaeT n3MeHAThCA OT 1 1o — 17
2. [21] IIokaxkute, uto anroputMm C paboTaerT IpaBUJIBLHO U IIPU HAJIUYUU OAZUHAKOBBHIX KJioueil. Eciu
K; = K;u j <1, To Ile OKa)keTcA B KOHIle KOHIIOB R;—/0 unau nocie R;?
>3. [21] Byget nu anroputM C paboTaTs IpaBUIbHO, ecau B mare C4 saMeHuUTh nmpoBepKy "K; < K;" Ha

"K; < K;"?
4. [16] Hatumure MIX-iporpaMMy, KOTOPas 3aBEPIIUT COPTUPOBKY, HaUuaTyio nporpammoii C; Baiia mpo-
rpaMMa JOJIKHA IIOMECTUTH KJiouu B sueiiku OUTPUT + 1, ..., OUTPUT + N B Bo3pacTalollleM HOpPsAIKe.

CKOJIBKO BpeMeHHU 3aTPATUT Ha 3TO Ballla mporpaMmma?
5. [22] Yayumurcsa gu mporpamma C B pe3yJsibTaTe CIeIyIONIUuX N3MeHeHnu i ?

BeecTu HOBYyIO cTpOKY 8a: INCX 0, 2
WsmenuTts cTpoky 10: JGE b&F
WsmeHUTH CTPOKY 14: DECX 1
WckaounTs cTPOKy 15.

6. [18] IIpomopenupyiiTe BpyuHyio pabory anropurMa D, mokasbsiBas IPOMeKYTOUHbIE Pe3yJIbTATHI, 110~
Jy4darolecs Ipu COPTUPOBKe 16 3amuceii

5T, 0C, 5U, 00, 9, 1N, 8S, 2R, 6A, 4A, 1G, 5L, 6T, 61, 70, 7N.

3xech MUMPHI—-HTO KJIOUHN, a 0YKBBI—COIIYTCTBYIOIaA NHMOPMAIIUA B 3aIIUCIX.

7. [13] AABasierca au anropurM D airopurmMom " yCTOMYUBON COPTUPOBKU?

7. [15] Byger simt anroput™m D paboraTts npaBuiIbHO, ecyiu B miare D5 sHaueHMe j OyAeT n3MeHATHCA OT 1 10
N,aneor N go1?

8. [23] HanumuTe MIX-mporpaMmy JJid aaroputMa D, amamornunyio nporpamme C u ymp. 4. Beipasure
BpeMs paGoThI Balrell mporpaMMsl B Buje pyHrnuu or N u (v — u).

9. [25] IIpennosxure spHEKTUBHBIN aIrOPUTM, KOTOPELi 661 3amensn N Beauund (Ry, ..., Ry) cooTBer-
cTBeHHO Ha (Ry(1),...,Rp1))), ecnu naHbl 3HaueHusa Ry, ..., Ry u mepecranoska p(l) ...p(N) mHO-
sxectBa {1,..., N}. IlocrapaiiTech He NCHOJIB30BATH MSJIUIIHEIO IIPOCTPAHCTBA maMsaTH. (dTa 3amada

BOBHUKAET, KOTa TPedyeTcsa mepepasMecTUTh B HaMATH 3allNCH IT0CJIe COPTUPOBKY TaOJIUIIHI apecoB,
He pacxoays mamMaATh Ha 2N 3amuceii.)
10. [M27] Hantumure MIX-iporpaMMy JJis ajaroputMa us yup. 10 u npoananusupyiite ee. apheKTUBHOCTE.

>11. [25] IIpennosxuTte ahheKTUBHBIN aJITOPUTM IIepepasMeIlleHus B TaMATH 3anuceit Ry, ..., Ry B oTcop-
TUPOBAHHOM ITOPAIKE IOCJIe 3aBePIITeHNA COPTUPOBKY cucKa (puc. 7). [TocTtapaiiTech He NCIIOJIb30BaTh
MBJIUIITHEr0 IPOCTPAHCTBA TAMATH.

>12. [27] Anroputrmy D TpebGyercs npocTpancTBo qid 2N sanuceit Ry, ... Ry u Sy, ..., Sy. [Iokaxure, uTo
MOJKHO 000HMTHCH IpocTpaHcTBOM aAjia N s3anuceit Ry, ..., Ry, eciu Bmecto 1mmaroe D5 u D6 moacraBuTh
HOBYIO yIopsaaounBamoInyio mporenypy. (Takum ob6pasom, 3amaua COCTOUT B TOM, YTOOLI pa3padboTaThb
aJITOPUTM, KOTOPBIH ObI Iepepasmerria 3anucu Ry, ..., Ry. OCHOBBIBasACh HAa 3HAUEHUAX

COUNTJ[u], . . . COUNT[v]

ImocJie BeInoJIHeHuA 1mara D4, He MCI0Ib3ys JOIOJHUTEIbHOU ITaMATH; 3TO, II0 CYIIeCTBY, 0000IIeHre
3aJaun, paccCMOTpeHHou B yup. 10.)

5.2.1. CopTupoBKa BCTaBKaMu

OpmHO 13 BaKHBIX CEMEMCTB-METOOB COPTUPOBKY OCHOBAHO HA YIIOMSIHYTOM B HauaJje § 5.2 cmocobe,
KOTOPBIM IIOJIb3YIOTCA UI'POKHU B 6PUIK; IIPeIIoIaraeTcs, 9YTo Iepe] pacCMOTpeHeM 3anucy R; npeasiay-
mue 3anucu Ry, ..., Rj_; yKe ynopajouessl, u I}; BcTaBasgeTca B COOTBeTCTBYIoIee MecTo. Ha ocHOBe aTol
CXeMbI BO3MOYKHBI HECKOJIbKO JIIOOOTBITHRIX BAPUAIIIA.
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IIpocteie BeraBku. IIpocTeiinas cOpTUPOBKA BCTABKAMU OTHOCUTCS K Hambojee oueBUIHBIM. IIycTh
1 < j < Nwusanucu Ry, ..., Rj_; yXe pazMeIlleHbI TaK, UTO

KlSKQS...SKj_l.

(HanomuuM, 4uTO B 9TOM Ii1aBe uepe3 K; obo3HauaeTcsa K4 3anucu IR;.) Bysem cpaBHMBaThH 110 ouepenu
K;jcK;_1, Kj_3,...780 Tex 1Iop, IOKa He OOHAPYKMM, UTO 3amluchk R; cienyeT BCTaBUTh Mexay R; u R; 1;
TOTJa MoJBUHEeM 3anucu R, 1, ..., ;_1 Ha 0JHO MeCTO BBePX ¥ IOMECTUM HOBYIO 3allCh B IO3UNUIO ¢ + 1.
Y1no6HO cOBMeIIaTh OepaIiny CPaBHEHUA U IIepeMellleHnusd, IepeMerkasa UX APYT ¢ IPYyTroM, KaK MOKa3aHo
B CJIeJyIOIlleM aJITOPUTMe; IOCKOJIbKY 3alIuch R; KaK Obl "IIPOHUKAET Ha IO0JIOKEHHBIH eil ypOBEHb , 9TOT
coco0 YacTo HA3bIBAIOT NPOCeUBAHUCM, UIIU NOZPYHCCHUEM.

Augaroputm S. (Copmuposka npocmuimu 6cmaskamu.) 3anucu Ry, ..., Ry nepepasMeIiamoTcsa Ha TOM
JKe MecCTe; TTocJjIe 3aBepIlleHna COPTUPOBKHY UX KJII0UM OyaAyT ymopsamoueHbl: K < ... < Ky.
S1 [ITuka. o j.] BeimosmauTs maru ot S2 10 S5 npu j = 2, 3, ..., N 1 II0CJIe 9TOTO 3aBEPIIUTD AJITOPUTM.

Picture: Puc. 10. Asnroput™m S: IpocThie BCTaBKH.

S2 [Ycranosuts i, K, R.] ¥YcranoBurs i <— j — 1, K <~ K;, R < R;.(B mocieaymoomux marax Msl IOIbITa-
eMcs BCTaBUThH 3aIuCh R B Hy:KHOe MecTo, cpaBHUBaA K ¢ K; Ipu yOBIBAIOIUX 3HAUEHUAX 1.)

S3 [CpaBuutsh K ¢ K;.] Eciu K > K;, To mepeiitu Kk mary S5. (MbI HAIIIJIW UCKOMOE MeCTO AJiA 3anucu R.)

S4 [IlepemecTutrs R;, YMEHBIIUTE .| YcTaHOBUTD R, 1 < R;, 1 < i — 1. Ecam ¢ > 0, To BepHYTHCA K LIAry
S3. (Ecau i = 0, To K —HanMeHBIINH U3 PACCMOTPEHHBIX 0 CUX IIOP KJIIOUel, a, 3HAUYUT, 3aIuch R
JOJIXKHA 3aHATH IEPBYIO ITO3UIIUIO. )

S5 [R ma mecTo R;;1.] YcranoButsh Ry < R. |

B Tab6i. 1 moxasaHo IpuMeHeHUe aJropuTMa S K IMIeCTHAAIIATH YNCJIaM, B3ATHEIM HAMU JJIS IIPUMEPOB.
ITOT MeTOoJ Ype3BBhIUAIHO IIPOCTO Peaiu3yeTcsA Ha BBEIUMCJIUTEJIbHOU MaIlinHe; (GpaKTUUYECKHU CJIeIyIoInas
MIX-mporpaMmMa—caMas KOPOTKAas M3 BCeX IPUEeMJIEeMBIX IIPOTPaMM COPTUPOBKY B 3TOU KHUTE.

IIporpamma S. (Copmuposxa npocmvimu 6cmaskamu ) . 3aucu, KOTOPhIe HAJ0 OTCOPTUPOBATD, HAXO-
IAaTcs B suetikax INPUT + 1, ..., INPUT + N ; OHU COPTUPYIOTCS B TOMH sKe 06JIaCTH II0 KUY, 3aHNMAIOIIEMY
OJTHO CJIOBO IeJUKOM. 31ecbrIl = j — N; rI2 =14, rA = R = K; npeanojaaraercs, uto N > 2.

START ENT1 2-N 1 S1.ITukano j. j < 2.

2H LDA INPUT+N,1 N -1 S2. YcranoBurs i, K, R
ENT2 N-1,1 N -1 17— 1.

3H CMPA INPUT,2 B+ N —1— A S3.Cpasuuts K, K;
JGE 5F B+ N-1—A KSb5,eciu K > K;.

4H LDX  INPUT,2 B S4. IlepemecTuThb R;, YMEHBIIUTD %
STX INPUT+1,2 B R;11 + R;.
DEC2 1 B 11— 1.
J2P 3B B K S8, ecaui > 0.

5H STA INPUT+1,2 N -1 S5. R ma mecto R; + 1.
INC1 1 N -1
JINP 2B N-1 2<j<N.

Bpemsi paGoTtsl aToil mporpaMmmel paBuo 9B + 10N — 3A — 9 egunwni, rage N —4YHCIO0 COPTUPYEMBIX
samnuceii, A—umncio ciaydaes, Korga B mare S4 sHaueHue ¢ yosisaet g0 0, a B—umuciio nepemelnenuii. IcHo,
4uTo A paBHO uncIy ciaydaeB, Korga K; < (Ki,...,K;_1)mpul < j < N, T. e. 9T0O YHCJIO JT€BOCTOPOHHUX
MHUHUMYMOB—BeJUUYNHA, KOTOpasd Oblja TIIaTeJbHo ucciegoBanaB . 1.2.10. HemHoro mogymas, HETPYAHO
HOHATDH, YTO B—ToKe M3BeCTHAA BeJUUYMHA: YMCJO IepeMelleHu mpu (GUKCUPOBAHHOM j PABHO YUCITY
uHBepcuii kiatoua K, Tak uTo B paBHO umucay MHBepcuii nepecranosku Ky, K», ..., Ky. CiregosarensHo,
corsacHo opmysam (1.2.10-16) m (5.1.1-12, 13),

A= (mino,aVeHN—LmaxN—l,deV H, — T(LQ));
B = (min0, ave(N? — N)/4, max(N? — N)/2,dev /N(N — 1)(N + 2.5)/6),

acpexnHee BpeMs paboThI IPOrPAMMBI S B IPENOJI0MKEHN Y, UTO KJIIOUN PA3JIMUYHbBI M PACIIOJIOKEHBI B CIydati-
HOM TopsAziKe, paBHO (2.25N2 +7.75N — 3Hy — 6)u. B ynp. 33 mokaszaHo, KaK MOKHO UyTh-4yTh YMEHBIIUTh
3TO BpeM4.
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ITpuBenennbie B KauecTBe mpuMepa B Tabj. 1 famubie comepskaTt 16 31eMeHTOB; UMEIOTCA ABa JIEBOCTO-
pouHUX MuHUMYyMa, 087 1 061, 1, KaK MBI BUIeJIX B IPeAbIAyIlneM NyHKTe, 41 naBepcusa. CiaemoBaTesbHO,
N =16, A =2, B = 41, a o011iee BpeMsA COPTUPOBKYU paBHO 514u.

BuHapHbIE BCTABKY U IBYXIIyTeBbIe BcTaBKU. Kora npu copTupoBKe IPOCTHIMU BCTaBKaMu 06pabaTsl-
BaeTCsd j-51 3aIIUCh, €€ KJII0U CPABHIBAETCS B CPeJHEM IIPUMEPHO C j /2 paHee 0TCOPTUPOBAHHBIMY KII0YaMU;

Tabauma 1
IIpumep npuMeHEHUS IPOCTLIX BCTABOK
~503 :087
087 503~:512
~087 503 512 :061
061 087 503 512~:908
061 087~ 503 512 908 :170
061 087 170 503 512~ 908 :897

061 087 154 170 275 426 503 509 512 612 653 677~ 765 897 908 :703
061 087 154 170 275 426 503 509 512 612 653 677 703 765 897 908

1109TOMY 00IIjee UHCJIO CPABHEHU T PAaBHO IpubiIus3uTenabro (1 +2 + -+ + N)/2 ~ N2 /4, a 5T0 0ueHb MHOTO,

naske ecau N yMepeHHO BeJuKo. B 1. 6.2.1 MBI M3y4uM MeTOAbI  OMHAPHOIO IOUCKA , KOTOPbIE YKAa3bl-
BAIOT, KyZa BCTABJATD j-1 BJIeMEHT II0cJie IPUOIN3UTENBHO log, j COOTBETCTBYIOIIUM 00pa3oM BEIOPaHHBIX
cpaBHeHnuii. Hanmpumep, eciu BcraBiseTca 64-a 3annch, MOYKHO CHaUYaja CPaBHUTD KJrtou Kgy ¢ K323 3aTeM,
ecJiu OH MeHbIIle, CpaBHUBaeM ero ¢ Kig, ecau 6oabiie—c K g 1 T. 1., TaK UTO MeCTO A4 Rgy OymeT HalimeHO
ocJie BCero JIUMIb IIecTy cpaBHeHui. ObI1iee uncjio cpaBHeHU 4151 [N BCTaBJIAeMBIX 3JIEMEHTOB PABHO IIPU-
6ausurenbHo N log, N, 4TO cylecTBeHHO Jyule, yeM N 2 /4; B . 6.2.1 TOKa3aHO, YTO COOTBETCTBYIOIIAs
ImporpamMma He 00A3aTeJIbHO HAMHOTO CJIOYKHEe, YeM IIPorpaMMa JJIs IPOCTHIX BCTABOK. ITOT METOJ Ha3hbI-
BaeTcs OuHapHvimu écmaskamu. O ynomunaucsa I:xomom Mousu eirie B 1946 r., B IepBoii my0IUKAIIAT
110 MAITMHHOM COPTUPOBKE.

HenpusiTHOCTH COCTOUT B TOM, UTO OMHAPHBIE BCTABKU PEIalOT 3a7a4y TOJHKO HAIIOJIOBUHY: IIOCJIE
TOr0, KaK MBI HAIILJIN, KyAa BCTABJIATDH 3alUCh R;, BCe pABHO HY’KHO IIOJBUHYTH IIPUMEPHO j/2 paHee OT-
COPTHPOBaHHBIX 3alucell, 4ToObI OCBOOOAUTE MeCTO AJA I; Tak 4To obIlee BpeMs pabOThI OCTaeTcs, II0
CYIIECTBY, IPONIOPIHOHANBHEIM [No. HeKOoTODEIEe BEIUMCINTEIbHBIE MAIITNHEI (Hanpumep, IBM 705) umeror
BCTPOEHHBIE MHCTPYKIIAY  €PEeOPOCKU ", BLITTOJIHAIOIIME OIePAIlUY IIe€PEMEeIeH ¢ 6OIBIT0N CKOPOCThIO,
HO ¢ pocToM N 3aBUCHMOCTB OT N2 B KOHIIe KOHIIOB HAUMHAET IpeobIafaTs, Hampumep, aHAINS, IPOBEIeH-
ueiit X. Horgepom [CACM, 3 (1960), 618—620], mokassIBaeT, 4To He CJAeAyeT PEKOMEHJ0BaTh OMHAPHbBIE
BCTaBKM IIPU COPTUPOBKe 6osiee N = 128 zamuceii Ha martuae IBM 705, eciiu Kaskaas 3anuch coctout us 80
JIUTEP; aHAJOTUYHBIN aHaJI3 IPUMEHUM U K IPYTUM MalllnHaM.

Tabauia 2
IByXmyTeBble BCTABKHU
~503
087 503~
~087 503 512

061 087 503 512~
061 087~ 503 512 908
061 087 170 503 512 908
061 087 170~ 503 512 897 908
061 087 170 276 503 512 897 908

Pasymeercs, n3o0bperaTeabHbBIA IIPOTPAMMUCT MOKET IPUAYMAaTh KaKue-HuOYyab CIIOCOObI, IT03BOJISI0-
Ire COKPATUTD YMCJI0 He0OXOIMMBIX IIepeMeIlleHiT; IePBhIN TaKoU IpueM, IIpeIIosKeHHbI B Hauaye 50-x
TOJIOB, IIPOUJLIIIOCTPUPOBAH B Ta0JI. 2. 3/Iech IEePBLIN - 5JIeMEHT IIOMeIllaeTcA B cepequHy o6JacTu BBIBOJA,
¥ MeCTO /ISl TTOCJeAYIOINX 9JeMEHTOB OCBOOOXKIAeTCsS IPU ITOMOIIY CABUTOB BJIEBO WJIM BIPaBO, TyIAa,
Kyzna ynoomee. Takum o6pasoM yaaeTcsa COKOHOMUTE IIPUMEPHO ITOJIOBUHY BpeMeHH! PaboThI IT0 CPABHEHUIO
C IIPOCTHIMU BCTABKaAMU 3a CUET HEKOTOPOTO YCJIOMKHEHHUA MporpamMmbl. MOKHO MPUMEHATH 3TOT METO],
HWCIIOJIb3Ys He 00JIbIIIe TaMATH, UeM TpedyeTcs aja N samnuceii (cM. yup. 6), HO MBI He CTaHeM JOJbIIIe 3a-
IEeP’KUBATHCA HA TAKUX ABYXIIYTEBBIX BCTaBKaX, TAK KaK ObLIN paspaboTaHbI ropasno 00Jiee HHTEPECHBIE
MEeTOIbI.
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Metopn lllenna. [Ins1 anropuTMa COPTUPOBKY, KOTOPHIN KasKABIN pas IepeMelnaeT 3alich TOJIbKO Ha O
HY HO3UIIAIO, CPefHee BpeMA paboTsI OyAeT B IydIeM CIydae IPOIOPIIOHaIsH0 N2, HIOTOMY ITO B IIPOIlecCe
COPTUPOBKY KayKas 3alNCh LOJKHA IPOUTH B cpefHeM ueped N/3 mosuruii (cm. yup. 7). Ilosromy, eciau
MBI XOTUM IIOJYUYUTH METO, CYIIIeCTBEHHO MIPEeBOCXOAAIINI II0 CKOPOCTHY MPOCThIEe BCTABKHU, TO HEOOXOAUM
HEKOTOPBIA MEXaHU3M, C IOMOIIIHI0 KOTOPOT'O 3alINCY MOTJIN OBbI IIepeMellaTbCcA O0IbIINMY CKaYKaMu, a He
KOPOTKUMU ITTAKKAMU.

Taxoit meTox npenosked B 1959 r. [ounansgom JI. lennom [CACM, 2 (July, 1959), 30—32]; mbI Oymem
Ha3BIBATb €T0 COPMUPOBKOIL ¢ Yyobleatowum wazom. B Tab. 3 MpouLIIOCTPUPOBAHA 00IIasd uaes, JeKarias
B ocHOBe 9T0r0 MeToza. CHavasa neinum 16 3anuceit Ha 8 rpymnn o gBe 3anucy B Kayk o rpynne: (R, Ry),
(Ra2, R10)s - --» (Rs, R16). B pesyabrare COPTUPOBKY KayKIOM TPYIIBI 3aIMCEH 110 OTAEJIbHOCTY IPUXOLUM
KO BTOPOI CTPOKe TabI. 3,

Picture: Tabauma 3

9TO HA3LIBAETCA IEPBBIM IIPOCMOTPOM . 3aMETHM, 4TO 3JeMeHTHI 154 u 512 moMeHsIMCh MecTaMu, a
908 u 897 mepemecTuInCh BIpaBo. Pasmeaum Temeph 3allICH Ha UeThIPe T'PYIIILI II0 YeThIpe B KasKOM:
(R1, Rs, Ry, R13), - .-, (R4, Rg, R12, R16)—¥ OLATH OTCOPTUPYEM KaKIYIO IPYIIY B OTAEIBLHOCTH; 3TOT BTO-
POii MPOCMOTP IPUBOAUT K TPEThEH cTpPoKe Tabuuilbl. [Ipu TpeThbeM IpocMOTPE COPTUPYIOTCS ABE I'PYIIIIEI
IO BOCEMb 3alMceli; IPoIlece 3aBepIliaeTca YeTBEPTHIM IIPOCMOTPOM, BO BpeMsA KOTOPOTO COPTUPYIOTCS BCe
16 samuceii. B kxaXq0M 13 3TUX IPOMEKYTOUHBIX IPOIIECCOB COPTUPOBKHU YUACTBYIOT JUOO CPABHUTEIHHO
KOpOTKUe (paiiybl, 1100 y:Ke CPAaBHUTEJIBHO XOPOIIO YHOPAAOUYeHHbIe (paiibl, II0OATOMY Ha KasKIOM 3Ta-
e MOYKHO IOJIb30BATHCA IIPOCTHIMU BCTABKAMM; 3aIMCU HOBOJBHO OBICTPO JOCTUTAIOT CBOETO KOHEUHOI'O
TIOJIOKEHUA.

ITociemoBaTeIbHOCTS IIAroOB 8, 4, 2, 1 He cleAyeT CUNTATh HE3LI0JIeMOIl, MOXKHO II0JIL30BAThLC JI000il
oCJIeJOBATeIbHOCTRIO hy, Ay 1, ..., h1, B KOTOPOI Tocaenuuii mar hy pasen 1. Hampumep, B Tabi. 4 6yzaeT
TMOoKa3aHa COPTHMPOBKA TeX ’Ke MaHHBIX c IaramMu 7, 5, 3, 1. OgHu mociemoBaTeIbHOCTU OKAa3bIBAIOTCSA
ropasjo JIyulIllie APYTuX; MbI 00CyM BBIOOP IIOCJIEIOBATEIbLHOCTEI IIaroB Mo3:Ke.

Anaropurm D. (Copmuposka c yovisarouwum utazom.) 3anucu Ry, ..., Ry mepepasMeIiaroTcsa Ha TOM e
mecTte. ITocsie 3aBepIieHNA COPTUPOBKY UX KJa04un OyayT ynopsagouensl: K1 < ... < Ky. [lna ynpaBieHus
IIPOIIECCOM COPTUPOBKY UCIIOJIb3YEeTCA BCIIOMOTaTeIbHAas OCIeI0BATEeILHOCTS IITaroB hy, hy_1, ..., hi, TIe
h1 = [; IpaBUIBHO BHIOPAB 5TU MPUPAIEHUA, MOYKHO 3HAUUTEJIHHO COKPATUTh BpeMsa cOpTUPOBKU. [Ipnu
t = 1 9TOT aJITOPUTM CBOJUTCA K &JITOPUTMY S.

D1 [[Iuxx oo s.] BermoauuTs mar D2 opu s =¢,t — 1, ..., 1, mocje yero saBepiinuTh paboTy aaropuTma.

D2 [IMukx no j.] YeranoBuThb h < hg u BBINOMHUTS maru D3, ... D6 npu h < j < N. ([na copTUPOBKHU
3JIEMEHTOB, OTCTOAIINX APYT OT ApyTra Ha h MO3UIIMI, BOCIOJb3yeMCA IIPOCTHIMU BCTABKAMU U B pe-
gysabrare moayuuMm K; < K;ypopu 1l < ¢ < N — h. lIlaru D3, ..., D6, mo cyiiecTBy, TaKue e, Kak

COOTBETCTBEHHO S2, ..., Sb B anropurme S.)

D3 [YcranoBurs ¢, K, R.] Ycranosurs i < j — h, K < K;, R < R;.
D4 [CpaBuuts K, K;.] Eciu K > K,;, To nepeiitu K mary D6.
D5 [IlepemecTuts R;, yMeHBIIUTD ¢.] ¥ CTAHOBUTD R; ) < R;,3aTreM: < ¢ —h. Ecaut > 0, To Bo3BpaTuThCA

K mrary D4.

D6 [R ma mecTo R;}.] YeranoButh R, < R. |

CootBeTrcTByioiasa MIX-mporpaMMa He HAMHOTO JJIUHHee, YeM Hallla ITporpaMMa IJid IPOCTHIX BCTABOK.
Crpoku 08—19 sT0ii mporpaMMbI HepeHeceHbl U3 IPorpaMMbl S B 6oJiee 00Ut KOHTEKCT ajaropurma D.

IIporpamma D. (Copmuposra ¢ yoviearouwum wazom.) Ilpeamonaraercs, 4To miaru COPTUPOBKHU Xpa-
HATCS BO BCIIOMOTATeJILHOI Tabiauile u h, HaXOAUTCS B sueiike H + s; Bce IIaru COPTUPOBKU MeHbIre N.
Copmepsxumoe peructpoB: rI1 = j — N;rI2 = 4;rA = R = K; rI3 = s; rI4 = h. 3ameTum, 4TO 3Ta MPO-
rpaMMa caMa cebsa m3MeHAeT. ITO CAeJaHO IJIA TOT0, UYTOOBI JOOUTHCS OoJsiee a(p(PEeKTUBHOTO BBITIOJTHEHU ST
BHYTPEHHETO0 ITUKJA.

START ENT3 T 1 D1. Hukxa oo s. s < t.

1H LD4 H,3 T D2. Hukn oo j.h < hs.
ENT1 INPUT,4 T WzmenuTs agpeca B Tpex
ST1  6F(0:2) T WHCTPYKIUAX B
ST1 7F(0:2) T OCHOBHOM ITUKJIE.
ENN1 -N, 4 T rIl < N —h.
ST1 4F(0:2) T
ENT1 1-N, 4 T jh+1.



Original pages: 109-117

2H LDA  INPUT+N,1 NT - S D3. Ycrauwosurs i, K, R.
4H ENT2 N-H,1 NT - S i < j — h. (UsMeHsieMasi HHCTPYKIUS)
5H CMPA INPUT,2 B+ NT —S— A D4.Cpasuuts K, K;.
JOE T7F B+ NT - S — A Kmary D6, eciu K > K;.
LDX INPUT, 2 B D5. IlepemecTuTh R;, yMEHBIIUTD 7.
6H STX  INPUT+H,2 B Riip <+ R;. (A3MeHAeMaa UHCTPYKIINUA)
DEC2 0,4 B i< 1 — h.
J2P 5B B K mary D4, ecau ¢ > 0.
TH STA  INPUT+H,2 NT - S D6. R Ha mecTo R;},. (I3MeHAEeMaA MHCTPYKIMA)
8H INC1 1 NT - S jj+1.
JINP 2B NT - S KD3,ecanj < N.
DEC3 1 T
J3P 1B T t>s>1.

* Anaau3s metona Illexma. YTo0bI BEIOPATH XOPOIIIYIO IIOCIEA0BATEILHOCTD IIIAT0B COPTUPOBKHY AJIA aJI-
roputMma D, Hy;KHO IpoaHAIU3UPOBATEH BpeMs PaboThI KaK (GPYHKIUIO OT 3TUX ITaroB. ITO IPUBOIUT K OUEeHb
KpacuBBIM, HO ellle He A0 KOHIIA PellIeHHbBIM MaTeMaTUYeCKUM 3aJauaM; HUKOMY MO CHX IOp He yIAaJoCh
HANTHU HAWJIYUYIIYIO BOBMOMKHYIO II0CJIeZ0BATEIbHOCTD IIaroB AJid 0oabinux N. Tem He MeHee U3BECTHO J0-
BOJIbHO MHOT'O0 MHTEPECHBIX (PaKTOB 0 moBegeHUn cOpTUPOBKU MeTomoM Illesnsa ¢ yOBIBAIOIIUM IIATOM, U
MBI 3[JeCh UX KPATKO M3JI0KUM; MOAPOOHOCTH MOKHO HANTH B IPUBEIEHHBIX HUKe YOparKHeHuAX. [Hura-
TeJISIM, He UMeIOINM CKJIOHHOCTH K MaTeMaTuKe, JIyUIlle ITPOIIyCTUTh CJIeAYIOIe HeCKOJIbKO CTPaHUII, 10
bopmy (8).]

CyeTYNKM YaCTOT BLIIOJHEHUA B mporpaMmMe D TOKa3bIBAIOT, UTO HA BPeMSA BBITIOJHEHUS BIUAIOT IATH
darTopoB: pasmep daityna N, YMCJIO HPOCMOTPOB (T.e. uucJo 1maro) I’ = t, cymma miaros

S =hi+--+hi,

yucyo cpasuennit B + NT — S — A u uucio nepemeriennii B. Kak u npu anajause nmporpaMMmsl S, 3gech A
PaBHO YKCJIY JIEBOCTOPOHHUX MUHNMYMOB, BCTPEUAOIIINXCS IPU IPOMEKYTOUHBIX OII€PaIlUiX COPTUPOBKH,
a B paBHO umcay umHBepcuii B moadaiiazax. OCHOBHBIM (PAKTOPOM, OT KOTOPOTO 3aBHCHUT BpeMs paboThI,
ABJIAETCS BeaWumHAa B, T09TOMY Ha Hee MBI M 0OpaTUM TJIaBHBIM 0O6pasoM cBoe BHuMaHUe. I[Ipu amaiuse
OyeT mpeaIoIaraTbCs, UTO KUY PA3INUYHbI ¥ IePBOHAYAIBHO PACIIOJIOMKEHEI B CIYUailHOM ITOPAIKe.

Haszosem oneparuio mara D2 " h-copruposkoii” . Torga copruposka meronom Illesia cocrout us hi-cop-
TUPOBKU, 3a KOTOPOIi caeayeT h;_1-COPTHUPOBKA, . . . , 38 KOTOPOM caeayeT hi-COPTUPOBKa. Paiii, B KOTOPOM
K; <Kipupul <i< N — h, 6yzeM Ha3bIBaTb h-yIOPAJOUECHHBIM.

Paccmorpum cHavasia mpocTeiitiiee 0000IeHre ITPOCTHIX BCTABOK, KOT A MMEIOTCS BCceTo ABa marahy = 2
u h; = 1. Bo BpeMs BTOpOTO MPOCMOTpa UMeeM 2-YIOPSAAOUYeHHYIO ITOCIeI0BaTeIbHOCTh Kaoueit K1 Ko
... K. Jlerko Bumers, 4TO YUCIO IEPECTAHOBOK a1 A3 . ..a, MHOKecTBa {1,2,...,n}, Takux, 410 a; < a;12

HpI/II <2<n—2,paBHO
( y >

TAaK KaK CYIIeCTBYeT BCEro OfHa 2-ynopsagoYeHHas IepPecTaHOBKA AJIs KayKAoro BeiGopa |n/2| sneMeHTOB,
PAaCIIOJIOMKEHHBIX B UETHBIX IIO3UILUAX G204, - .., TOILA OCTAJIbHBIE fn/ﬂ 3JIEMEHTOB II0IIaJaioT B IIO3UI[UN
c HeueTHBIMU HOMepaMmu. Ilociie 2-copTUpPOBKU ciyuaiiHoTOo (haiija ¢ OLMHAKOBON BEPOSATHOCTHIO MOYKET
IIOJIYUYUThCA J00asd 2-ymopsagodeHHas IepecTaHOBKAa. KaKoBO cpelHee YMCJIO MHBEPCUH BO BCEX TaKUX
IlepecTaHOBKax?

Picture: Puc. 11. CooTBeTcTBUE MEXKIY 2-yIOpPALOUEeHNEM U IYTAMU Ha pereTke. KypcuBom Ha-
OpaHbl Beca, COOTBETCTBYIOIIHME YKUCJIY NHBePCHUil B 2-yIIOPAI0UEHHON IIePeCTaAaHOBKE.

IIycts A, — cyMMapHOe UMCJIO MHBEPCHI BO BCeX 2-YIOPALOUYECHHBIX IIE€PECTAHOBKAX MHOXKECTBA
{1,2,...,n}. fcuo, uro A; =0, Ay = 1, A3 = 2, a U3 paCCMOTPEHUSI IIIECTHU CIIYIAEB

1324 1234 1243 2134 2143 3142

HaxomuMm, 4T0 A4 = 1 +0+ 1+ 1+ 2+ 3 = 8. Urobel ucciaemoratsd A, B 00IIeM ciydyae, PaCCMOTPUM
pemieryaryo auarpamMmy Ha puc. 11 aaa n = 15. B Takoit nzuarpamme 2-ynopsaA0UYeHHYIO IIEPECTAHOBKY
MOJKHO IIPE/ICTABUTH B BHUJE IYTH U3 BepXHeH jieBoi yriaoBoil Touku (0,0) B HUIKHIOIO MPABYIO YIJIIOBYIO
roury ([n/2], |n/2]), ecnu genars k-i mar wyTu BIPaBo WM BHU3 B COOTBETCTBUY C TE€M, HAXOAUTCH Ju k B

33
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YEeTHOH MJIM HeUETHOH ITO3UITUH TePeCTAHOBK Y. OTUM IIPABUJIOM OIIPE/Ie/IeTCsI B3BAUMHO OJHO3HAUHOE COOT-
BETCTBHUE MEKAY 2-YIIOPAAOUEHHBIMY IIePECTAHOBKAMHY U N-IITar0OBLIMU Y TAMU U3 OJHOTO YIJIa PeIIeTyaTon
auarpamMmsbl B apyroii. Hanpumep, n300paKeHHBIH Ha PUCYHKE IYTh COOTBETCTBYET IIePEeCTaHOBKE

213465710811912141315. (1)

IManee, BePpTUKAJBHBIM OTPE3KaM IIYTH MOXKHO IPUIIMCATH Beca , KaK IIOKA3aHO Ha JuarpaMMe; OTpes-
Ky, BeAylemy us To4ku (i,j) B TOury (i + 1,j) npunuceiBaercs Bec |i — j|. HemHoro mogymas, yurarensb
yOequTCA B TOM, YTO CyMMA STUX BECOB BJOJIb KAXKI0I0 IIyTH PABHA YUCIY UHBEPCUM B COOTBETCTBYIOIIEH
nepecranoBke (cMm. ymup. 12). Tak, Hampumep, nepecramoBka (1) comepsxkur 1 +0+1+0+14+2+1 =6
uHBepCUuu.

Ecaua < o’ ub <V, To yncio gomycrumbrx myreii us (a, b) B (a’,b’) paBHO unciy crroco6oB mepeMeraTs
a' — a BepTUKAJIbHEIX OTPE3KOB ¢ b’ — b TOPU30HTATLHBIMA, 4 UMEHHO

a —a+b -0
a —a ’

Cief0BaTeIbHO, YHCIIO IEPECTAHOBOK, AJIsi KOTOPBIX COOTBETCTBYIOIINE IIyTH IPOXOAAT Yepes BePTUKAIb-
HBIN oTpe3ok us (4,5) B (i + 1,7), paBHO
<i+j><n—i—j—l>
i ln/2] -4 )

VYMHOKaA 9TO 3BHAUEHUE HA BeC JaHHOTO OTpe3Ka U CYMMUDPYA II0 BCEM OTPE3KaM, IIOJIydyaeM

i\ (2m—i—j—1
om S (P) ()

0<i<n
0<j<n

.o ft+I\(2n—i—3
Agpy1 = Z |Z—J|( ; )( n—j );

0<i<n
0<j<n

3HaKM a0COJIIOTHOI BEJIMUYNHBI B 3TUX CYMMAaX HECKOJIbKO YCJIOKHSIIOT BRIUNCJIEHUA, HO B yIIp. 14 moKasaHo,
4TO BeMuuHA A, UMeeT yAMBUTENbHO IpoCcTOi Bua: |n/2|2" 2. CiegoBaTe bHO, CDEIHEe YUCJI0 UHBEPCUil
B CJIyUaiiHO¥ 2-yIOPAJOUEeHHOU IIepecTaHOBKe PaBHO

/2022y )

TTo opmyne CTUPIMHTA Ta BeINYNHA ACHMITOTHUECKH TPUGIMKaeTcsa K /7/128n%/2 ~ 0.15n3/2, Kax
JIETKO BUJIETh, MAKCUMAaJIbHOE UNCJIO MHBEPCUI PABHO

(Ln/2J+1> 1,

~ —n”.
2

8

ITosmesHo mcciiemoBaTh pacmpefiesieHMe YKCIa MHBEPCUH OoJiee TIATEIbHO, PACCMOTPEB IITPOU3BOLAIINE
QYyHKIUN
hi(z) =1, ha(z) =1+z,
h3(2) =142z, hy(z) =1+32+2%2+23 ..., (3)
Kaxk B ymp. 15. Takum o6pasoM, HaiifeM, 4To CTaHZAPTHOE OTKJIOHEHUE TOXe IIPOIOPIINOHATIBHO N/ 2, Tak
YTO YMCJI0 MHBEPCUH HE CIUIIIKOM YCTOMUYMBO PACIpeiesIeHO OK0JIO CBOEr0 CpeHEero 3HaueHusA. PaccMoTpum

Telepb OOIMUI ABYXIPOXOAHEIN cayuai aaropurMma D, Korja mmaru COpTUPOBKY paBHBI h 1 1.

Teopema H. Cpednee uucno unsepcuii 8 h-ynopsdouennoii nepecmanoske mroxcecmea {1,2,...,n} paguo

f(n,h)=%<<g>q(q+l)+(g)(qﬂ)—%(h;r)q), (4)

20e ¢ = |n/h|, r = n mod h. d9ma meopema npunadrexcum Hyenacy Xanmy [Bachelor’s thesis, Princeton

University (April, 1967) ]. Bamemu.m, umo gopmyna cnpagediusaunpuh >n: f(n,h) = 5 (%).
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Hokxaszamenvcmeo. B h-ynopsdouenrnoil nepecmanosgie codepicumcs r ynopadoieHHvlx nodnocaedosa-
meavHocmeil 0nurnbl ¢ + 1 u h — r nodnocaedosamenvrocmeil daunst q. Kaxdas uneepcus obpasyemcs
U3 anemenmos 08Yyx pasiuiHvlx nodnocnedogamenvHocmell, a Ka#0as napa pa3iuiHblX Ynopsidoier-
HblX nodnocaedosamenvHocmeil 8 cayuaiiHoil h-ynopsadouenHoil nepecmano8ke onpedeasem CAYLAUHYIO
2-ynopsadouennylo nepecmarno8ky. [loamomy cpednee wucno uHEePCUllL paA6HO cymMme cCpeOHUX 3HAYEeHUIl
YUCaa UHBEPCUIL 80 8CeXx NAPAX PA3AULHbLYX nodnocaedosamenvbHocmeil, @ UMEHHO

T A2q+2 A2q+1 h—r A2q _

(2)‘<zq+2)' Frh—r) €al o () f(n.n). 8
g+1 q q

Cnencreue. Ecau nocnedosamenbHoCms NPUPAULeHUlL Yyoo8emaeopsen Ycio8U0

hsi1 mod hg =0 nput>s>1, (5)

mo cpedHee wucao onepayuii nepemeuienus 8 anrzopumame D pagro

Z (Tsf(Qs +1, hs+1/h5) + (hs - TS)f(Qs» h5+1/h5)), (6)

t>s>1
20ers = N mod hg, g5 = | N/hs|, hiy1 = Nhy, a pyurkyus f onpedeasemes gpopmyaoii (4).

Horaszamenvcmeo. IIporece hs-COPTUPOBKY COCTOUT U3 COPTUPOBKY IPOCTHIMU BCTABKAMU 7's (R4 1/hs)-
YIOPSOYeHHBIX Ho4(aiiaoB AauHEI g5 + 1 u (hs — 75) TaKUX OAGANAIOB JIUHEI ¢;. [IOCKOJIBKY MBI IPEJIIO-
JlaraeM, 4TO MCXOJHAA IepecTaHOBKA CIydaiiHa U BCe ee 3JIeMeHThI Pa3JIWdHEl, TO U3 YCJIOBUN AeJIMMOCTA
CJIeAyeT, YTO KasKAbIH us nmogdaitmos— ciayuaiinasa (hsy1/hs)-yHoOpsgodeHHAS IePECTAHOBKA B TOM CMbIC-
se, uro Bce (hs11/hs)-ynopsamoueHHbIE IEPECTAHOBKY PABHOBEPOSTHEIL. |

Vcaosue (5) 3TOT0 CIeCTBUA BCET[a BBIMIOJHSIETCA M1 08YXnpoxodHoil copTupoBku metogom Ilemna,
Korza maru pasusbl coorBerctBenHo h u 1. Ilyers ¢ = |N/h|, ar = N mod h, Torga cpeasee sHaueHue
BeJIMUUHLL B B nporpamme D paBHO

+1 h —
LN+ =)+ S0 = (T3 1)+ BT (8) 4 v
B nepsom mpubnmkenuu Gynaknus f(n, h) pasua (/7/8)n>/2h/2; cp. ¢ rragkoit kpusoit Ha puc. 12. Creno-
BaTeJbHO, BpeMs pPaboThI

Picture: Puc. 12. Cpexguee unciio uasepeuii f(n, h) B h-ynopsigoueHHoM daiiie us n 3JIeMeHTOB IJIs
ciayuasa n = 64.

IBYXIIPOXOAHOI TporpaMmbl D mpumepHo mponopruosaibao 2N2/h + V7w N3h. [losToMy HaudydIlee 3HA-
yeHue h paBHO npubausuTenasHo /16N /m ~ 1.72 /N ; npu rakom BeIGOpe h cpenHee BpeMs paGoThI IIPOIIOP-
nuoHanbpHO N3/3,

Taxum ob6pasom, gaxke npuMeHas meton [llesia ¢ Bcero AByMsA miaraMu, MOMKHO CYIIIeCTBEHHO COKpa-
TUTH BpeMs 110 CPaBHEHWIO C MPOCTHIME BeraBKamu, ¢ O(N2) mo O(N%7), slcno, uro MoxHO HO6UTHCS
JYUIIUX Pe3yJabTaToOB, €CJIU MCI0JIb30BaTh 00JIbIle MaroB. B yup. 18 obcy:kaaeTcss ONTUMAIbHBIN BBIOOD
h¢, - .., h1 Ipu GpUKCUPOBAaHHOM t B cay4ae, KOr[a 3HAUeHUs h OrPAHUUYEHBI YCJIOBUEM JeJIMMOCTH; BpeMs
pabors! mpu Gosrbmux N cokpamaercsa 1o O(N12+¢/2 nre ¢ = 1/(2! — 1). Eciu MBI TIOJTb3yeMCs TIPUBEIEH-
HBIMH BBIIIe (hopMyIaMu, 6apsep N5 mpeososeTs HeBO3MOKHO, IOTOMY UTO IIPY IOCJIEHEM IIPOCMOTDE B
CYMMY MHBEPCHUI Bcerga BHOCUTCS BKJIA

F(N,ho) = (/7 /8)N*/2hy/>.

Ho unTynnusa noackassIiBaeT, UYTO, €CJIU IIaTH Ay, ..., hy He 0y0ym yIOBJIETBOPATDH YCIOBUIO AEJINMO-
ctu (5), MOYKHO IOCTUYH Oosrbiero. Hampumep, npu mocJie[oBaTeIbHOM BBITIOJHEHUHN 8-, 4- 1 2-COPTUPOBOK
HEBO3MOJKHO B3aMMO/IeCTBIE MKy KJII0UaMU B UeTHBIX M HEUETHBIX MO3UITUAX ; IO3TOMY Ha OJII0 3aKJII0-
yuTensHOM 1-copTupoBKu ocTanercs O(N 3/ 2) uaBepcuii. B To ske BpeMs IIPH MOCIEI0BATEILHOM BBITIOIHE-
HUU 7-, 5- 1 3-COPTUPOBOK (Paiij IepeTpsIXnBaeTCs TaK, UTO IPHU 3aKJIIUNTENIbLHON 1-COPTUPOBKE He MOXKET
BcTpeTuThea 6osee 2N naBepcuit! (Cm. yup. 26.) Ha camom gesie HaOmI0[aeTCa yAUBUTEIBHOE ABJIEHUE.
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Teopema K. ITocne h-copmuposku k-ynopsdouenHulil paiin ocmaemcs k-ynopsaooyeHHbLM.

Taxum o6pasom, ¢aiii, KOTOPHIi OBLI CHAUYAJIA (-OTCOPTUPOBAH, a IIOTOM 5-0TCOPTHUPOBAH, CTAHOBUTCS
OJHOBPEMEHHO. 7- ¥ 5-yImopAg0oUYeHHBIM. A ecJI MbI IIOABEePrHEM ero 3-COPTHUPOBKE, TO IMOJyUYeHHBIH haiia
oyner 7-, 5- u 3-ynopsagoues. Il puMepsl IPOSBIEHUS 9TOTO 3aMeUYaTEJIbHOTO CBOMCTBA MOKHO HAWTH B TA0JI.
4.

Picture: Tabauma 4 CopTupoBKa ¢ yosIiBatoium marom (7, 5, 3, 1)

Jlokazameavcmeo. B ynp. 20 mokasaHo, 4TO 3Ta TeOpeMa BBITEKAaeT U3 CIAeAYIOIIEN JeMMbI:

Jlemma L. ITycmbm, n, r—HeOmMpuUUamesbHble Yeable YUCAA, B L1, - . . s Tty UYL, « - - » Yntr—NPOUIBOLbHBLE
nocnedosamenbHOCMU Yucesl, maxKue, imo

Y1 < Tmt1,Y2 < Timt2y -5 Yr < Tngre (7)

Ecau nocaedosamenvHocmu © Uy OMCOPpMUPOBAMb HE3ABUCUMO, MAK Um0 1 < ... < Tyyr Uy < ... <
Yn+rs MO cOOMHOWeHUA (7) o0cmaHymea 6 cu.e.

Ilokazameavcmeo. IsBecTHO, UTO BCe, KpoMe, OBITH MOXKET, M BJIEMEHTOB II0CJIeZOBATEJIbHOCTU X,
IPeBOCXOIAT (T. €. 6OJIbIIIEe MJIN PABHBI) HEKOTOPHIE BJIEMEHTHI IT0CTIEI0BATEIbHOCTH ¥, IPUUEM PA3INUHBIE
3JIEMEHTHI & IIPEeBOCXOAAT pas3audHbie syeMeHTH y. [IyeTs 1 < j < r. Tak Kak mocje COPTUPOBKY DJIEMEHT
ZTm+j IPEBOCXOAUT M + j BIeMEeHTOB T, TO OH IIPEBOCXOJUT II0 KpaliHeil Mepe j 571eMeHTOB ¥, a 3HAUUT, OH

IPEBOCXOIUT j HAUMEHbULUX DJIeMeHTOB y. CllemoBaTeIbHO, IIOCIE CODPTUPOBKY UMEEM Tyt j = ;. ] |

W3 Teopembr K BUAHO, UTO IIPU COPTUPOBKE KeJATEJIBHO II0Jb30BATHCA B3AWMHO IIPOCTHIMU 3HAUE-
HUAMU I1ar0B, OAHAKO HEIOCPEJCTBEHHO 13 Hee He CJIeVIOT TOUHBIE OIeHKU YKCJa IepeMeleHnil, BbI-
mostHgeMbIX anroputMom D. Tak Kak 4mcio mepecTaHOBOK MHoKecTBa {1,2...,n}, OGHOBPEMEHHO h- U
k-yIOpALOYEeHHBIX, He BCErla ABJSETCA NeJuTesieM n!, TO HOHATHO, 4TO TeopeMa K 00bsACHAET JajleKo He
BCe; B pesyabTaTe k- 1 h-COPTUPOBOK HEKOTOpLIE k- 1 h-yImopAgoUeHHBIe (haliabl IOJyUaIOTC dalle apy-
rux. Bojiee Toro, He CyIIeCTBYeT OUEBUIHOI'O CIIOCO0A OTHICKATD  HAMXYIIIUN caydail” mjs aaroputva D
IIPY IIPOU3BOJILHON IIOCJIEIOBATEIBLHOCTH IIIaTOB COPTUPOBKU Ay, ..., hy. IloaTOMY IO cuX IIOp BCE HMOMBIT-
KUY aHAJIN3a 9TOTO aJropuTMa B 00IleM cjaydae ObLIN TIETHHI; II0 CYIIeCTBY, BCE, UTO HAM M3BECTHO,—3TO
IPUOIMIKEeHHOEe aCUMITOTUYECKOe ITOBeleHe MaKCHUMAaJbHOT'O BpeMeHHu PaboThl B HEKOTOPBIX CAYUAAX.

Teopema P. Ecauh, =2° —1npul < s <t = |log, N|, mo epems pa6omuo. anzopumma D ecmv O(N>/?)

Hoxazameavcmeo. JocTaTouHo HAUTHU OIleHKY B, uuciia mepeMelleHnil Ipu s-M IPOCMOTpPe, TaKyIo,
9T06BI B; + -+ + B; = O(N3/?). Ilna mepssIx t/2 mpocMoTpoB mpu ¢t < s > t/2 MOKHO BOCIIOJTb30BATHCS
oueBuzHON onenkoit By = O(hs(N/hy)?), a Aas nocaeAy0MKUX TPOCMOTPOB MOKHO TPUMEHUTE Pe3yIbTaT
yup. 28: By = O(Nhs ohsi1/hs). Caenosarensno, By +- -+ By = O(N(2+22 4+ 4+28/2 4 42t/2 ... 1 2)) =
oe2).1

Jra Teopema npuHagiekut A. A. ITanepuoBy u I'. B. Cracesuuy [IIpob.siembr nepedaiu urngpopmayuu,
1,3 (1965), 81-98]. Ona maet BepxXHIOIO OIIEHKY MAKCUMAJLbHO20 BpeMeHU PaboThI aIropuTMa, a He

Tabnruua 5
Anamu3s aaropurma D mpu N = 8

ITaru Agve Bave S T Bpems mamuebl MIX
1 1.718 14.000 1 1 204.85u
2 1 2667 9.657 3 2 235.91u
3 1 2917 9.100 4 2 220.16u
4 1 3.083 10.000 5 2 217.75u
5 1 2601 10.000 6 2 210.00u
6 1 2135 10.667 7 3 206.60u
7 1 1.718 12.000 8 2 208.85u
4 2 1 3500 8324 7 3 272.32u
5 3 1 3301 8167 9 3 251.60u
3 2 1 3320 7829 6 3 278.50u

IIPOCTO OIIEHKY CpedHez0 BpeMeHU paboThl. OTOT Pe3yabTaT HETPUBUAJIEH, TIOCKOJbKY MaKCUMAaJbHOE BpeMsi
paboTHI B CIyuae, KOTA IPUPAIeHNd h YIOBJIETBOPAIOT YCIOBHUIO qeauMoctu (5), nMeeT IOpAKoK N2, a B
yIp. 24 1oKas3aHo, YTO IOKA3aTeJb 3/2 YMEHBIIUTE HEJIb3.
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HWuTepecHoe yrydIlieHne 1o cpaBHEeH IO ¢ Teopemoii P o6Hapy:kua B 1969 r. Boran IlparT. Ecau 6ce wa-
2U COpMUPOBKU 8bLOUPAIOMCA U3 MHONHcecmaa yuces uda 2P39, menvwiux N, mo epems pabomuol aizopumma
D 6ydem nopadka N (log N)?. B aToM ciiyuae TaKske MOYKHO BHECTH B aJITOPUTM HECKOJIBKO CYITIeCTBEHHBIX
yoporenuii. K coskamnenuto, metos IIparra TpebyeT cpaBHUTEIBHO GOJIBIIIOT0 YHCIA ITPOCMOTPOB, TAK UTO
3TO He JIyYIIni crocob BEIGOPA IIaT0B, CJIU TOJABKO0 N He OUeHb BeJINKO; cM. yup. 30 u 31.

Paccmorpum obwee Bpems pa6orsl nporpammel D, umenso (9B + 10NT + 137 — 10S — 3A + 1)u. B
TabJ. 5 MOKa3aHo cpelHee BpeMA pabOThI AJIA Pa3IUYHBIX IIOCJIenoBaTe bHOCTel maros mpu N = 8. Kax-
IBIA BJIeMEeHT TabJIUIIBI MOXKHO BBIUMCJIUTDL C IIOMOIILIO (DOPMYJI, IPUBEIEHHBIX BBIIIE UM B yup. 19, 3a
WCKJIOUEeHNEeM CJaydaeB, Korja maru paBHbl 5 3 1 1 3 2 1; A1 5TUX ABYX CJIydaeB OBLIO IPOBEIEHO TIATe b-
HOe HCccJIeJOBaHue BeeX 8! mepecTaHoBOK. 3aMEeTHM, YTO IPU TAKOM MaJIOM 3HaueHuu N B 00IeM BpeMeHN
paboThl mpeobafaioT BCIIOMOTATeIbHBIE OIlepalliil, IT09TOMY HAUJIYUINNe Pe3yJbTAaThl MOJYyUYaloTCA P
t = 1; cimemoBaTenbHO, mpu N = 8 Jyullle BCEro IOJH30BaThCA IMPOCTHIMU BcTaBKamu. (CpenHee BpeMs
pa6oTsl mporpammbl S mpu N = 8 paBuo Bcero 191.85u.) JIo60OBITHO, UTO HAMJIYYIINHN pPe3yJabTaT B JBYX-
IIPOXOJHOM QJITOPUTME AOCTUTAeTCA pu he = 6, MOCKOJBKY OOJIbIIIaA BeIMUYMHA 5 OKA3bIBAETCS BasKHEe
MaJIol BeJnuuHbl B. AHajoruuHo Tpu mara 3 2 1 MUHUMHU3UPYIOT cpefHee UHCJIO IepeMelleHn, HO 3TO
He caMas JyuIllasd I0CJeI0BaTeIbHOCTD IJIA TPeX MPOCMOTPOB. BHITH MOKeT, MHTePeCHO IIPUBECTH HEKO-
TOpBIE "HAWXYAIINE IIEePEeCTAHOBKM, MAKCHMU3UPYIOI[ME UKMCIO IepeMellleHnii, TaKk KaK O6IIuil crocod
IIOCTPOEHUSA TAKUX EePECTAHOBOK /IO CUX IIOP HE M3BECTEH:

(19 nepemereHui)

h3=5, h2=3, hlzlt 8
8 (17 nmepemerteHmii)

4 1
h3:3, h2:2, h1:1! 6 1

C pocrtom N HabOs0omaeTca HECKOJIbKO MHAS KapTuHa. B Tabj. 6 moKkasaHbl NPpUOIMIKeHHbIe 3HAUEHU T
YucJa IepeMeIeHn i pasIndHbIX mocaeaoBaTesbHocTei maroB npu N = 1000. IlepBbie HECKOJIBKO 110~
CJIeI0BATEIFHOCTEN YIOBJIETBOPAIOT YCAOBUIO AeIUMOCTH (5), TAK UTO MOKHO BOCHOJIb30BATHCA (hopMyI0T
(6); naa moayuYeHUA CPeIHUX 3HAUEHWM HPU APYTUX MOCJEJ0BATEIbHOCTAX IIaroB IPUMEHAJIUCH SMIIU-
puYecKue TecTbl. BuLIM creHepupoBaHbl IATH (haitioB mo 1000 ciaydyailHBIX 9JIEMEHTOB, M KasKIbIA (DA
COPTUPOBAJICA C KAXKIO IOCIeJ0BaATeIbHOCTHIO II1aros.

ITU HaHHBbIE TO3BOJISIOT BEIABUTh HEKOTOPHIE XapaKTEePUCTUKY, HO IoBeJeHue ajaroputrma D Bece ele
ocraercs HesicHbIM. I1les1 mepBOHAYAIBHO IPEIIOIAra UCIoab3oBars waru | N/2|, | N/4|, |[N/8], ...Ho
3TO HeXKeJIaTeJILHO, eCJIM JBOUMYHOE IIPe/IcTaBieHne ynucia [N coepikaT AIUHHbIE IeTIOYKY HyJieli. Jlazapyc
u @pank [CACM, 3 (1960), 20—-22] mpe IoKUIN UCIOJb30BATh, IO CYIIECTBY, Ty K€ IIOCJIEeZOBATEJb-
HOCTb, HO 100aBissa 1 TaM, e 3TO Heo0X0JUMO, YTOORI CAeIaTh Bee 1aru HeueTHbIiMu. Xudbapa [CACM, 6
(1963), 206—213] mpeamosxu maru Buga 2¢ — 1; Ilanepsos u CraceBUY IpeAI0 KN IOCIe[0BATEILHOCTD
2% + 1. Cpenu Ipyrux ecTeCTBEHHBIX ITOCIEL0BATEIFHOCTEH, NCIOIb30BAHHBIX AId. IOIyIeHns Tabt. 6,—
nocienosarensHocTu (28 — (—1)%)/3, (3F — 1)/2 u uucna ®ubonauyn.

MuHUMaJIbHOE YKCJI0 mepeMelernit 6600 HabaogaeTcsa qiIa maros Buga 2° + 1, Ho BaXKHO IIOHIMATh,
YTO HAJ0 YUUTHIBATH HE TOJBKO UMCJO IMepPeMeIleHnil, XOTA NMEeHHO OHO ACUMIITOTUYEeCKHN JOMUHUPYET B
obiieM BpeMenu padoTel. Tak xKax BpeMs paboTel nmporpammsel D pasuo 9B + 10NT + - .. eguHuUIl, sICHO,
YTO 9KOHOMMUS OJHOTO IIPOCMOTPA IIPUMEPHO SKBUBAJICHTHA COKPAIIleHUIO YKCJIa IIepeMelle i Ha %N ; MBI
roToBbI 106aBUTH 1100 mepemeleHnii, €Cjau 3a CUET ATOT0 YAACTCA COKOHOMUTD OAUH IIpocMoTp. IlosTomy
NIpeICTaBJSETCS HEPa3yMHBIM HAUNHATE C hiy, GOJIBIIETO, YeM, CKakeM, N /3, HOCKOJIbKY GOJIBIIIOM Iar He
y6aBUT YmMCJa IOCJEAYIONINX IIepeMeIlleHril HaCTOJIbKO, YTOOBI OIIPaBIaTh MIEPBBIM ITPOCMOTP.

BouasbIimnoe uncsio sxcnepumeHToB ¢ anroputmMom D mposenu :xeiimc Iletepcon u HpBun JI. Paccen
B Crandopackom yauBepcutetre B 1971 r. OHM 06HAPYKUJIM, UTO IJIsS CPeIHero UmcJja IepeMeleHuii B
XOPOIIUM

Picture: Tabauma 6.

mpubamxeraueM npu 100 < N < 60 000 cayskar caenyroiiue hopMyIbl:

1.09N'2" pu 30N (In N)? — 1.35N In N gi1s nocegosarenbaHocTs maros 28 +1,..., 9,5, 8, 1;
1.22N126 g 29N (In N)? — 1.26N In N gi1s1 nocnemosarenbaocTr maros 28 — 1, ..., 15,7, 3, 1;
1.12N*2 g .36 N(In N)? — 1.73N In N mna mociemosaTensHocTs maros (28 +1)/3, ..., 11,5, 38, 1;
1.66 N1-25 wau .33N (In N)? — 1.26 N In N mns mocaenosaTesbaocTu maros (35 —1)/2, ..., 40, 13, 4, 1.




38 Original pages: 118-120

Hampuwmep, mpu N = 20 000 g5 Bcex sTUX THUIOB IIAroB IIoJydyaeM cooTBeTcTBeHHO B ~ 31 000, 33 000,
35000, 39 000. Ta6u. 7 gaer

Tabauia 7
KonnuecrBa nmepemenienuii mo npocmorpam (mpumeps! aiasa N = 20000)
hs Bs hs Bs hs s

4095 19460 4097 19550 3280 25210
2047 15115 2049 14944 1093 28324
1023 15869 1025 15731 364 35477
511 18891 513 18548 121 47158
255 22306 257 21827 40 62110
127 27400 129 27814 13 88524
63 35053 65 33751 4 74599
31 34677 33 34303 1 34666

15 51054 17 46044
7 40382 9 35817
3 24044 5 19961
1 16789 3 9628

1 13277

TUNONYHYI0 KAPTUHY TOr0, KAK PACIIPEIe/IsIOTCA IePeMeIlleHusa 10 IPOCMOTPaM B TPeX M3 9TUX SKCIIe-
pumenToB. JI1060TEITHO, uTO 06a BuAa dyrknuit aN(In N)? + 3N In N u 3N, KaskeTrcs, T0BOJLHO XOPO-
III0 COTJIACYIOTCS C HAOJI0JaeMbIMU JaHHLIMU, XOTS CTeIeHHAasd PYHKINUA ObLIa CYIIeCTBeHHO JIYUIlle IIPKU
MeHbINuX 3HaueHusax N. [lagbHere sKCIepuMeHThI ObLIN BHITIOJHEHBI AJIs I10CJIeJ0BATeIbHOCTHY IIIaT0B
2% — 1 co smauenmem N, gocruratomum 250 000; cOpok IATH mcusiTanuit ¢ N = 250 000 mamu sHaueHHe
B ~ 7900 000 npu mabaogzaemoMm crangzapTHoM oTkaoHeHnu 50 000. "HaubGosmee mogxomAmumMu (popmy-
namu asia auanasona 100 < N < 250 000 oxasanuck coorsercTBerno 1.21N126 u 39N (InN)2 — 2.33N1In N.
Tak Kax Koo PUIINEHTEI B IPEACTABICHUN CTEIIEHHON PYHKIIMEH OCTaJINCh IOUTH TAKUMH K€, B TO BpeMs
KaK K09(P(PUIIEeHTHI B JIOTaPpU(PMUIECKOM IPEACTABJICHUN JOBOJHHO PE3KO U3MEHUJINCE, TO PA3YMHO Ipes-
MMOJIOYKUTh, UTO UMEHHO CTelleHHasA (PYHKI[MS OMMCLIBAET NCTUHHOE aCUMIITOTUYECKOe MOBEeJeHe MeTona
IlTenna.

ATU SMINPUYECK e TaHHbIe HY KONM 00pa3oM He MCUePIILIBAIOT BCeX BO3MOXKHOCTEH , M MBI He IOy YN
OCHOBAHUM /IS PEIINTEIbHELIX 3aKJIIUEHNI 0 TOM, KaKue JKe II0CJIeI0BaTeJIbHOCTH II1aroB ABJIAIOTCS HAW-
syurmumu giis aaroputma D. IlockonsKy npupaienus suza (3° —1) /2 He yBeuumBaioT cyImecTBeHHO UncIa
mepeMeneHn U MOCKOJIbKY IJIA HUX TPeOyeTcs JIMIh IPUMEPHO 5/8 umeia MpocCMOTPOB, HEOOXOJUMBIX
JUIS IIarOB APYTUX TUIOB, TO, OUEBUAHO, PA3YMHO 8bL6UPAMb NOCAED08AMENLbHOCTb ULAZ08 CLedYULUM
obpasom:

ITpunamo hy = 1, hsy1 = 3hs + 1 u ocmanosumsca na hy, K020a hyy o > N. (8)

Berasku B ciucok. OctaBuM Terepb MeTon Illesia m pacCMOTPUM IPyTrue IYTU YCOBEPIITEHCTBOBAHUA
MIPOCTHIX BCTAaBOK. Cpeau obIIMX CII0COO0B YIYUIIIEeHNA aATOPUTMA OAUH U3 CAMBIX BAXKHBIX OCHOBBIBAETCS
Ha TIATeJIbHOM aHAJIN3e CTPYKTYP JaHHBIX, IOCKOJbKY PEOPraHU3aIUs CTPYKTYP JaHHbBIX , I03BOJIAIOIA
n30eKaTh HeHYKHBIX OIlepaIUii, YacTo AAeT cyIliecTBeHHBIH adhdekT. [lanpHelee 00CyKaeHIE dTO 0011Iei
ugeu MOKHO HalTu B § 2.4, B KOTOPOM M3Yy4aeTCs TOBOJBHO CJIOMKHBIN ajaroputMm. IlocmoTpuM, Kak oHa
TIPUMEHSEeTCI K TAKOMY HEeXHUTPOMY aJITOPUTMY, KakK IIPOCThbie BCTaBKU. KakoBa HamboJsiee MOAXOMAIIAM
CTPYKTYpa MaHHBIX AJII aJropurma S?

CopTHUPOBKA MPOCTHIMYU BCTABKAMU COCTOUT U3 IBYX OCHOBHBIX OIEepaIinii:

i) mpocMmoTpa ymopsmoueHHOTO (aiiya I HaXOXKAeHUA HanboJIbIIero KJaua, MeHbIIIero Uil paBHOTO
TaHHOMY KJIIOUY;

ii) BcTaBKM HOBOU 3aIlMCHU B OIIPe/ieIeHHOE MECTO YIIOPALOUeHHOro (aiiia.

daitn—-sTOo, OUEBUIHO, JUHEHHEIH CIIMCOK, 1 aJITOPUTM S 00pabaThIBaeT ero, NCIIOJIb3Ys II0CJIeI0BaTeIbHOe
pacupeznenenue (1. 2.2.2); T09TOMY AJIS BBITTOJTHEHU S KasK0M OllepaIu BCTABKU HE0OXOAMMO IIEPEMECTUTD
MIPUMEPHO MOJ0BUHY 3anuceii. C Apyroi CTOPOHbI, HAM U3BECTHO, YTO JJIS BCTABOK UAEAJIbHO IIOXOIUT CB-
3aHHOe pacmpenesnenue (. 2.2.3), TaKk KaK IIpHU 3TOM TpedyeTcss UBMEeHUTD JIUIIb HECKOJILKO CBA3e; mpyras
ommepanua—IocJe[0BATeIbHBIN IIPOCMOTP—IIPU CBA3AHHOM pacIpeeleHUU MOYTH TaK »Ke IPocTa, Kak u
Ipu mocjaemoBaTebHOM. IIOCKOJMBKY CIIMCKY BCEeTla IPOCMAaTPUBAIOTCA B OJHOM U TOM sKe HallpaBJIeHUH,
TO JOCTATOYHO MMETh CIIMCKY C OAHOM CBsA3bi0. TakuM 00pasoM, MPUXOAUM K BBIBOLY, UTO IIPABUJIbLHAS
CTPYKTypa MaHHBIX I METOJa IMPOCTBIX BCTABOK—JHHEHHbIE CIUCKHU C OJHOI CBA3BIO. ¥ IOOHO TaKiKe
M3MEHUTDH AJITOPUTM S, UTOOBI CIICOK IIPOCMATPUBAJICA B BO3PACTAIOIIEM IIOPAIKE.
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Aunropurm L. (Bcmasku 6 cnucok. ) IIpeanonaraercs, uro sanucu Ry,. .., Ry cogep:kar kapouu K4, ...,

Ky u"nonaceasu” Ly, ..., Ly, BKOTOPEIX MOI'YT XpaHUTLCA ynciaa oT 0 o N; nuMeeTcsa Tak:Ke ele OJHO

moJie ¢cBsisu Ly B HEKOTOPOII MCKYCCTBeHHOI 3anucu Ry B Hauaje aiiga. AJTOpUTM yCTaHABJINBAaET IIOJIS

CBBU TaK, YTO 3allMCH OKAa3hIBAIOTCS CBASAHHBIMU B BodpacTaroineM nopsagke. Tak, ecau p(l)...p(N)—

"ycToltunBasA” mepecTaHOBKA, Takas, uTo K,y < ... < Kj(y), TO B pe3ynbTaTe IPUMEHEHUA aJTrOpPUTMAa
MOJIYyYUM

Lo = p(1); Lp(l') =p(i+1)mpul <i< N, Lp(N) =0. 9)

L1 [ITuka mo j.] YeranoButs Ly <+ N, Ly < 0. (Lo cayskur "TojioBO#~ cmucka, a 0—ImycToil CBA3bIO;
cJIeJ0BaTeJIbHO, CIIMCOK, II0 CYII[eCTBY, IIUKJInUecKuii.) BeimoaauTs maru or L2 no LS ipu j = N — 1,
N — 2, ..., 1 u3aBepnuTs paboTy aJropuTMa.

L2 [YcraroBUTE p, ¢, K.] YeTaHOBUTE p < Lo, ¢ < 0, K < Kj;. (B mocienymomux marax Mbl BCTaBUM
3anuch [7; B HyKHOe MecTO B CB3aHHOM CIIMCKe IIyTeM CpaBHeHNU Kiaoua K ¢ Ipe bl AyIIuMy KIouaMu
B BospacTaromieM nopsajnke. IlepemMeHHBIE p U ¢ CiIysKaT yKasaTeJIsMU Ha TeKyIllee MeCTO B CIIUCKe,
npudeM p = L4, Tak 4TO g Bcerza Ha OGUH IIIar OTCTaeT OT P.)

L3 [CpaBrurts K, K,,.] Ecnu K < K, To nepefitu K mary L5. (MsI Hamau nckomoe IoJI0KeHNe 3anucu R
B CIIICKe Mexay R, u Ry.)

L4 [IIpoABuHYTH p, q.] YCTaHOBUTH q < p, p < L4. Ecau p > 0, To BozBpaTuThea K mary L3. (Ecau p = 0,
T0 K —HauOOJBIINHA KJI0Y, 00HAPYKEeHHBIHN 0 CUX IOP; CJeJoBaTeJIbHO, 3allUCh R MOJIKHA IIOIIACTh B
KOHeIl CIIUCKa, Mexay IR, u Ry.)

L5 [BeraBuTsh B cnucoK.] YCTaHOBUTE Ly < j, L < p. |

Tabruuya 8
IIpuMep MpMMeHEHU S AJTOPUTMA BCTABOK B CITHCOK

j o 1 2 3 4 5 6 17 8 9 10 11 12 13 14 15 16
K, — 503 087 512 061 908 170 897 275 653 426 154 509 612 677 765 703
Ly 6 — — — — — - — — — — — — — — — 0
L 6 — — — — — — — — — — — — — — 0 15
L 14 — — — — — — —  — - —  —  —  — 16 0 15
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PBIii BBIMIOJIHSAET OKOJIO iN 2 cpaBHEHHUI U OKOJO %N 2 mepeMemeHuii. MBI yCOBEPIIEHCTBOBAIN €TO,
paccMoTpeB OMHapHBIE BCTaBKMU, IIPU KOTOPHIX BBINOJIHAETCA OKoJo N logy N cpaBHeHUil u %N 2 mepeme-
menuii. HeCKOJIBLKO N3MEHUB CTPYKTYPY JAaHHBIX, IPUMEHUB  IBYXIIYTeBLIE BCTABKU , CYMEJ! COKPATUTH
YHCJIO IIePeMeIlleHU 10 %N 2, IIpu coptupoBke metonoMm Ilessa "¢ y6BIBAIOIAM IIIATOM  YHCJIO CPABHEHHI
U TlepeMelleHuil cHIKaeTca TpuMepHo 1o N3 nna rex sHauenuit N, KoTopble BCTPeUYaroTCS Ha IPAKTHKE;
npu N — 00 9TO UMCJIO MOXKHO COKpaTuTh A0 mopanka N (log, N)?2. [lanbHeiiee cTpeMIeHre YIYIITUT
aJrOPUTM—IYTEeM IPUMEHEHUA CBA3AHHON CTPYKTYPHI JaHHBIX—IIPUBEJIO HAC K BCTABKAM B CIIMCOK, IIPU
KOTOPBIX BHITIOJHAETCS OKOJIO iN 2 cpaBHeHuit, 0 mepeMetnenuii u 2N U3MeHeHU CBA3eH.

MosxkHO M COEUHUTH JIydIIne CBONCTBA STUX METOLOB, COKPATUB UYKCJIO CPABHEHUU OO IMOPAAKA
Nlog N, xak npu OMHApHBIX BCTaBKAaX, W WCKJIIOUUB IIPU 9TOM IIepeMeIlleHuA JAaHHBIX, KaK IIPU BCTAB-
Kax

Picture: Puc. 13. IIpumep cxembl Yujaepa IJisi BCTAaBOK B IEPEBO.

Bcnucok? OTBeT yTBePANUTEIbLHBIN: 5TO JOCTUTAETCA IIEPEX0J0M K IPEeBOBUAHOM CTPYKTYype. Taxas BO3MOIK-
HOCTH ObIJIa BIIEPBbIe MccaegoBana okoao 1957 r. I1. k. Yuiepom, KOTOPBIH IPEAJOKUI UCIOJIb30BATh
IBYXIIyTeBbIe BCTABKH IO Te€X 10D, IOKAa He MOABUTCA He0OXOAMMOCTE IIepeMelaTh JaHnHbie. Torma BMecTo
TOTO, YTOOBI UX MEePEeMeIaTh, BCTABISIETCs yYKas3aTeJab Ha HOBYIO 00JIaCTh TaMSTH, U TOT K€ CaAMbIil MeTO
PEKYPPEHTHO IPUMEHAETCS KO BCeM dJieMeHTaM, KOTOPble HYsKHO BCTABUTD B 9TY HOBYIO 00JIaCTh MMaMATH.
OpuruHanbHBIN MeTon Yuiaepa [em. A. S. Douglas, Comp. J., 2 (1959), 5] upeacrasiiser co0oil CI0KHYIO
KOMOMHAIIHIO TTOCIeA0BATEIbHOM U CBA3aHHOM MaMATH C y3JIaMU ITIePeMeHHOT0 pasMepa; AJIA HAITUX II1eCT-
HaAIaTH YKces ObLI0 ObI chOPMUPOBAHO AePeBOo, IIOKasaHHoe Ha pruc. 13. AHaJIornuHyI0, HO 60Jiee IPOCTYIO
cXeMy BCTaBKHU B JIEPEBO C MCIOJb30BaHIMEM OMHAPHLIX JE€PEeBbeB He3aBHUCHUMO paspaboTas okoJyio 1958 r.
K.M. Beprec-JIu [cm. Comp. J., 3 (1960), 174, 184]. Cam 3TOT MeTOA 1 €70 MOJAEPHU3AIIUY BeChbMa BasKHbI
KaK JJIs COPTUPOBKM, TaK U IJIs IONCKA, IOSTOMY IIOAPOOHO OHU O6CY K IAIOTCS B IVI. 6.

Eite ofiuH IyTh YyAYYIIATE IPOCTHIE BCTABKU—IIONBITATHCS BCTABJATL HECKOJIBKO JIEMEHTOB OHO-
BpeMenHo. Ecau, manpumep, umeerca Paita u3 1000 smemenToB 1 998 1n3 HEUX yKe OTCOPTHUPOBAHEI, TO
aJITOPUTM S BBITIOJHUT eIlle ABa mpocMoTpa (aitia (BcTaBuB cHavasa Rggg, a moTOM R1900). OueBuaAHO, MOXK-
HO COKOHOMUTDH BPEMSA, €CJIM CHAavaJia CPaBHUTh KJIoun Kggg ¢ K199 YTOOBI BBIACHUTD, KOTOPBIA U3 HUX
6oJIbIlle, a IIOTOM BCTABUTBL UX 00a 3a oguH mpocMoTp daitna. KomOumHMpPOoBanHasA omeparus Takoro poaa
TpebyeT okoJ10 (2/3) N cpaBHeHUH 1 nepemerneHnii (cp. ¢ yup. 3.4.2—5) BMeCTo JBYX IPOCMOTPOB, IPUMEPHO
o N/2 cpaBHeHU 1 IepeMeIeHnil KaKIbIi.

Wuaue roBOPA, OOBIYHO GBIBAET TIOJIE3HO TPYIIUPOBATEL  OINEPaIlud, KOTOPbIe TPEGYIOT MINTEILHOTO
IIOMCKAa, YTOOBI MOKHO OBLJIO BEITIOJHUTH HECKOJIBKO ollepalinii BMecTe. Eciu JoBecTu aTy uUAEI0 10 ee ecTe-
CTBEHHOT'O 3aBePIIIeHNs, TO Mbl 3aHOBO OTKPOEM [AJIsI ce0s COPTUPOBKY ITOCPEACTBOM CIAUSHUSA, HACTOJIBKO
BasKHYIO, UTO el ITIOCBAIIEH OTAeNbHbBIN TYHKT.

CopTupoBKa ¢ BIUMCIeHUEM afpeca. Temneps y:K Mbl, HECOMHEHHO, MCUEPIIAIN BCE BO3MOKHBIE CIIOCO-
OBl YCOBEPIIIEHCTBOBATh METO/] IPOCTBIX BCTABOK, HO AaBaiiTe mogymaem emile! Ilpeacrassre cebe, 4To Bam
JaJivl YUCTHIN JIUCT OyMaru 1 coOupaloTcs JUKTOBATh KaKKe-To cjoBa. Bamra 3agaua—sanucaTh ux B ajuda-
BUTHOM IOPSAIKE U BEPHYTH JIMCTOK C OTCOPTHUPOBAHHBLIM CIIMCKOM CJIOB. ¥ CJIBIIIIAB CJIOBO Ha OYKBY A, BBHI
OyZeTe CTPEMUTHCS 3alMCATh €T0 OJIMIKe K BepXHeMYy Kpalo CTPaHUIIbl, TOTAa KaK CJI0BO Ha OYKBY §1 Oyzer,
HO-BUAUMOMY, IIOMEIIeHO O0JIMKe K HUKHeMY KPalo CTPAHUIILI U T. . AHAJIOTUYHBIN CIIOCO0 IIPUMEeHAeTC s
IPU PACCTAHOBKE KHUT Ha MTOJIKe 10 (DaMUJIUAM aBTOPOB, €CJIM KHUTY 0ePYTCs C I10JIa B CAYUANHOM ITOPALKE:
CcTaBsA KHUTY Ha IIOJIKY, BB OI[eHUBAaeTe ee KOHEUHOE MOJIOXKeHNe, COKPAITasa TaKuM 00pa3oM YUCJIO HEeOO-
XOAMMBIX CPaBHEHUU u nepemernieHui. (APpdeKTUBHOCTE IIpoIlecca MOBHIIIAETCA, €CJIN Ha MOJKEe UMeeTCA
HEMHOTO0 00JIBIIIE MeCTa, YeM 3T0 abCOoI0THO HeoOxoaumo.) Takoii MeTo MallTMHHOIN COPTUPOBKY BIIEPBBIE
npepioxkuau Ucaak u Cuurartox, [JACM, 3(1956), 169—-174]; on moayuu gaabHelliee pasBuTHre B paboTe
Kpoumaia u Taprapa [Proc. ACM Nat’l Conf., 21 (1966), 331-337].

CopTUPOBKA C BRIUUCJIEHUEM aapeca OOBIYHO TPeOyeT SJOTMOJHUTEJIHHOTO MPOCTPAHCTBA MaMATU JIN60
JIJLA TOT0, YTOOBI OCTABUTH JOCTATOYHO CBOOOLHOTO MECTa U He IeJIaTh MHOTO JUITHUX IIepeMeIeHn, J10o
LA XpaHeHUA BCIIOMOTATeJIbHBIX Ta0JIUIl, KOTOPHIE OBl ITO3BOJIAIN YUNTHIBATE HEPABHOMEDPHOCTD pPacIpe-
neneHnd Kiaoudeii. (CM. COPTUPOBKY paclupenesaoniuM moacueToM (aaroputm 5.2D),
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YupaxkHeHUuA

1. [M25](Becnopsadok 6 6ubruomere.) HeOpe:KHble YNTATEIN YACTO CTABAT KHUTY Ha IIOJKU B OMOIMOTEKE
He Ha cBoe MecTo. O1H 13 cI0cO00B N3MEPUTH CTeIIEHb OeCIIoPSAAKa B 0M0JI10TeKe—I0CMOTPETh, KaKoe
MUHUMAaJbHOE, KOJIUYECTBO Pas MPHUIILJIOCEH ObI OPaTh KHUTY C OLHOTO MECTA U BCTAaBJATH €e B Jpyroe
MEeCTO JO TeX IIOP, MOKAa KHUTHU He OKAKYTCS PACIOJIOKEHHBIMU B IIPAaBUJIBHOM Hopsanke. Ilycts m =

a az ... a, — IepecTaHOBKAa MHOKecTBa {1,2,... ,n}. "Onepanus yJaseHUA-BCTAaBKU 3aMEHSET T HA
ap a2 ... Q-1 ... G5 A3 Gj41 ... An

WU Ha
a1 ... Q; G; Aj41 --. Gj—1 Q41 ... An

IpY HEKOTOPBIX ¢ U j. [TyceTs dis(7) —MuHEMAaIBHOE YKCIIO OIeparuil yAaleHusi-BCTaBK Y, He00X0quMoe
[J1s1 yIOPSOYEHU S TepecTaHOBKY 7. MoK HO jii1 BEIpasuTh dis() uepes Gojiee IpocThie XapaKTEePUCTUK U

w?
2. [40] IIpoBenuTe 9KCIEPUMEHTHI CO caenyiolneil MoguduKanueii COPTUPOBKU C yOBIBAIOIIIMM IIIaroM,
VMeEOIeH IMeJbi0 YCKOPEeHNe  BHYTPEHHEro MuKaa : qasis = ¢, t— 1, ...,2ugnaj = hs + 1, hs + 2,

..., N nomenars mectramu R;_j < R;, eciu K;_j, > K;. (Takum o6pasom, pe3yabTaT 0OMeHOB He
pacIpocTpaHsAeTcd; He IPOU3BOAUTCA cpaBHeHUM K;_p, @ Kj_ o), . 3anucu He 06A3aTebHO OyAYT hg-
OTCOPTHUPOBAHBLI, HO 9TU IIPeABAPUTEIbLHEIE IPOCMOTPEI CIIOCOOCTBYIOT COKPAII[EHNIO YMCIa MHBEPCHUii. )
CopTHPOBKA 3aBePIIAETCS IPUMEHEHNEeM IPOCTLIX BCTABOK.

5.2.2. O0MeHHA s COPTUPOBKA

Mgz1 momo1TIIM Termepbh KO BTOPOMY 13 CEMeHCTB aJIrOPUTMOB COPTUPOBKY, YIOMAHYTHIX B cCAMOM Haya-
Je § 5.2,—K merozaM ~00MEHOB" HJH TPAHCIOBUIIUHA , MPeAyCMATPUBAIOIINX CUCTEeMATUUYECKUNH 00MeH
MeCcTaMU MeXKIy 9JeMeHTaMH IIap, B KOTOPBHIX HAPYIIaeTCs YIOPAZOUEHHOCTH, A0 TeX IIOpP, HOKa TaKUX
map He ocraHercs. [Ipomecc mpocThIx BcTaBOK (ajmroputm 5.2.1S) MOKHO paccMaTpuBaTh KaK OOMEHHYIO
COPTHPOBKY: MbI 6epeM HOBYIO 3allCh [X; U, 11O CYII[eCTBY, MeHAeM MeCTaMHU € COCeJIMHU cJieBa 0 TeX IIop,
IMOKa OHA He 3aliMeT HY:KHOTO MecTa. TakuMm o0pasoM, KJIacCU(PUKAIIUA METOAOB COPTUPOBKHU IO TaKUM
ceMelicTBaM, Kak BCTaBKM , OOMEHBI , BEIOOD M T. ., HE BCerZa UYETKO OIpefesieHa. B 3ToM IIyHKTe
MBI PACCMOTPHUM UYeThIpPe TUIIA METOJOB COPTUPOBKU, IJIA KOTOPHIX O0OMEHbI ABJIAIOTCSI OCHOBHOI XapaKTe-
PUCTHKOMI: 00MEHHYI0 COPMUPOBKY ¢ 8bt00pom (" MeTo[ My3bIpbKa "), 00MEeHHYI0 COPMUPOBKY CO CAUAHUEH
(mapasienbHyI0 COPTUPOBKY BaTuepa), o6mennyo copmuposky ¢ paddenenuem ("OBICTPYIO COPTUPOBKY
Xoapa), nopa3padHy 06MeHHYI0 COPMUPOBKY.

Metox ny3sIpbKa. Iloskanyit, HauboJsiee oueBuAHEeI cmoco6 06MeHHOM COPTUPOBKU 9TO CPABHUBATEL K
¢ K5, meusas mectamu Ry u Ry, eciim UX KJIIOUYU He YIOPAIOUEHBI, 3aTeM IPOeaTh TO Ke camoe ¢ Ry u
R3, Rz u Ry u T. . Ilpu BLITOJMHEHUH 3TOH MOCJIeq0BATEeIbHOCTH OIIePAIUi 3aTTMCH C OOJBITUMU KJIIUYaMU
OyIyT IPOABUTATHCSA BIPABO, 1 Ha CAMOM JieJie 3alKCh ¢ HANOOIBIITNM KJIIOUOM 3aiiMeT mojoxkenue Ry . [Ipu
MHOTOKPATHOM BBIIIOJTHEHUY 9TOT0 IIPOIlecCa COOTBETCTBYIOIIME 3allUCH ITONAAyT B mosuliuu Ry _1, Ry_ou
T. 1., TAK YTO B KOHIIE KOHIIOB BCE 3alIUCU OYAYT YIIOPAJOUEHBI.

Ha puc. 14 nokasamno geiicTBHe 3TOTO MeTOIa COPTUPOBKY Ha ITecTHaAaT KJaodyax 503087 512...703.
daita unces yao0HO

Picture: Puc. 14. CopTupoBKa METOAOM My3bIPhKA B JeHICTBUU.

MIPEJICTABJIATH He TOPU30HTAILHO, & BEPTUKAJIbHO, UTOOBI 3amuch Ry Oblaa cBepxy, a Ri—cHusy. Meron
HA3BaH METOJOM IY3bIPbKA ", IOTOMY UTO OOJILIINE 3JIeMEHThI, II0J00HO IIy3LIPhKAaM,  BCILILIBAIOT HAa CO-
OTBETCTBYIOIIYIO IIO3UIIMIO B IPOTUBOIIOJIOKHOCTEL = METOLY IMOTPYsKeHus (T. e. MEeTOAY IPOCTHIX BCTABOK),
B KOTOPOM 3JIEMEHTHI IIOTPYKAIOTCS HA COOTBETCTBYIOIMI ypOBeHb. MeToJ IMy3LIpbKa M3BECTEH TaKiKe
oz, 6oJiee IPO3aNYeCKUMI NMEeHAMM, TAKUMH, KaK  00MeHHAasA COPTHPOBKA C BHIOOPOM  MJIM METOH  pac-
mpocTpaHeHus . HeTpyaHO BUIETH, UTO MMOCJE KasKIOr0 IPOCMOTpa (paiiia Bce 3alnCH, HAUMHASA C CAMONI
mocjenHel, KOTopas yu4acTBOBajia B 06MeHe, U BBIIIIE, HOJMKHBI 3aHATh CBOM OKOHYATEIbHBIE IO3UIAH, TAK
YTO UX He HY KHO IPOBEPATH IIPU IIOCJAeAYIOIUX IpocMorpax. Ha puc. 14 Takoro posa mpogBusKeHUs aJro-
pUTMa OTMeYeHEl YePTOUKAMU. 3aMEeTHUM, HAIIPUMep, YTO IIOCJIe YeTBEPTOro IIPOCMOTPA CTAJIO U3BECTHO, UTO
ellle TATH 3aIUCcell 3aHAIN CBOW OKOHUYATEIbHBIE TO3UITNU. [Ipu mocaeqHeM, IIPOCMOTPEe BOOOIIE He GBLIO0
mpousBeneHo 00MeHOB. Temeps, cielaB 3TU HAGIIOAeHUS, MBI TOTOBBI CDOPMYJINPOBATE AJTOPUTM.

Agaroputm B. (Memod nyswvipvrka.) 3anucu R, ..., Ry mepepasMeliaroTca Ha TOM JKe MeCTe; IOCJe
3aBePIIEHNA COPTUPOBKY UX KJIIOUU OyAyT ynopanzoueHsl: K < ... < Ky.
B1 [Hauasnwsnas ycranoBka BOUND.] YcranoBuTrs BOUND <— N. (BOUND—UMHAEKC CAMOI'0 BEPXHET0 3JI€MeH-
Ta, 0 KOTOPOM eIlle He MU3BECTHO, 3aHsJI JIX OH YK€ CBOI0O OKOHUATEJbHYIO ITO3UIIUI0; TAKUM 00pasom,
MBI OTMeYaeM, UTO K 3TOMY MOMEHTY eIlle HUUero He N3BEeCTHO.)
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B2 [IIukxa mo j.] Yeranosurs t < 0. Bermoanuuts mar B3 mpu j = 1, 2, ..., BOUND — 1. 3aTem mepeiitu K
mary B4. (Ecoiz BOUND = 1, To cpa3y mepeiitu K B4.)

B3 [CpaBuenue/o6meH R; : R;;11%). Ecau K; > Kji1, To moMeHATs MecraMu R; <> R; 1 ¥ yCTaHOBUTDH
t<j.

B4 [Bouiu au o6mensi? ] Ecau t = 0, To 3aBepIlIuTh pabOTy aJIropuTMa. B IPOTUBHOM cjIydyae YCTAHOBUTD
BOUND < ¢ u BO3BpaTUThCA K 11ary B2. |

Picture: Puc. 15. Biok-cxemMa COPTUPOBKY METOIOM IIY3hIPbKA.

IIporpamma B. (Memod nysvipvra.) Kak u B npeasiagymiux MIX-mporpaMmax 9TOIi IIaBbl, MbI IIPEAIIO-

JaraeM, 4YTO COPTUPYyeMbIe 9JIEeMeHThI HaX0oAATcsA B sueiikax INPUT + 1, ..., INPUT 4+ N; peructpsl: rI1 = ¢;
ri2 =j.
START ENT1 N 1 B1. Hauansuasa yecraHoBka BOUND. ¢ < N.
1H ST1 BOUND (1:2) A BOUND < t.
ENT2 1 A B2.uxkx. mo j.
ENT1 O A t+ 0.
JMP  BOUND A Bemxopn, ecoiz j > BOUND.
3H LDA  INPUT, 2 C B3.CpaBuenue/obmen R; : Rj;q.
CMPA INPUT+1,2 C
JLE 2F C Ecmu K; < K; + 1, To 6e3 obmeHa.
LDX INPUT+1,2 B Rj+1
STX INPUT, 2 B — Rj .
STA  INPUT+1,2 B (umpexnee R;) — R
ENT1 0,2 B t<«j.
9H INC2 1 C j+j+1.
BOUND ENTX -%,2 A+ C rX + j — BOUND. (U3meHsieMasi MHCTPYKITMST)
JXN 3B A+ C 1< j < BOUND.
4H J1P 1B A  B4. Bounu au oomensr? K B2, ecan ¢t > 0.

Anajgu3 MeTona my3pIpbka. OueHb IIOJIE3HO MCCIEI0BATh BpeMsa paboThl anropurma B. OHo onpenesnser-
csA TpeMsA BeJIMUYMHAME: YHUCJIOM IIPOCMOTPOB A, unciiom ooMeHoB B u uncaom cpaBuenuii C'. Eciiu ucxogubie
KJIIOUYY Pa3JUUYHBl ¥ PACIIOJJOKEHBI B CAYUANHOM IOPSAKEe, TO MOKHO IPEAII0J0KUTD, YTO OHU 00Pas3yoT
CIYy4YalHyI0 IepecTaHOBKY MHOKecTBa {1,2,...,n}. IlousaTue raGuunsl uusepcuit (u. 5.1.1) npusogutr &
IIPOCTOMY CIIOCOOY OIUCAHUS AEeHCTBUA KaKIOTO IIPOCMOTPA IIPU COPTUPOBKE METOIOM IY3bIPbKA.

Teopema l. ITycmova; as ... a, — nepecmanosxka muoxecmsea {1,2,... n},aby by ...b, — coomeemcmayio-
waa mabauya uneepcuii. Ecau 6 pe3ysiomame 04epedH020 npocmMompa npu COpMmMuposKe memooom nysuvipoka
(anzopumm B) nepecmarnosxa ay as . .. a, npeobpasyemcs é ay aj . ..al,, mo coomeemcmaeywas mabiuya
unegepcuir by bl ... b, noaywaemesaus by by ... b, ymenvuwernuem Ha eOURULY KaN 0020 HYLEB020 dLeMeHMma.

Hoxasameanvcmeo. Eciu nepen a; mMeeTcs 60JbIINI 3JIEMEHT, TO a; IOMEHSAETCSI MeCTaMu ¢ HanboJIb-
UM 13 TTPEIIIIeCTBYIONINX 3JIEMEHTOB, TaK UTO b; YMEHBINTUTCS Ha efuHUITY. C IPYToii CTOPOHBI, €CJIU ITepes
a; HET BJIeMEeHTa, 6OJIBIIIEro a;, TO a; HUKOTja He IIOMEHAEeTCA MECTaMHU ¢ 6OIBIINM 3JIEMEHTOM, TaK UTO bg,
ocramercs 0. I

Wrak, MOKHO pa3odpaThbCs B TOM, YTO IIPOUCXOAUT B IIPOIleCCe COPTUPOBKU METOAOM ITy3bIPhKAa, U3ydasi
IIOCJIeJOBATEIBHOCTD TAOINI MHBEPCUH MEKIY IIPOCMOTPaMu. BOT KaK BBEIMVIALAT, HAIIPUMED,

6 BILGCB, KaK 1 paHee, IBOeTOUNEe NUCIIOJIb3yeTCA AJIA 0003HAUEHU S ommeparTtopa CpaBHeHI/Iﬂ.—HpLLM. pe@
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putMma BaTuepa 3aBepIliaeTcsi; 9TOT aJTOPUTM MOYKHO ObIIO ObI Ha3BaTh COPTHUPOBKOII MOCPEACTBOM
nepern6os!

MIX-mporpaMmma ajas anroputrma M npusemena B yup. 12. K corxaleHnio, KOJIMYECTBO BCIIOMOTaTeIb-
HBIX OTIepaIinii, HeOOXOIMMbIX [IJISI YIIPaBJIeH!A IT0CIeI0BaTEIbHOCTHIO CPABHEHUH, BeCbMa BEJINKO, TaK UTO
mporpamMma MeHee 3¢hheKTUBHA, UeM JIPYTHUe MEeTOIbI, KOTOPhIe MbI pasdbupaiu. OmHaKo aaropuTM odaagaeT
OTHUM Ba*KHBIM KOMIIEHCUPYIOIIIUM KaueCTBOM: BCe CpaBHeHMA/00MeHbI, OTIpeeseMble JaHHOM uTepau-
et mara M3, MOKHO BBITIOJHATH 00HO8peMmeHHO Ha OBM uau JOrnyecKUX CXeMaX, KOTOpPbhIe JOIIYCKAIOT
napaJjiebHble

Picture: Puc. 18. I'eomeTrpuueckasa nHTepuperamnusa meroga Batuepa, N = 16.

BBrYnCaeHns. C TAKMMIY IapaJllelbHBIMY OIePANNAME COPTHPOBKA BBIOIHAETC 3a & [log, N ([logaN+1)
I1aroB, U 9TO OJAUWH M3 CaMbIX OBICTPBIX M3BECTHBIX 00IUX MeTomoB. Hanpumep, 1024 anemenma mMoHHO
omcopmuposamds memodom Bamuepa acezo 3a 55 napannenvrovix wazos. Ero 61nKaimmmM COIePHUKOM
apiasercsa metron IIparra (cm. yup. 5.2.1-30), kotopsiit 3arpaunBaetr 40 uiau 73 miara B 3aBUCUMOCTU OT
TOT0, KaK CUUTATh: €CJIN MBI TOTOBBI JOIYCTUTD IEPEKPHITHE CPABHEHU 0 TeX MODP, IIOKA He nmoTpedyerca
BBINOJIHATH IIEPEKPLIBAIOIeca 00MeHbI, TO A copTupoBKu 1024 sa1emenToB metonom IIpaTTa Tpedyercs
Bcero 40 MuKJIOB cpaBHeHUA/ob0MeHa. [lanbHelne NOACHEHUA CM. B II. 5.3.4.

”BeicTpas copTupoBka”. B metone BaTuepa mociie1oBaTeIbHOCTh CPABHEHUH IIPEAONpeaeeHa: KA -
OBl pa3 CPaBHUBAIOTCS OOHU U Te K€ Maphl KJII0Uel He3aBUCHUMO OT TOTO, UYTO MbI MOIJIM Y3HATH O (aiiie
U3 IPEeIbIAYIIUX CPaBHEHUI. ITO YyTBEep:KIeH1e B O0JIBIIION Mepe CIIPaBeAJINBO U IIPUMEHUTEILHO K METOAY
Oy3bIPbKAa, XOTA aJTOPUTM B 1 MCIONb3yeT B OTPAHUYEHHON CTeIeHU IMOJyUYeHHbIe CBeIeHUA, C TeM UTO-
ObI COKPATUTh KOJMUYECTBO PabOTEI B IIpaBoM KoHIe (aiiiaa. O0paTumMcA Telephb K COBCEM MHOII CTpaTerun,
IPU KOTOPOIi NCII0JIb3YETCs Pe3yIbTAT KaXKI0I'0 CPaBHEHM S, YTOOLI ONIPeIe/INTh, KaKkue KJII0UM CPAaBHUBATH
caenyromumu. Takasa crpaTerus He TOAUTCA AJA HapaJlieJbHBIX BbIUNCICHUN, HO OHA MOYKET OKa3aThCA
IJIOLOTBOPHOIM IJIsl BEIUKMCIUTEIbHLIX MAIIINH, PA6OTAIOIIUX IOCJIEJ0BATEIBHO.

Hrak, paccMOTpUM. CIEAVIOIIYIO CXeMY cpaBHeHNti/00MeHOB. VIMeloTCcs ABa yKasaTesd ¢ U j, IpuUeM
BHauase i = [, a j = N. CpaBaum K; : K;, u ecau o6MeH He TpebyeTcs, TO YMEHBIINM j Ha eJUHUIY U
TIOBTOPUM 3TOT IIpoliecc. [Tocsie mepBoro oOMeHa YBEJIUUYUM ¢ HA eIUHUITY 1 OyIeM IPOoJoJIKaTh CpaBHeHU T,
yBeIWuMBad i, IOKAa He IPOU30HIeT elle oquH oOMeH. Torma onATh YMEHBIIIUM j U T. I.; OyIeM '~ CIKUIraThb
CBEUKY ¢ 000MX KOHIIOB  , [IOKA He cTaHeT 7 — j. [locMOTpUM, HAaIIpUMep, YTO MIPOU30NIET ¢ HAIIUM (Paiaiom
U3 MIEeCTHAAIIATA YHCEJI:

HaHo: 503 087 512 061 908 170 897 275 653 426 154 509 612 677 765 703
YMEHBIIUTS j
1-fiobmer 154 087 512 061 908 170 897 275 653 426 503 509 612 677 765 703
YBEJUYUTD i
2-nobmen 154 087 503 061 908 170 897 275 653 426 512 509 612 677 765 703
YMEHBIIUTS j
3-i1obmern 154 087 426 061 908 170 897 275 653 503 512 509 612 677 765 703
YBEJUYUTD I
4-71 oomen 154 087 426 061 503 170 897 275 653 908 512 509 612 677 765 703
YMEHBIIUTD j
5-i1obmern 154 087 426 061 275 170 897 503 653 908 512 509 612 677 765 703
YBEJIUYUTD ¢
6-11 obmern 154 087 426 061 275 170 503 897 653 808 512 509 612 677 765 703
YMEHBIIUTS j

(YTo0bI BEIABUTH COCTOAHUE ¢ U j, Kaoun K; u K; HameuaTaHbl KUPHBIM IIPA(PTOM.) S3aMeTHM, UTO B
KaKJIOM CpaBHEHUU 9TOT0 IpuMepa yuacTByet Kiiou 503; BooOIITe B KayKI0M CpaBHEHUU OYIeT yIacTBOBATh
UCXOMHBIN KJI0U K7, MMOTOMY YTO OH OyJeT MPOMOJI:KaTh OOMEHMBATHLCA MECTAMHU C JPYTUMHU KJIIOUaMU
KaX bl pas, KoTAa MBI IlepeKJIoyaeM HanrpaBiaenue. K MomenTy, Korjga ¢ = j, ICXOAHAA 3aUCh R, 3aiiMeT
CBOIO OKOHUYATEJbHYIO IIO3UIIMIO, IIOTOMY 4YTO, KaK HETPYAHO BUIETH, CJeBa OT Hee He OyAeT OOJIBIITNX
KJII0OUell, a cipaBa— MeHbIuX. VIcXoaHbIi (haiij oKasKeTcs pa3fejieH TaKM 00pas3oM, YTO IIepBoHavYaIbHAA
3aJiavua cBeJeTCs K ABYM 0oJee IPOCTHIM: COPTUPOBKe (haiisma Ry ... R; 1 u (e3aBuCUMO) COPTHUPOBKe (aitia
R;y1 ... Ry. K xraxpomy us aTux noA@daiyioB MOKHO IPUMEHUTH TOT K€ CAMBIHA METO/I.

B rabsa. 2 nokasaHo, KaK BEIOPAHHBI HAMY JJIA IPUMePOB (haiij IOJTHOCTHIO COPTUPYETCA IIPU ITOMOIITHN
aToro metona 3a 11 craguii. B cKkoOKM 3aKJII0UEHBI TOA(aliJIbl, KOTOPHIE eIlle IPEeJCTOUT OTCOPTUPOBATE; B
MaIluHe 3TU MoAMaRIbl MOKHO IIPEACTABIATh IBYMSA IePeMEeHHBIMY | 1 1 (IPpaHUIlbI pACCMAaTPUBAEMOTO B
OAHHBIA MOMEHT (aiia) 1 CTeKOM HOMOJIHUTENbHEIX ap (I, ri ). Kaxabiil pas, Korga daiis nogpaspessiercs,

43
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MbI IIOMEIIaeM B CTeK 00./1bliuil n3 ToAdaijoB 1 HaunHaeM o0pabaThIBATh OCTABIIIUNACA, ¥ TAK A0 TEX IIOP,
MIOKa He IIPUIeM K TPUBUAJIbHO KOPOTKUM dhaiiaaM; KaK IoKasaHo B yup. 20, Takas mporeaypa rapaiTupyer,
4YTO B CTeKe HUKOTZa He OyJeT HaxoquThes 60iee, yeM IpUMepHO log, [N 91eMeHTOB.
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LIS COPTUPOBK M) ObICTPAsi COPTHUPOBKA IIPEBpaIllaeTcss B OTHIOAb He OBICTPYI0. BpeMs ee paboThI cTaHO-
BUTCA IPONIOpIroHANIBHEIM N2, a He N log N (cM. yup. 25). B oTimune oT Apyrux aJropuTMOB COPTHPOBKH,
KOTOpbI€ HAM BCTPEUAINCH, AJITOPUTM Q IIPEAIIOUNTAET HeYIOPAOUeHHbIe (Daiab!

B ymomsauyToii cTaThe Xoapa IMpeaJiosKeHbl ABa criocoba MOoIPaBUTh CUTYAIlNI0, OCHOBBIBAIOIITUXCA HA
BBIOOPE JIYUIIIero 3HaUeHI IPOBePAeMOoro Kaoua K, KOTOphIil yIIpaBJser pasaenaenneM. OmHa 13 ero peKo-
MeHJAIUH COCTOUT .B TOM, YTOOBI B ITOCJIEAHEl YacTu mara Q2 BEIOUPATH CAYYAllHOe TIeJIoe YUCIIO ¢ MEXIY
l ¥ r; B 3TOM IIIare MOXKHO 3aMEeHUTh HHCTPYKIuKN K < K;, R+ R;" Ha

K+ K,, R+ R;, R;+ Ry (27)

CorusacHo Gopmysam (25), Takue cirydaifHble I[eJible YKCJIa IPUAETCS BEIYUCIATh B cpegHeM juiab 2(N +
1)/(M+2)—1pas, Tak 4TO AOIOJHUTEIbHOE BpeMs Pa0OThI HECYII[ECTBEHHO, a CJIyYaiHbINA BEIOOP—X0POIIas
3allTa OT OIIACHOCTU OKa3aThCA B HAUXYAIIEH CUTyaI[uu.

Bropoe npeaioxkenne Xoapa COCTOUT B TOM, YTOOBI IPOCMOTPETh HeOOJIbIIION yUacTOK (aitia u HalTh
MeIUuaHy AJIA 3TOIM COBOKYITHOCTH NJaHHBIX. Takomy moaxony nocaegosas P. K. Cuurarou [CACM, 12(1969),
185—-187], xoTopkIil NpeAIoXKMI B KauecTBe K, 6paTh MeuaHy TpexX 3HaUeHU

K, K{ry2), K- (28)

IIpomiengypa CuHTITOHA COKpaIllaeT uncjo cpaBHenui ¢ 2N In N mpuMepHO 10 %N In N (cMm. ymp. 29).
MoskHO TOKasaTh, 4T0. B 3TOM ciiy4dae By acumnrorudecku npubnmxaercs K Cy /5, a ve kK Cy /6, Tak 4To
MeTOJ] MeINAaHbl HECKOJIBKO YBeINUYNBaeT BpeMsi, 3aTpauynBaeMoe Ha IePechlIKY AJaHHBIX, II09TOMY 00Iliee
BpeMsA pabOTHI COKpalaeTcsa mpuMepHo, Ha 8% . (IlogpobHbIi aHamu3 cM. B yup.56.) Bpems pabGoTsl B
HaUXyZAIIeM clIydae Bce ele Mopanka N2, OJHAKO C TAKMIM MeJJIeHHBIM II0BeJeHHeM aJIrOPUTMAa BPAX JIH
Korga-ambo IpuIeTca BCTPETUTHCA Ha TPaKTUKe.

V. II. ®poiizep u A. U. Mak-Kennap [JACM, 17 (1970), 496—507] upenioKuau paccMaTPUBATh CO-
BOKYIIHOCTH ropasio Goblero o0bema us 2 — 1 sammceit, rae k BoiGupaeTcs Tak, uToObl 28 ~ N /InN.
ITY COBOKYITHOCTH MOYKHO OTCOPTHUPOBATH OOBIYHBIM METOA0M OBbICTPOII COPTUPOBKH, IIOCJIE UEeTO SJIEMEHTBI
BCTaBJIAIOTCA CPENU OCTAJLHBIX 3amucell 3a k mIpocMOTPOB Bcero daiina (B pesyabsrare daiia 6yaer pasze-
seH Ha 2F mozdailnoB, OrpaHNUYEHHBIX HIeMeHTaMH IepPBOHAUAIBHOH COBOKYIHOCTH). Ha 3aKII0unTe IhHOM
JTare COPTUPYIOTCA MoJayUueHHbIe moadaiinnl. CpemHee YMCI0, CPAaBHEHUH, BLIMOMHAEMBIX TaKOM IPOIeNy-
POl " COPTUPOBKU COBOKYIIHOCTH , IPUMEPHO TaKoe e, KaK U A1 MeToga Meauansl CUHIITOHA, Korga N
HAXOAUTCS B MPAKTUYECKOM AUAa30He 3HAUEHUH, HO Tpu [N — 00 OHO ACUMIITOTHUUYECKH IIPUOINIKACTCI K
Nlog, N.

O0MeHHAs MOpa3pATHAA COPTHUPOBKA. MBI IIOAXOINM Telleph K METOAY, COBEPIIEHHO OTJIUYHOMY OT
BCEX CXeM COPTUPOBKH, KOTOPHIE PACCMAaTPUBAINCH IIPEKIe; B HEM HCIIOJIb3yeTcd 080uyHOe npedcmas.ie-
HUe KJIoUel, U.IO0TOMY OH IpeIHasHaueH WCKJIOUNTEIbHO IJIs ABOMYHBLIX MAIlWH. BMeCcTO TOro 4ro0bl
CpaBHHBATH MeXKIY c000Ii [Ba KJI0Ua, B 9TOM MeTOjle IpoBepseTcs, paBHEI ju 0 uau 1 oTaeabHbBIE GUTHI
KJIfoua. B Ipyrux OTHOIIEHUAX OH 00JaaeT XapaKTepUCTUKAaMU 00OMEHHO COPTUPOBKY M HA caMOM JeJie
OUeHb HAIIOMHUHAET OBICTPYIO COPTUPOBKY. TaK KAk OH 3aBUCHUT OT Pa3PsAI0B KJI0UA, IIPEICTABIEHHOr0 B IBO-
MYHOH CUCTeMe CUMCJIeHNA, MLl Ha3LIBAeM ero = 00MeHHOM IOpaspAAHONA COPTUPOBKOM . B 001ux yeprax
STOT AJITOPUTM MOXKHO OIIKMCATH CJIEAYIOIIMM 00pa30oM:

1) IlocnemoBaTesBLHOCTH COPTUPYETCS NO cmapulemy 3navaujemy 060uiHoMy 6umy Tak, ITOOHI
BCe KJOuM, HaunHaolnueca ¢ 0, okasaauch mepes BCeMU KJIOUaMU, HAUMHAIOIUMUCT ¢ 1.
11 TOTO HAL0 HANTU caMBIH JIeBbI KJa0U K;, HAaUMHAIOMNMCA ¢ 1, U caMbIii TPaBBIN KJIIOU
K, saunnaromuiica ¢ 0, mocye dero R; u X; MeHAIOTCA MecTaMH, U IIpollecc IOBTOpsAeTCH,
IIOKa He CTaHeT ¢ > j.

2) Ilycts Fy—MHOKECTBO 3JIeMeHTOB, HaunHatomuxcs ¢ 0, a F;—Bce ocranbHble. [IpuMeHuM K
Fy mopaspAgHy0 COPTUPOBKY (HauaB Temephb CO 8Mmopozo OMTAa CIeBa, a He CO CTapIIIero) A0 TeX
Iop, ITOKAa MHOKeCTBO F{ .He OyZeT ITOJTHOCTHIO OTCOPTUPOBAHO; 3aTeM IIPOAeIaeM To e ¢ Fi.

Hanpumep, B Tabsa. 3 mokasamo, Kak JgelicTByeT oOMeHHAas IOpas3psaaHas COPTHPOBKA Ha Hamu 16
CIy4YalHBIX UHCeJ, 3alIMCAHHBIX Tellepb B BOCbMepPUUYHOIi cucTeMe cunciaenusi. Ha craguu 1 mokasal ucxom-
HBI# (paiii; mocie 0OMEHOB II0 IIePBOMY OUTY IIPUXOAUM KO BTOpoii cranuu. Ha BTopoii cTafuu COPTUPYETCA
IepBas IpyIIIa mo BTOPOMY, OUTY, HA TPeThbei—IIo TpeThbeMy OuTy. (HuTaTeapb HoJKeH MBICJIEHHO IIPeos-
pasoBaTh BocbMepuuHbIe uncaa B 10-paspaaubie JBonyHbIe.) Korma MbI Tocjie COpPTUPOBKH 10 .YeTBEPTOMY
OUTYy AOCTHUTaeM IIATON CTaAWM, TO OOHAPYKUBAeM, UTO KakJasd M3 OCTABIIUXCS I'PYII COAEPIKUT BCETO
II0 OZIHOMY BJIeMeHTY,- TaK UTO BTy 4acTh (aiiia MoHO 60JIbIe He pacCMaTpUBaTh. 3amuch 10232 0252]"
o3HauvaeT, uTo moxadaiia 0232 0252 elre IpeaACTOUT COPTUPOBATH II0 YeTBEPTOMY OUTY cjieBa. B 3TOM KOH-
KPeTHOM CJIyuae COPTUPOBKA IO UETBEPTOMY OUTY He JaeT HUYero HOBOTO; UTOOBI Pas3mesiuTh dJIeMEeHTHI,
HeoO0X0AMMO A00PAThC [0 IIATOTO OUTA.
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Bechb nporiecc cOpTUPOBKY, ITIOKA3aHHBIM B TabJI. 3, BBIMIOJIHAETCS 3a 22 CTaAUU; 3TO HECKOJIBKO 00JIbIIIEe
COOTBETCTBYIOIIET0 YMCJA B OBICTPOM copTupoBKe (Tabsa. 2). Hucsio mpoBepok 6uUTOB 82 TaKiKe BeJINKO; HO
MBI YBUINM, UTO YHCJIO IIPOBEPOK OUTOB IIpu Gosbiiux 151

Picture: Tabauma 3

N B IefiCTBUTEJILHOCTH MEHBIIIe, YUeM UHCJIO CPABHEHU B OBICTPOI COPTUPOBKE, B IPEIOJIOKEHUN O paB-
HOMEPHOM pacupeneneHuu Kiioueii. O6imee uncyio o00MeHOB B Tabs. 3 paBHO 17, T. e. BecbMa yYMeEPEHHO.
3aMeTuMm, 4TO, X0Ts copTupyiorca 10-01uToBRIe UKC/Ia, B JAHHOM IIPIMepPe IIPU IPOBepPKe OMTOB HUKOT/[a He
MIPUXOAUTCA UATH AAJbIIIE CeILMOT0 OuTAa.

Kak u npu GbICTPOI COPTUPOBKE, MJIA XPAaHEHUS  WHOOPMAIUHU O rpaHuIax mnoAdaiioB, 0MKULA0-
IIIUX COPTUPOBKM, MOYKHO BOCIIOJIB30BATHCS CTEKOM. BMeCcTO TOro UTOOLI COPTUPOBATL B IIEPBYIO OUepPeb
HaMMeHBINHN 13 moaGaiioB, yI00HO ITPOCTO MPOABUTATHLCA CJIeBa HAaIPpaBo, TaK KaK pasMep CTeKa B. 9TOM
cayuae HUKOTIa He IIPeB30HiaeT uncjaa 6UTOB B COPTUPYEMBIX KJI0Uax. B aaropurme, mpuBeIeHHOM HUKE,
ayeMeHT creKa (1, b) yKassIBaeT Ha TO, UTO MoAGAaiI ¢ IpaBoil rpaHuIel I 0KUJAeT COPTUPOBKH II0 OUTYy b;
JIEBYIO TPAHUILY MOKHO He 3allOMUHATh B CTeKe: OHa BCerla 3ajaHa HesiBHO, IIOCKOJBLKY B 9TOI IIpoIeaype
daitn Bcerga oopadbaThiBaeTCs cjeBa HaIpaso.

Anropurm R. (O6mennas nopa3psadnas copmuposka.) 3anucu R, ..., Ry mepepasMeIiaroTcs Ha TOM

JKe MecTe; ITocJie 3aBepITeHUA COPTUPOBKY X Kirtouu 0yayT ymopsagouenbl: K < ... < Ky. IIpegmonaraer-

s, UTO BCE KIIOUYN—1M-PasdpsaHbIe JBOMUHEIE YUCJIA (A1 A2 . .. Ay )2; i-1 10 CTAPIIUHCTBY OUT a; HA3BIBAETCS

"our ¢ Kiaoua. TpebyeTcs BCIIOMOraTeIbHBIN CTEK, BMEIAIOIUA 0 M — 1 5JIeMEeHTOB. ITOT AJITOPUTM, 110

CYIIeCTBY, CJIEIyeT Ipolieaype oOMeHHOI ITOpaspAIHON COPTUPOBKY C Pa3leIeHuAMU, OIIMCAHHON BBIIIIE;

BO3MOJKHBI HEKOTOPBIE YCOBEPIIIEHCTBOBAHMUS C I[€JIbI0 IOBBINIeHUA 3 (GeKTUBHOCTY (OHU OITMCAHBI Jajiee B

TEeKCTe U B YIPAKHEHUIX).

R1 [HauanbHasa ycranoBKa.| OMyCTOINTUTh CTEK W YCTAHOBUTL [ <— 1,7 < N, b+ 1.

R2 [Hauats HOBYIO cTanuio.] (MsbI xoTenau 66 Temepsb OTCOPTHUPOBATH moAdaiia R; < ... < R, mo 6ury b; mo
cmbicay anropurma l < r.) Ecau [ = r, To nepeiitu K mary R10 (Tak Kax ¢aiii, COCTOAIINI U3 OJHOI'0
CJIOBA, YK€ OTCOPTUPOBAaH). B IpOTUBHOM cilyyae YCTAHOBUTD ¢ <— [, j < 7.

R3 [IIpoBepurs K; Ha 1.] IIpoBeputs 6uT b Kaoua K;.. Eciu on paBen 1, To mepeiitu K mary R6.

R4 [VBennuuts i.] ¥YBennuuts ¢ Ha 1. Ecau ¢ < j, To BosBpaTuthcA K mary R3; B IPpOTHUBHOM ciiydae
mepeiitTu K mary R8.

R5 [IIposeputs K1 Ha 0.] IIpoBeputs 6uT b katoua K, 1. Eciu or pasen 0, To nepeiitu k mary R7.

R6 [Ymenbiuts j.] YMenbinuts j Ha 1. Ecaui < j, To nepeiitu K mary R5; B mpoTuBHOM ciyuae nmepeiiTu
K mary R8.

R7 [Ilomenars mectamu R;, R;1]. lomerars mectamu R; <+ R;1, 3aTeM nepeiitu K mary R4.

R8 [IIpoBeputrs ocobnie cayuau.] (K saToMy MOMeHTY cTanmsa pasfesieHUs 3aBepllieHa, ¢ = j + 1, 6utr b
kmtoueit K, ..., K; pasen 0, a 6ur b kmwoueit K;, ..., K, paser 1.) Yeeauuuts b 5a 1. Ecmu b > m,
rae m—o0IIee YncJI0 OUTOB B KJII0Uax, To mepeiitu K mary R10. (3to osHauaer, uro moadaita R; ... R,
orcoprupoBaH. Eciiu B (paiisie He MOXKeT OBITh PABHBIX KJIIOUeIi, TO TAKYIO IIPOBEPKY MOKHO He [eJIaTh.)
B nporuBHOM cayuae, eciau j < [ uaum j = r, BO3BBpPaTUThbCA K miary R2 (Bce mpoCMOTpPeHHBIE OUTHI
OKasayimch paBHBIMU cooTBeTcTBeHHO 1 mau 0). Eciu xe j = [, To yBenuuuts | Ha 1 u mepeiitu K
mary R2 (BcTpeTumics TOJIBLKO oguH 6uT, paBHbIi 0).

R9 [IIomectuTs B crek.] IloMmecTuTs B cTeK aaemMeHT (1, b), 3aTeM yCTAHOBUTD I < j U epeiTu K mary R2.

R10 [Baare us creka.] Ecau cTrek mycT, To COPTHPOBKA 3aKOHUYEHA. B IPOTUBHOM cjiyuae YyCTaHOBUTH [ <—
r 4+ 1, B3sTh u3. cTeKa ssmemeHt (', b'), ycranoButhb r < 1’, b <+ b’ u BogBparuThea K mary R2. |

IIporpamma R. (O6mennas nopaspadnas copmuposka.) B ciaenyroieit mporpaMmme Ajas Mamtuabr MIX
HUCIOJIB3YIOTCS, IO CYIIECTBY, Te JKe COTJIAIIIeHU s, UTO U B IporpaMmme Q. 3HaUeHuA perucTpoB: rI1 =1 —r,
rI2=r,rI3=14,rI4 = j,rI5 = m—b, r16 = pa3Mep CTeKa, €CJIU He CIUTATH TOTO, YTO B HEKOTOPHIX KOMAaH-
Iax (OTMeUeHHBIX HUKE) YIOOHO OCTaBUTDL r13 = ¢ — j uiau r14 = j — i. [JBOMYHOI IPUPOJOI TOPaspA HOI
COPTUPOBKU 00BACHAETCA MCIOJb30BaHME B 3TOU HmporpamMme KoMaHa SRB (HIBOMUYHBIN CABUT COAEPIKUMO-
ro AX BmpaBo), JAE (mepexoq, eciau comeps;kumoe A uetHo) u JAO (mepexoj, eciiu comeps:KuMoe A HeUeTHO),
ompenesieHHBIX B 1I. 4.5.2. IIpeanmomaraercs, utro N > 2.

START ENT6 O 1 R1. HauanbpHada ycranoBKa. OMyCTOIITUTh CTEK.
ENT1 1-N 1 [+ 1.
ENT2 N 1 r< N.
ENT5 M-1 1 b+ 1.
JUP 1IF 1 K R2 (omycTuts mpoBepkry [ = r).



9H

1H

3H

6H

5H

TH

4H

8H

2H
OH

INC6
ST2
ST5
ENN1
ENT2
ENT3
ENT4
INC3
LDA
SRB
JAE
DEC4
J4N
INC4
LDA
SRB
JAO
LDA
LDX
STX
STA
DEC3
J3NP
INC3
J5Z
DEC5
ENT4
DEC4
J4z
DEC4
J4N
J4NZ
INC1
J1NZ
ENT1
LD2
DEC1
LD5
DEC6
J6NN

1 S
STACK,6(A) S
STACK,6(B) S
0,4 S
-1,3 S
0,1 A
0,2 A
0,4 c’
INPUT, 3 c’
0,5 o
4F c’
1,3 cC"+ X
8F C'"+ X
0,3 c”
INPUT+1,4 c’
0,5 c”
6B c”
INPUT+1,4 B
INPUT, 3 B
INPUT+1,4 B
INPUT, 3 B
-1,4 C'-X
3B c'-X
0,4 A-X
OF A

1 A-G
-1,3 A-G
0,2 A-G
1B A-G
0,1 A—-G—-R
1B A-G—-R
9B A-G-L—-R
1 K
1B K+S
1,2 S+1
STACK, 6 (4) S+1
0,2 S+1
STACK,6 (B) S+1
1 S+1
2B S+1
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R9. IlomecTuTs B cTek. [rI14 =1 — j]

(r,b) = crexk.

rIl <1 —j.

7.

R2. Hauats HOBYIO cTaguio. [rI3 =i — j]
141, j«r.[rI3=1i—7]

R3. ITpoBeputs K; Ha 1.

MJIaAIIni OuT rA < out b kiaroua K.

K R4, ecsiu oH pasen 0.

R6. Ymenbmuts j < j — I. [rI4 = 5 —i].
KRS, ecmnj <i.[rI4 =7 —1]

R5. IIposeputrs K1 Ha 0.

MJIaAmIni OuT rA < 6uT b Kiaoua K.
K R6, eciu ou paseH 1.
R7. Ilomenars mecramu R;, ;1.

R4. VBenmnuuth i. i < i+ 1. [rI3 =17 — j]
KR3,ecimui < j.[rI3 =i —j]

rI3 1.

R8. IIpoBeputs ocobnle ciyuanu. [rI4 = HemsBecTeH]
K R10, eciu b = m, nunaue b < b — 1.

ri4 < j.
rI4d < j—r.
KR2,eciuj=r.
rid + j—1.

KR2,ecimj <.
KR9, eciu j # 1.

I+ 1+1.

Ilepexon, ecau | # r.
R10. Baars us creka.

Crex = (1,b)

K R2, ecsiu cTek He OBLT ITYCT.

Bpemsa paboTsl mporpaMMbI 06MEHHOM TOPa3pPALHON COPTUPOBKY 3aBUCUT OT

A = umcio craauii, B KOTOPBIX [ < 73

B = uncjo 3aMelleHnii;

C = C' + C" = uncs0 IPoBEPOK GUTOB;

G = umucJio ciayJyaes, Korga B mmare R8 b > m;

K = umcio cayudaes, korga B mare R8 b < m, j =1 (29)

L = uucyo ciyyaeB, korga B mare R8b < m, j <

R = gucJio caydaes, korga B mare R8 b < m, j = r;

S = umeiao cjJIy4aeB, Korma YTO-IU00 IIOMEIIaeTCA B CTEK;

X = 4wmceyo cayuaeB, Korga B mare R6 j < 4.

ITo sakouy Kupxropa S = A — G — K — L — R, Tak uTo 00Illee BpeMs BHIMOJHEeHUA paBHO 27A + 8B + 8C —
23G — 14K — 17L — 19R — X + 13 enmHUIl. 3a cUeT YCIOKHEHUA IPOTPaMMBbI MOYKHO HECKOJIBKO YCKOPUTH
IMUKJIBI TPOBEePKU OUTOB (cM. ynp. 34). OOMEHHYIO TTOPaspsAAHYI0 COPTUPOBKY MOMKHO TaKyKe YCKOPUTD,
€CJIU IIPY JOCTATOYHO MAaJIbIX 3HAYEHUAX PA3HOCTU T — | IPUMEHATH IIPOCThIe BCTaBKU, KAK 9TO CHEJIaHO B
anroputme Q, HO MBI He OyieM 3aJIeP’KUBATHCA HA TAKUX YCOBEPIIIEHCTBOBAHUAX.

47
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s anasnsa BpeMeH! BBIIOJIHEHUA OOMEHHOU MOPa3pALHON COPTUPOBKY HANIPAIIIMBAIOTCSA ABA TUIA
UCXOJHBIX JTaHHBIX:

i) IIycts N = 2™ u KJ0YHU, KOTOPhIe HAI0 OTCOPTUPOBaTh,— mpocTto uuciaa 0, 1, 2, ..., 2™ — 1, pacmoJo-
JKeHHBIE B CJIYUallHOM IIOPAAKeE.
ii) ITyeThr m = oo (HeoTrpaHUUEHHAS TOUHOCTD) U KJIIOUHM, KOTOPBIE HaJ0 OTCOPTUPOBATh, —HE3aBUCUMBIE,
PAaBHOMEPHO pacupejeseHHbIe B ipoMe:kyTKe [0, 1) gelicTBUTeIbHBIE UNCIIA.

Awnanus ciryudas (i) OTHOCUTEJIBHO IIPOCT, IIO9TOMY OH OCTABJIEH UMTATEJI0 B KauecTBe yHpaKHeHUs (CM.
yup. 35). Ciyuaii (ii) cpaBHUTEIBHO CJI0MKEH, IIOATOMY OH MakKXie OCTaBJIeH IJis yIpaskHeHu. B cienyroeit
TabJInile IPUBeIeHbl TPy0Oble OIleHKHU Pe3yJIbTATOB TOTO U APYTOr0 aHAJIN30B:

Beanunna Coayuqaii (i) Cayuqaii (ii)

A N alN
B %N logy N %NlogQ N
C Nlogy N N logy N
G 3N 0
2
K 0 N (30)
L 0 %(a —1)N
s LN 1y
X 5N (@ =1)N

3necb o = 1/(In2) = 1.4427. 3ameTum, 4TO CpefHee YUCIO OOMEHOB, IPOBEPOK GUTOB M 0GPAII[eHUI K CTEKY,
II0 CYIIeCTBY, ONUHAKOBO B 000UX CIyUasix, HECMOTPS Jaske Ha TO, 4TO B cayuae (ii) uucio craguit Ha 44%
6oxabmie. Ha coprupoBKy N aneMeHTOB B caydae (ii) Hama MIX-mporpaMMa 3aTpaTUT B CPeJHEM IPUOJIN-
3uTteabHO 14.4N In N enmHUIT BpeMeHU. ITO YMCJIO MOKHO OBLIO OBI COKPATUTh mpuMepHO 70 11.5N In N,
€CJIX BOCIIOJIb30BAThCA IIPeJiosKkeHneM 13 yup. 34. CooTBeTCTBYIOIAs BeINUNHA AJIA IPOrpaMMbI Q paBHa
12.7N In N, HO 1 ee MOKHO yMeHBIITUTE 70 11.7N In NV, eciiz Bocmioab30BaTheA mpeaaokenrneM CUHIITOHA U
BBIOMPATH MeJNaHy U3 TPEX KJIOUe.

B cnyuae paBHOMEpHOro pacupeieseHUs NAaHHBIX OOMeHHAd IOPaspsAnHAs COPTUPOBKA 3aHUMAaET B
cpegHEeM IIPUMEPHO CTOJBKO YK€ BPEMEHU, CKOJIBKO U OBICTpasd COPTUPOBKA; (PAKTUUECKU JIJIA MAIIUHBI
MIX oHa HEMHOTO OBICTpee, YeM OBICTpasd COPTHUPOBKAa. B ymp. 53 mokasaHO, B KaKOil Mepe 3aMeJIAeTCa
9TOT IPOIlecC IPU HEPAaBHOMEPHOM pacipeaeseHnu. Ba)KHO OTMETHUTh, UTO BeCh HAIIl aHAJN3 OCHOBAH HA
MIPEJIOJIOKEeHUY O TOM. UTO BCe KJIOUU Pasanulbl. 06 MeHHAA NOpa3paA0Has COpMUPO8Ka 8 mom 8ude, KAk
OHA ONUCAHA 8blUle, He 04eHb IPPeKMmMUBHA, eCaAU UMeOMCs 00UHAKO8ble KAWL, TAK KaK OHA IIPOXOAUT
yepe3 HECKOJBbKO CTagUl, TPeOYIOIUX BPEMEHU, IBITASACH PA3JeJIUTh MHOKECTBA OAMHAKOBBIX KJIOUEH,
moka b me cramer > m. OOIUH TpUeMJIEMbI# CII0CO0 MCIPABUTL 3TOT HEMOCTATOK IPENJIOKeH B OTBETE K
yup. 40.

Kak oOmenHas mopaspsigHas COPTUPOBKA, TaK 1 OBICTPas COPTUPOBKA OCHOBAHBI HA Miee Pa3meIeHus.
3amnucu MeHAIOTCS MecTaMH’ JI0 TeX IIOp, MOoKa (aia He OymeT pasdUT HA ABe YacTH: JeBbIH momdaia, B
KoTopoM Bce Kitoun < K mpu HekoTopoM K, m mpaBsIii moA@daiii, B KoTropoM Bee Kitoun > K. B 6eicTpoit
COPTUPOBKEe B KauecTBe K BbIOMpPAETCS peaNbHBIN KJIou 13 (aiijaa, B TO BpeMs KaK B 00OMEHHO# mopas-
PAIHONA COPTHUPOBKE, MO CYIECTBY, BLIOMPAETCS HEKOTOPBIN MCKYCCTBEHHBIN KJIIOU HA OCHOBE JBOMYHBIX
npencraBieHnii. YTo KacaeTcs NCTOPUUECKOI CTOPOHEI /Iesia, TO OOMEHHYIO IT0OPa3psIgHYI0 COPTUPOBKY OT-
kpbutu II. Xuapgedpauar, I'. Ucouri, X. Paitsunr u ¢K. IlIBapr [JACM, 6 (1959), 156—-163] npumepHO
3a roJ] 10 n300peTeHNA OBICTPOI COPTUPOBKY. BOBMOYKHEBI TAKIKe U IPYTHe CXEeMBI pa3/ieJIeHNA; HalIpUMED,
I:xon MakKapTu IpeaosKui BeIOupaTh K ~ %(u + v), ecu USBECTHO, YTO BCE KJIIOUN JIEKAT B JUAa30HE
MEXKIY U U V.

Eite oxguy crpareruio pasgenenus npemioxkua M. X. san Imzaen [CACM, 13 (1970), 563—-567]: Bme-
cTo TOoro uTo0bI BeIOMpATh K 3apaHee, Mbl y3HaeM , KAKOBO MOKeT OBITH XOpollee 3HaueHue K, ciens
B IIpoIiecce pasaeseHus 3a usmeHenueM Beanynd K' = max(Ky, ..., K;) u K” = min(Kj,..., K,). MoxHo
YBEJIMUMBATE i O TeX IOP, IOKA He BCTPETUTCA KJou, Goabinmuii K'; 3aTeM HauaTh YMEHBIIATH j, TOKA
He BCTPETUTCA KJIOU, MeHbInuil K, mocie 4ero moMeHATh UX MeCTaMH U/WJIW YTOUHUTHL 3HaueHudA K’
n K. OMnupudecKue TecThl AJIS 3TOM MHTEPBAJbHON COPTUPOBKU IIOKA3BIBAIOT, UYTO OHA TPeOyeT OKOJIO
1.64NIn N = 1.14N log, N cpaBHeHUil. ITO eJUHCTBEHHBI!I MeTOM, 00CYsK/JaeMbIil B 9TOM KHUTe, AJd IIOBe-
IeHUsI KOTOPOTO ellle He HaiIeHO aleKBaTHOI'0 TEOPETUUECKOr0 00'bACHEeHU .

0600611eH1Ie 0OMEHHOI ITOPa3PASHON COPTUPOBKH HA CAYUYAN CHUCTEMBI CUMCJIEHNA C OCHOBaHNEM, 00JIb-
mum 2, o0cyxaaeTca B . 5.2.5.

* AcuMnToTHYecKMe MeTOAbl. AHAIN3 aJI'OPUTMOB OOMEHHON COPTHPOBKU IPUBOIUT K HEKOTOPBLIM
0CO0EHHO MOYUYNTEJIbHBIM MaTeMATUUECKUM 3ajauaM, KOTOPHIE II03BOJIAIOT 00JIbIIIE Y3HATH O CII0CO0aX OIpe-
eJIeHUA aCUMITOTHUUYECKOro oBeneHuda Gpyukuu. Hanpumep, npu aHanmse MeTona ny3sIpbKa [(hopmyia
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(9)] MBI cTONTKHYJIUCH ¢ QYHKIIIEH

1
Wo=— > " (31)

KaxoBo ee acuMmnToTnueckoe 3HavueHnue?
MosxkHO meficTBOBaTh Tak e, Kak IIPU MCCJIEeLOBAHUU YKCJIa MHBOJIONUH [hopmyaa (5.1.4—41)]. Ilo-
9TOMY, IpeKIe YeM ABUTATLCS JajbIlle, IT0JEe3HO elle pas IIPOCMOTPeTh o0Cy KaeHne B KoHIe . 5.1.4.
UccrnemoBanme popmyisl (31) mokasbIBaeT, YTo BKJIAL IPU S = n 0OJbIlle, UeM BKJAL Ipu s = n — 1,
¥ T. I.; 9TO HABOAUT HaA MBICJb O 3aMeHe s Ha n — S. MbI CKOPO YBUAUM, UTO Ha CAMOM JeJie yao0Hee BCero
IIPUMEHUTH IMOACTAHOBKU L =n — s + 1, m = n + 1, B pe3dyabTaTe KOTOPHIX (popmy.ia (31) mpumer Bup,

% m,1:% S m-n Y L (32)

T 1<t<m 0<r<m-—t

[ 151 BHYTPEHHEN CYMMBI CYIIIECTBYET XOPOIIIO N3BECTHBIA aCUMIOTOTUYECKUI DAL, ITOJYUYeHHBIN U3 opMy-
JIBI CYyMMUPOBaHUS Jitiepa:

0<r<N

Nt 1 B
S = T SV ) 2 N ) 4 =
1
t
0

<t.>B_j(th — 5tj) + O(Ntik)
<k N

(cMm. ymp. 1.2.11.2-4). CnemoBaTeabHO, Hallla 3aja4a CBOAUTCA K N3YUEHUIO CYMM BUAA
1
— Y (m=t(m—t)'t*, k>-L (34)

T 1<t<m
Kak u B 1. 5.1.4, MOKHO IIOKa3aTh, UTO IPU 3HAUYCHUAX ¢, OOIBIINX ml/2e  ynpenn CYMMGBI ITPeHe0PesK MO

magbr: O(exp(—n®)). BuaunT, MoxkHO TOTOXKUTE t = O(m'/?t¢) u zamenuTs dakxTopmanbl MO GopMyIe
CrupauHra

(m —t)!(m —t)t t t t? t t tb o
T 1= — (= O(m=2+6%) ) |
m! m TP\ 1om2 2m * 3m?2 + 4m3 + 5m4 +0(m )

Taxum 06pa3oM, HAC UHTEPECYEeT aCUMITOTUIECKOE 3HAUEHNE CYMMBI

rp(m) = Z e~ t/2mik > . (35)

1<t<m

(CymmupoBaHUe 3[1eCh TaKiKe MOYKHO OBLIO ObI PACIIPOCTPAHUTDL Ha Bech AmamnasoH 1 < ¢t < oo, He usMe-
HUB IIPU 3TOM ACUMIITOTUUYECKOI'0 3HAUEHUA CYMMBI, ITOCKOJBbKY, KAK YKa3aHO BHIIIE, BXOSIIUE B CYMMY
sHaueHns mpu t > m'/?T¢ mpeneGpeKIMO MAaIIbL.)

Ilycts gi(z) = aFe " u f, (z) = gr(x/v/2m). IIo dopmyme cymmupoBauus Ditnepa mpu k > 0

S l) = /Omfk<m>dx+ > S m) — 10700 + By,

0<t<m 1<j<p

(1Pt /Om B,({z}) Igp)(x) dr — (36)

p!

(ﬁ) o [ 16 wlay) = ot

cJaemoBaTeNIbHO, ITPU IIOMOIITH, IO CYIIECTBY, TeX K€ IPUEeMOB, UTO U PAHbBIIIE, MOYKHO HOJYUYUTH ACUMIITO-
TUYECKUU psif A 1 (m), ecau ToabKo k > 0. Ho npu k = —1 aroT MeTo[ He rogUTCs, TAK KaK SHAYEHUe
f-1(0) He onpeneneHo; HEIB3s TAKXKE IPOCTO IPOCYMMUPOBATE OT 1 0 M, TaK KaK OCTATOYHLIE YJIEHBI HE
IaioT yOBIBAIOIIUX CTeIeHel m, ecau HUKHUU mmpeaena paBeH 1. (MeHHO B 3TOM CYTh Jeja, U, IIPeKae 4ueM
IBUTATHCS JaJIbIlle, YNTATEb JOJKeH yOeIUThCA B TOM, UTO OH XOPOIIIO MOHSJ 3a1avy.)

R, =
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UT06b! PASPELIATE 9Ty AMIEMMY, MOKHO IOIOMKATE 110 ONpeAeIeHnio g_1(z) = (e~%° — 1)/x, f_1(z) =
g-1(xz/v2m); Torga f_1(0) = 0 u r_;(m) HETPYAHO MOXYIUTE U3 ) ., ... f—1(t). YpaBHeHue (36) cpasen-
JINBO Temeph U IIpu k = —1, a ocTapIIMiics MHTerpa HaM ' XOpoIo 3HakoM (cM. yup. 43):

2 /m /m e_zz/zm _1 /m/2 e Y —1
—_— _1(x)dz =2 ——dz = ——dy =
Vam Jo 11 0 v oy

1 —y_l m/2 -y
:/ e7dy—i-/ 6—dy—ln(m/2):
0 Y 1 Y

= —y —1In(m/2) + O(e~™/?).

Temeps y Hac gocTaTouHO (hopMyJsT 1 PAKTOB JJIA TOTO, YTOOHI BBIBECTH HAKOHEI] OTBET, KOTOPHII paBeH,
KaK II0Kas3aHo B OTBeTe K ynp 44,

1 1 2 31
W, = Emlnm + 5(7 +In2)m — g\/27rm + 36 + O(nil/z), m=mn+1. (37)
OTUM 3aBeplIaeTcs aHAINU3 MeTOa Iy3bIPhKA.

YT0o6BI MPOAHAIN3APOBATE OOMEHHYIO IOPa3PASHYI0 COPTUPOBKY, HEOOXOAMMO 3HATH ACMMIITOTHYE-
CKOe TIIoBefleHre IPU N — 00 KOHEUHOHN CyMMBI

. :1;<Z)(_1)k2k11—1' 38

ATOT BOIIPOC OKA3LIBAETCS I'OPas3/I0 CJOMKHEee APYTruX 3a7au 00 aCUMIITOTHYECKOM IIOBEIeHUN, C KOTOPBIMU
MBI CTAJIKMBAJINCD [0 CUX IIOP; dJIeMEeHTaPHbIe METOAbI PA3JIOMKEHUS B CTeIeHHbIE PAALI, (DOPMYJIa CYMMU-
poBanusa Jitnepa u T. 1. 37ech 6eccuabHbI. Ciieayomuii BeiBo ObLI peaaosxern H. I'. ne Bpeitnom.

Yr0o6sI 136aBUTHCA B hopMy e (38) OT IOAABIIAIIEr0 BAXAHNA 60bIInx MEOKHTeNeH (] )(—1)F, MBI
HAYHEM C TOTO, YTO IIEPEIUIlieM CYMMY B Bue OECKOHEUHOTO0 psAaa:

Un =3 ()0 <2k1_ 1)j =S @ (1 —27)" 2 4 m). (39)

k>2 i>1 i>1

Ecau momoxuth © = n/2j, TO UJIEH PALA 3alUIIEeTCS B BUIE

zj(1—2*j)”—2j+n:ﬁ((1—f) —1—|—33).
X n

ITpu 2 < nf umeem
(1 - S)n = exp (n In (1 - %)) =exp(—z + 220(n™ 1)), (40)

a 3TO HaBOAUT HA MBICJIb O TOM, YTOOBI IpuOau3uTs (39) pagom

T, =Y (e ¥ — 21 yn). (41)

j=21

YTo0BI OIpaBAaTh 3TO IPUOINIKEeHNe, paccMoTpuM pasHocte U, — T, = X,, + Y,,, rme

Xn Z (27(1—279)" — 29 "/¥) = [r.e. cnaraembie mpu x > n]
jz1

2j<n17£
Z O(ne ™% = [Tax kax 0 <1 —279 <=2 ']
j=>1

2j<n175

O(nlogne™™") [rak xak umeercs O(log n)ciaraemsix];

Z a-27)" - 2j6_"/2j) = [craraembre mpu ¢ < n~¢]
jz1
2]‘2,”17&

_ ; O (2%) o)) [0 Gopmyre (40)]
29 >npt=e

=
I
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IIpuBefieHHOE HUMKE PACCYKAEHNE IIOKAMXKET, YTO 9Ta mociaeqHsa cymma ectb O(1); ciemoBaTenbHO,
U, —T,=0(1).(Cm. yup. 47.)

ITo cux mop MBI ellle He UCIO0/Ib30BATN HUKAKUX METON0B, KOTOPbIe Ol JeCTBUTEIbHO OTINYATIUCE OT
IPUMEHABIINXCA PaHee, HO

Picture: Puc. 20. KoHTypbl HHTETPUPOBAHUSA AJIS TOKIECTB ¢ raMMa-(PYHKITUAMU.

Ins udyueHusd psapga 1, morpebyerca HoOBas uaes, OCHOBaHHASA Ha IPOCTBIX MPUHITUIIAX TEOPUU QYHKITHI
KOMIIJIEKCHOTO IIepeMeHHOro0. KEc/iu £—IIpons3BobHOE MOJIOKUTEIHHOE YNCJI0, TO

1 1/24i0c0 1 0o 1 ]
e T = D(2)e *dz = — r (5 + it) (/2 gy (42)

27TZ 1/2—ioo 271—

s moKasaTeabCTBa 3TOTO TOXKAECTBA PACCMOTPUM IIYTh UHTEIPUPOBAHUA, TOKa3aHHBIHA HA puc. 20(a), rae
N, N' u M Benuxu. 3HaueHNe UHTErpaja BAOJb 3TOI0 KOHTYPa PABHO CyMMe BLIUETOB BHYTPHU KOHTYpA, a

NMEHHO
E 7% lim (24 k)T E x”
z——k
0<k<M 0<k<M

k

. 1/2 . _
WHTerpas no BepxHeii 4acT KOHTypa ecThb O (f_éo IT(t+iN)|z™* dt) , 1y HaC IMeeTCsA U3BeCTHAs OIleHKAa

[(t+iN)=O(N"'2e™N/2)  mpu N — .

[CpoitcTBa ramma-GpyHKIIUHI cM., Hanpumep, B Kuure A. Erdélyi et al., Higher Transcendental Functions,
1 (New York: McGraw-Hill, 1953), ri. 1.] IlosTomy MHTerpaa mo BepxXHeMY OTPe3Ky OECKOHeUHO MaJl:

_ 1/2
(0] (e mN/2 I / “(N/x)td ) . nTerpa mo HUKHEMY OTPE3KY BefleT ce0s CTOJIb e 0e300uaHo. [I1a Beruucie-
HHA HHTETPAJIA II0 IEBOMY OTPE3Ky KOHTYPAa BOCIIOIb3yeMCA TeM (PAKTOM, YTO

F<%+it—M> =F<%+it>/(—M+%+it>...(—l+%+it> =
_r< +zt> O(1/(M —1)1).

CieoBaTesbHO, HHTETpAJ IO J1eBoii cTopore ectb O(zM~1/2 /(M — 1)1) x [ |I' (4 +it) | dt. IlosTomy npu
M, N, N' — oo yieseer JUIIb MHTEIPAJI 110 IPABOI CTOPOHE; TeM CAMBIM JOKAa3aHo ToXAecTBo (42). B meii-
CTBUTEJIHLHOCTH TOKAECTBO (42) ocTaeTcs B CUJIe ¥ B TOM CJIyUae, eCJIu 3aMeHUTh % JIIO0BIM TOJIOKUTETLHBIM
YMCJIOM.

Tem :Ke caMbIM PacCysKIAeHNeM MOKHO BOCIIOJIb30BATHCS AJIS BBIBOJA APYTUX I0JE3HBIX COOTHOIIIEHUIH,
coZepKaIux raMmmMa-QyHKIIUH. BenanHy T~ % MOKHO 3aMEHUTDH APYTUMHU PYHKIIUAMY OT 2; MOKHO TaKIKe
3aMEHUTH APYToi BeJINUNHOM KOHCTAHTY 2 Hanpuwmep,

1 73/2“’100
= r Fdz=e" -1 43
3t |y [N dEm L (43)

a 9To—KpUTHUecKas BeaununHa B popmye (41) giaa T,:
T,=n) — [(2)(n/27) 1% dz. (44)
< .

CYMMI/IpOBaHI/Ie MOJKHO BHECTH 110 SHAK MHTErpajia, TaK KaK CXOAMMOCTB 31€Ch JOCTATOYHO XOPOIIIadd;,

uMeeMm
> (/) =n"Y (1/2") =n¥/(2" - 1),  ecmR(w) >0,
J<1 J<1

rak Kak [2%| = 2%(®) > 1, losromy

—3/2+1i00 r —1—2z
—3/2—ic0 2 -1

51
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¥ OCTaEeTCSA OIeHUTH MOCJEJHUN MHTErPaJ.
Ha sroT pas mHTErpupoBaHue IPOUBBOAUTCA II0 KOHTYPY, KOTOPBIA OOJIbIIIE BHITAHYT BIIPABO, KaK

nsobpasxeno Ha puc. 20(b). MHTerpas mo BepxHEeMy OTpe3Ky ecTb O (nl/ 2p—mM/2 fi\é N t dt) , ecom 21N £
1, a MHTerpaJ mo HIPKHEMY OTPe3Ky TaKKe IpeHeOpe:KuMMo Maj. FHTerpas 1o mpaBoMy OTPe3Ky paBeH
0 (n‘l‘M J75 ID(M +it)] dt). ®urcupysi M u ycrpemisisi N, N’ K 0o, MOKHO [TOKa3arh, 4To —1;, /N eCcThb
O(n='~M) mntoc cymma BeIweToB B 06aactu —3/2 < R(z) < M. Ilyers M — oo, I'(2) ©uMeeT mpocThie MoTIoCk
npuz = —1luz = 0,n" "% He uMeer most0CcOB, a1 /(2717 —1) uMeeT mpocThIe TOMIOCH TP 2 = —1+27ik/ In 2.

Hauboapiiyo TpyaAHOCTh HpPEACTaBIAET ABOWMHON moJoc B Touke z = —1. Ecaum w = z + 1 mauo, To
MOKHO BOCIIOJIb30BaThCA N3BECTHLIM COOTHOIIIEHNEM

D(z+1) = exp(—yz + ((2)22/2 — ((3)2°/3 + C(4)= /4 — ...),

rre((s)=1"°4+2"543"°+...= HC(,S), IS BBIBOJA CIAENYIOIINX PA3JIOMKEeHUMA:
[(w+1) -1

I'(z) = = — — 1)+ O(w);

() =y =¥+~ D+ Ow),

n 1% =1 — (Inn)w + O(w?);
/27177 - 1) = —w'/In2 - % + O(w).
1

Breruer B ToukKe z = —1 paBeH KO3((PUIIMEHTY IPU w - B IIPOM3BENEHUU 3TUX TpexX (HopMyJ, a UMEHHO

% — (Inn+ v —1)/In2. IIpubaBisis ocTajabHble BEIYETHI, I0JIyIaeM POPMYITy

Inn+~vy-1 1 2
T, /n=—————— -, 4
== = S+ f) + - (46)

rae f(n)—@yHKIus JOBOJIHHO HEOOBIUHOTO BUAA:

f(n) = % ; R(C(—1 — 2mik/ In 2) exp(2miklogy n)). (47)

Bamerum, uro f(n) = f(2n). Cpeguee suauenue f(n) paBuo 0, Tak Kak cpefgHee 3HAUEHUE KAYKJOTO CJIara-
emoro paBuo 0. (MoxkHo cuurars, uro BeanuuHa (log, n) mod 1 pacupenesena paBHOMEPHO, IPUHUMAS BO
BHUMaHWe Pe3yJbTaThl 0 UKMCJAX C IJIABAIOIEl TOUKOM, IToJyueHHbIe B II. 4.2.4.) Kpome TOro, MOCKOJIBKY

ID(—1 +it)| = |7/(t(1 + ¢2) sinh 7t)|"/*, meTpyaHO MOKABATE, YTO
F£(n) < 0.0000001725;

TaKuM 00pas3oM, B IPAKTHYECKUX IPUIOKEHUAX f(n) MOYKHO CIIOKOHHO 0T6pocuTs. UTO KacaeTcs Teopuu,
T0 Ge3 f(n) MBI He MOKEM IOJYUYNTH ACUMITOTHYECKOrO psifa mjas U,; MMeHHO 1mosToMy BenwuwHa U,
CPaBHUTEJNBHHO TPYAHA AJA aHanm3a. UTak, MBI JOKA3aJu, YTO

v—1

U,=nlogon+n (W - % + f(n)) +0(1). (48)

Opyrve npuMepsl IPUMEHEHUA STOTO MeToAa raMMa-MyHKIIUI MOYKHO HaliTu B yup. 51-53 uB§ 6.3.

YupaxkHeHUuA

1. [M20]IIycrs @y . . . a,—IepecTaHoBKa MHOKecTBa {1,...,n}, M IyCTh i ¥ j TAKOBHL, UTO { < j M a; > aj.
ITycte @) ...a),—TepecTaHOBKA, KOTOpadA HOIYIaeTCH U3 G ... Gy, €CIU IIOMEHATh MeCTaMu a; 1 a;.
MosxkeT i1 B af . .. al, GBITH GOJIBbIIIE NHBEPCUN, UM B A . . . 4n?

>2. [M25] (a) KakoBo MmuHHUManbHOE YHMCI0 OOMEHOB, HEOOXOAUMOE [IJIsI TOTO, YTOOBI OTCOPTHUPOBATD IIepe-

cranoBry 3 76 9 8 14 5? (b) BooGuie nycrh jaHa mepecTaHOBKA ™ = aj ... G, MHOKecTBa {1,...,n},

U nycTh xch(m)—MuUHUMAaNbHOE YMCI0 OOMEHOB, B Pe3yJIbTaTe KOTOPBIX IIePeCTaHOBKa T OYAeT OT-

COpTUpPOBaHa B BO3pacramwineM mopsaxe. Berpasure xch(7), uepes "6osiee mpocThie” XapaKTEePUCTUKY

nepecramoBKu 7. (Cp. c yup. 5 2.1-39.)

. [10] fABnaeTcsa nmu yCcTOMYMBOI COPTUPOBKA METOLOM IIY3bIPhbKa (asroputm B)?

[M23] Ecau B mare B4 monyuurca t = 1, To Ha caMoM JeJie paboTy ajroputrMa B MOMKHO cpasy ke
3aKaHYMBaTh, IIOTOMY UTO B cJjenaymolneM Iare B2 He BBIIOJHUTCA HUKAKUX IIOJIE3HBIX AEHCTBUI.
KaxoBa BepoATHOCTH TOTO, UTO IIPU COPTUPOBKE CAYUANHOM ITepecTaHOBKY B 1are B4 okaskercat = 1?

~ W
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5. [M25] Ilycts by bs . ..b,—Tabauna MHBEPCUI IEPECTAHOBKU a1 A2 . . . Gn. IIOKAYKUTE, YTO MOCJIE T TIPO-
CMOTPOB COPTHUPOBKY METOLOM IIy3bIPDbKA 3HAUeHe mepeMeHHoi BOUND pasuo max{b; + i | b; > r} —r,

rae 0 < r < max(by,...,by).
6. [M22] IIycTs a1 ... a,—TmepecTaHoBKa MHOXXecTBa {1,...,n}, u mycTb a} ... a),—obOparHas K Hel
mepecTaHoBKa. IToKasKuTe, UTO YUCJIO IPOCMOTPOB, HEOOXOQUMBIX AJISI TOTO, YTOOBL OTCOPTUPOBATH a1
. Gy METOZOM IIy3BIpbKA. paBHO 1 + max(a) — 1,ab — 2,...,al, — n).

7. [M28] Beruucaure cTaHZapTHOE OTKJIOHEHUE YMCJA IPOCMOTPOB COPTUPOBKU METOAOM ITy3bIPhKA U
BBIpasuTe ero uepesd n u pyurnuo P(n). [Cp. ¢ popmynamu (6) u (7).]

8. [M24] BeiBegure hopmyay (8).

9. [M48] IIpoanaausupyiiTe YNCIO IIPOCMOTPOB U YNCJIO CPABHEHUM B aJITOPUTMeE ITTeHiKep-COPTUPOBKH.
(3ameuanue: vacTuuHAaT UHPOPMAITNA COAEPKUTCA B yIp. 5.4.8-9.)

10. [M26] IlycTs a4 as ... a,—2-yuopsgodeHHas mepectaHoBka Mmuoxkectsa {1,2,...,n}. (a) KakoBsl Ko-
OpAMHATEI KOHEUHBLIX TOUEK a;-TO Illara COOTBETCTBYIOIIEro pelreTouyHoro mytu (cp. ¢ puc. 11)? (b)
Hoxrakure, 4To cpaBHeHUE/O00MEH 3JI€MEHTOB a1: A2, A3, G4, - . . COOTBETCTBYET IIEPETru0aHUI0 IYTH OT-
HOCHUTEJILHO JuaroHaiu, kaxk Ha puc. 18(b). (¢) Jokaxxure, uTo cpaBHeHUEe,/00MEH 3JI€MEHTOB A2 A2 d,
430444, - .. COOTBETCTBYET HE€PETUOAHMIO TYTH OTHOCUTEIBHO JMHUY, PACIOJOKEHHON Ha 1M eIUHUIL
HUKe IuaroHajau, kak Ha puc. 18(c), (d) u (e), ecaud = 2m — [.

>11. [M25] Ha kakoit nepecranoBxke MHO:KecTBa {1,2,...,16} mocruraercsa MakcuMyM ducia oGMEHOB B
anropurme Batuepa?

12. [24] HanumuTe MIX-iporpamMmy Aiida ansroputma M, mpexamosaras, uTo MIX—aIBOMYHASA BEIUUCIUTEIb-
Haa MamuHa ¢ omepamuamMu AND m SRB. CKOJBLKO BpeMeHU moTpebdyeTcsA Ballleil mporpaMMe, YTOObI
OTCOPTUPOBATH ITTECTHAAIIATD 3amuceit u3 Tadba. 1?7

13. [10] Ycroituupa i copTupoBKa Batuepa?

14. [M21]IIycrb ¢(N)—uucso cpaBHEHUI KiIouei, IPOU3BOJUMBIX IPYU COPTUPOBKE N 9IeMEHTOB METO/[OM
Boaruepa; a0 paBHO unciry BeinosHeHn: mara M4. (a) [lokaskure, uto npu t > 1 ¢(28) = 2¢(2871 + (¢ —
1)2t=1 + 1. (b) Haiizure mpocToe BhIpaskenue Aia c(2!) xaxk dyHkmuio ot t. (Vkasanue: paccMoTpuTe
IOCJIeJOBATEIBHOCTD 7 = c(2')/2%).

15. [M38] Cozep:ranue aToro ynpakunerusa—ananus Gyexnuu c(N) us yup. 14 u sHaxoxaeHne GopMyJIbl
st ¢(N), ecim N = 261 22 ... 4 2°7  eq > €9 > ... > ¢, > 0. (a) IIyerb a(N) = ¢(N + 1) — ¢(N).
IMokaxkure, uto a(2n) = a(n) + |logy(2n) |, a(2n + 1) = a(n) + 1; orciona

a(N) = (61;—1> —rleg—1)4+(e1+ea+---+ep).

(b) IIycrs z(n) = a(n) — a(|n/2]), u Torga a(n) = z(n) + z(|n/2]) + z(|n/4]) + ---. Hyerb y(n) =
z(1)+x(2)+ -+ x(n), moyers 2(2n) = y(2n) — a(n), z(2n+ 1) = y(2n+ 1). Doraxure, yro ¢(N + 1) =
zZ(N) 4+ 2z([N/2]) + 42(|N/4]) + - - -. (c) Doxaskure,utoy(N) = N + (| N/2] +1) x (e — 1) — 2¢* + 2. (d)
Teneps cobepuTe Bce BMeCTe U HaiinuTe BeIpaskeHue ¢(N) depes IOKasaTesau e; IpU (PUKCUPOBAHHOM
3HAUYEHUU T.

16. [BM46] Haiizure acuMOToTAYeCKOEe 3HAUEHUE CPETHEro uucjia oOMEeHOB B cjaydae, KOrja aJrOPUTM

Baruepa npumensercsa K N = 2! pasInuHBIM 3JIeMeHTAM, PACIOJI0KEHHBIM B CIyIaiHOM IOPAIKE.
>17. [20]T'ne B anropuT™Me Q UCIOIB3YyeTCA TO, UTO Ko 11 Ky 06y1ajatoT 3BHAUEHUAMHY, IIOCTYJINPOBAHHBIMU
HepaBeHcTBamu (13)?
>18. [20] O0BbsAcHUTE, KaK paboTaeT aJIToOpUTM Q B ciIydyae, KOTa Bce KJIIOUHN B UICXOMHOM (haiise paBHBI. YTO
mpouaoiier, eciu B marax Q3 u Q5 3ameHUTs 3HaKU < Ha <7

19. [15] Byzgetr nu anroputMm Q mo-npexHeMy paboTaTh IPAaBUIBHO, €CJIN BMECTO CTeKa (IIOCJIeJHUM BKJIIO-
YaeTcss — MEePBBIM UCKJII0YAETCSA) BOCIOJIb30BATHCS OUePe b0 (I€PBBIM BKJIIOUAETCA—II€PBBIM UCKJIIO-
yaercs)?

20. [M20] Beipasute HauboJIbIIIEE YUCIIO 3JIEMEHTOB, KOTOPhIE MOT'YT OZHOBPEMEHHO 0Ka3aThCS B CTEKE BO
BpeMs paboTsl aroput™ma Q, B Buge GyHKmum or M u N.

21. [20] O6msacuuTe, moueMy hasa pasfesieHUA B aJropurMe Q Tpedyer KaK pas3 TaKOTO YKCJia CDaBHEHUH,
epechbLIOK U T. 1., KaK aTo onucano B (17).

22. [M25] IIycrs ppN—BeposiTHOCTH TOTO, uTO Benmumua A B (14) Gyxmer paBHa k, eciu aaroputm Q
IprMeHsAeTCA K CJaydaiiHOil IepecTaHOBKe MHOXecTBa {1,2,..., N}, u oycts An(z) = Y, pszk—
COOTBETCTBYIOIL[As npousBoasamasn Gyuxmus. Jokaxure, uto Ay(z) = 1l upu N < M, u Ax(z) =
2(31<sen As—1(2)An—s(2))/N mpu N > M. Haiizure aHAJIOTMYHbIE PEKYPPEHTHBIE COOTHOIIEHNUH,
OIpe/iesIAI0IINe APYTHe pacipeeaenns BepoaTrHocreit By (z2), Cn(z), Dn(2), Ex(2), Ln(2), Xn(2).

23. [M24] Ilycts Ay, By, Dy, En, Ly, Xy—cCpenHne 3HaAYEeHUA COOTBETCTBYIOIIUX BeauuuH B (14) mpu
COPTUPOBKE CIyYailHOW IepecTaHOBKU-MHOXKecTBa {1,2,..., N}. Haiijure sl 9TUX BeIMYUH PEKYP-
PEHTHBIE COOTHOIIIeHU S, aHAJoTuYHbIe (18), 3aTeM paspelrnTe 3T COOTHOMIEHU S U TOJTYUYUTE (POPMYJIBI

(25).
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24. [M21] OueBuzgHO, B aJropuTMe Q IIPOU3BOAUTCA HECKOJILKO OOJIbIIIe CDABHEHUH, YeM 3TO HEOOXOJUMO,
moTomMy 4To B miarax Q3 m Q5 MoKeT oKasaThCs, UTO 4 = j WM gaske i > j. CKOJIbKO cpaBHeHUN G
MIPOM3BOAUIOCH OBI B CPEIHEM, €CJIU Obl MCKJII0YAINCH BCEe CPABHEHUS IIPU & > 57

25. [M20] Yemy paBHBI TOuHBIE 3HaUeHusA Beauuud A, B, C, D, E, L, X nis nporpaMmsl Q B ciIyuae, KOoraa
MCXOIHbBIE KJIIOUN IIPENCTABJISIIOT CO00H yIIOpsaAa0UeHHbIH Habop unces 1, 2, ..., N B IPeI0JI0KeHNH,
yro N > M?

>26. [M2I] IlocTpoiiTe ncXOAHBIH (haityi, IpPU KOTOPOM IIporpamMmma Q .pabGoTajia ObI ellle MeJJieHHee, YeM B
yup. 25. (IlombiTaliTech HANUTHU AeHCTBUTEIBLHO IIJIOXOM CayUai.)
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5.2.3. CopTupoBKa IOCPEICTBOM BhIOOpA

Eme OJTHO BasKHOE CEMEMCTBO METOI0B COPTUPOBKU OCHOBAHO Ha Maee MHOTOKPATHOI'O BI:I60pa. Bepo-
ATHO, HpOCTefILT.Iaﬂ COPTHUPOBKA IIOCPEACTBOM BbI60pa CBOAUTCA K CJIeOYIOIIeMYy:

i) HaiiTu HauMeHbIITNI KJII0Y; IIePecJaTh COOTBETCTBYIOIIYIO 3alINCh B 00JIACTh BEIBOJA U 3AMEHUTH KJII0Y
3HaAUYeHHeM o0 (KOTOpOe IO MPEeAI0I0KeHNI0 00JIbIIe JI000I0 PeaJbHOI0 KIoua).
ii) IToBToputs miar (i). Ha sToT pa3 OyzeT BeIOpaH KJIIOU, HAUMEHBIIINI 13 OCTABIINXCHA, TAK KaK paHee
HaMMEHBITUN KJII0Y OBLJI 3aMeHeH Ha 0.
iii) IToBropsars miar (i) 1o Tex mop, oKa He 6yAyT BEIOpaHEI [V 3amucei.

3aMeTHuM, YTO dTOT METOJ TPedyeT HaJINUNs BCeX MCXOAHBIX 2JIEMEHTOB [0 Hauaja COPTUPOBKH, a dJIEMEH-
ThI BLIBOJA OH IIOPOXKIAET IOCJIeJ0BATEeIbLHO, OAUH 3a ApyruM. KapTuHa, 110 CyIecTBY, IMPOTHUBOIOJI0XKHA
MEeTOAY BCTaBOK, B KOTOPOM MCXOJHBIE 3JI€MEHTHI MOJIXKHBI MMOCTYIIAaTh MOCJEeJ0BATeIbHO, HO BILJIOTH IO
3aBePINeHUA COPTUPOBKY HUYETO He U3BECTHO 00 OKOHYATEILHOM BBIBOJIE.

Psapg BRIUMCINTENBHBIX MAIIWH (HaIpuMep, MAIIWHBI C ITUKJINYECKONH 6apabaHHON IaMaThI0) MMeeT
BCTPOEHHYIO KOMAHAY  HANTH HAMMEHBIIINNI 5JIEMEHT  , KOTOPAas BEIMOJHAETCS ¢ 0OJIBIION cKopocThio. Ha
TAaKUX MAIlINHAX COPTUPOBKA YKAa3aHHBIM METO0M 0COOEHHO IIPUBJIeKaTEeJIbHA, €CJIN TOJIbKO [N He CIUIITKOM
BEJIUKO.

Onucauublii MeTon TpebyeTr N — 1 cpaBHeHUH KayKIbIN pas, KOr/Ja BhIOMpPAeTCs ouepeSHAas 3alliCh; OH
Tak:Ke TpebyeT OTMeIbLHOI 00JIacTH BHIBOJA B TaMATH. FIMeeTca 0UYeBUAHBIN CIT0CO0 HECKOJIBKO ITIONPAaBUTH
CUTYyaIUI0, n36e:KaB IIPU 9TOM UCIIOJIb30BAHUS 0O: BRIOPAHHOE 3HAUEHIe MOXKHO 3aIlIMChIBATH B COOTBETCTBY-
IOIIIYIO ITO3UINIO, 4 3aII1Ch, KOTOpAas ee 3aHNMAJIa, IePeHOCUTDL HA MeCTO BeIOpauHoii. Torga aTy Mo3UITHIO He
HYKHO paccMaTpUBATh BHOBB IIPU IIOCJIEAYIONINX BhIbopax. Ha aToii njee 0CHOBAH HAIII IIePBLIH aJITrOPUTM
COPTHPOBKM ITOCPEICTBOM BBIOODA.

Augaropurm S. (Copmuposrxa nocpedcmeom npocmozo évibopa.) 3auucu Ry, ..., Ry nepepasmMeianTcs
Ha TOM :Ke MecTe. [lociie 3aBepIlieHUA COPTUPOBKYU UX KJtoum OyayT ymopsamouensl: K1 < ... < Ky. Cop-
THPOBKA OCHOBAaHA HA OMKMCAHHOM BBIIIIE METO/e, €CJIU He CUUTATh TOr0, UYTO OoJiee, yI0OHO, OKa3bIBaeTCs,
BRIOMpPATH CHAYaJIa HAUOObWLI DIIEMEHT, 3aTeM BTOPOI 110 BeJIMYUHE U T. [I.
S1 [IMukxa mo j.] Bermomuurs maru S2u S3upuj =N, N —1,..., 2.
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Jlokazameavcmeo. Ecniu npousBenieHO MeHee n — 1 cpaBHEeHMH, TO HAWAYTCA IO KpaliHell Mepe IBa
9JIeMEeHTa, IJIs KOTOPHIX He OBbLIO O0HAPYKEeHO HU OJHOI'0 3JeMEeHTAa, IPEBOCXOAAINEr0 UX 0 BeJIUYUHe.
CrienoBaTesibHO, MBI TaK U He y3HAeM, KOTOPBIM U3 3TUX ABYX 9J€MEHTOB OOJIbIIIE, M, 3HAUUT, He CMOYKEM
OIIPEeNeUTh MAaKCUMYyM.

Taxkum o6pasom, IpoIlece BEIOOpa, B KOTOPOM OTBICKMBAETCA HANOOJIBIIUHA 9JIeMEeHT, JOJKEH COCTOATH
He MeHee ueM u3 n — 1 maros. O3HaYaeT JU 3TO, UTO JJIA BCeX METOJOB COPTUPOBKM, OCHOBAHHBIX Ha N MO-
BTOPHBIX BBIOOPAX, UHCJIO IIIar0B Heusbe:xHo 6yeT mopanka n’? K cuacreio, temma M IprMeHHMA TOIBKO
K nepeomy 1Iary BbIOOpA; IPU MIOCJIEAYIONINX BEIOOPaX MOMKHO MCI0JIb30BaTh U3BJICUEHHYI0 paHee HHPOP-
manuio. Hanpumep, B yup. 8 moxkasaHo, 4TO CPaBHUTEIHHO IIPOCTOE N3MEHEHNE aJIrOPUTMa S HATIOJOBUHY
COKpaIlllaeT Y1CJIO CPAaBHEHUH.

PaccmoTrpum 16 umcen, mpeacTaBIeHHBIX B 1-if cTpoke B TabJ. 1. OquH 13 cI10co00B COKOHOMUTE BPEeMsI
IIPY MOCJIEAYIOMNX BEIOOpax—pas3buTh BCe YMCJIa Ha YeThIpe I'PYIIILI 0 YeThipe uncjaa. HauaTh MOXKHO C
omnpefeJieHNs HanbOoJIbIIEero, SJIeMEeHTa KasKA0l IPyIIIbl, a UMEHHO COOTBETCTBEHHO C KJIIoUeil

512,908, 653, 765;

TOTAA HauOOJBINTUM U3 9TUX UeThIipeXx sjeMeHToB 908 u OymeT HauOOJBITUM BO BeeM daiine. UToObI mOTy-
YUTH BTOPOM 10 BeJINUYNHE 3JI€MEHT, JOCTATOYHO IPOCMOTPETh CHAYAJIA OCTAJIbHBIE TPU 3JIEMEHTA I'PYIIIILI,
cozepsxameit 908; nauGosbiuit us {170,897,275} paser 897, u Torga HanGOIBIINY CpeAN

512,897, 653, 765

310 897. AHAJIOTUYHO, IJIA TOTO YTOOBI IIOJYUYUTh TPETUH 10 BEJIUUNHE dJIEMEHT, OIpeiesisseM HanOo bt
us {170,275}, a 3aTeM HaUGOIbLINI U3
512,275,653, 765

u T. 1. Kaxawiit BbI60p, KpoMe mepBoro, Tpedyer He 6oJjiee 6 JOTOJHUTENIbHBIX cpaBHeHuii. BoooOiie, ecau
N —TouHbIi KBaApPAaT, TO MOXKHO PasaeanTh daita Ha /N rpymnm o v/ N 31eMeHTOB B Kaxj0it; 110603t BEIGOD,
KpoMe IIepBOro, Tpebyer He Gosee uem /N — 1 cpaBHeHWI BHYTDH TDYIIILI paHee BHIODAHHOTO dIeMeHTA
mwrtoc v/ N — 1 cpaBHeHuMit cpefn " IHIepoB rpymn” . DTOT METOZ, IOy Ir/I HasBaHue " KBaApaTHIHbIHA BHIGOD
ob1iee Bpemsa pa6oThi s Hero ecth O(N+/N), uto cymiecTBenHo ayumnte, tem O(N?).

MeToxa KBagpaTUUYHOrO BhIOOpA BIiepBhIe onyb6anKoBaH 9. X. @paugom [JACM, 3 (1956), 152—-154];
OH yKasaJj, UTO 9Ty UAEI0 MOYKHO .0000IIUTH, ITOJYUUB B pe3yIbTaTe MEeTOJ KyOUuecKoro BRIOOpa, BEIOOpa
YyeTBepPTOli cTenmeHu U T. 1. Hampumep, MeTo Ky6muecKoro BLI60pa COCTOUT B TOM, UTOOBI pa3aeuTh (haiia Ha
{/N GonbIINX IPYIIII, KX Aasa N8 KOTOPBIX COAEPIKUT 110 v/ N MaubIx rpymm o v/ N samuceil; BpeMs paGoThI
nponopurosansao N /N . Eciiu pasBUTh 9Ty UAEI0 [0 €e IOJTHOTO 3aBePIIEHN, TO MbI IIPHUIEM K TOMY, UTO
@psHA Ha3Bad  BBIOOD N-# CTENEeHN  , OCHOBAHHELIN Ha CTPYKType OMHApPHOTO JAepeBa. BpeMsa paGoTsl 9TOro
MeToja npornopiinonaabio N log N; MbI OyieM HasbIBATh €TI0 8bL00POM U3 Depesa.

Br160p u3 nepesa. [IpUHITUIIBI COPTUPOBKY IIOCPEACTBOM BbIOOpA M3 AepeBa OyIeT Jierue BOCIIPUHATD,
€CJIM BOCIIOJIB30BATHCA AHAJOTHEN ¢ THUIWYHBIM TYPHMPOM C BEIOBIBaHHeM . PaccMoTpum, HampuMmep,
pes3yJabTaThl COPEBHOBAHUS IO HACTOJILHOMY TEHHUCY, TOKasaHHbIe Ha puc. 22. [[:xuM mobexxaaer oma, a
H:xo mobexxknaer [[:xexa; 3aTeM B caenyroIneM Type I[»xo BerurpeiBaer y sxuma u T. 1.

Ha puc. 22 nokasano, uro [[:Ko—ueMOuOH cCpeAr BOCBMY CIIOPTCMEHOB, & JIJIS TOT'0, YTOOBI OIPEEIUTh
9TO0, ToTpeboBasoch 8 — 1 = 7 maTueii (T. e. cpaBHeHU). [ITUK BOBce He 00A3aTeJILHO Oy IeT BTOPHIM II0 CUJIe
UTPOKOM: JIF0O0M M3 CIIOPTCMEHOB, Y KOTOPBIX BRIUTPaJ [[:%0, BKJIIOUAad fJaske IPOUTPABIIIETO B IIEPBOM Type
I:xexa, MOT 6bI OKa3aThCs BTOPBIM II0 CHJI€ UTPOKOM. BTOPOTro UTPOKA MOJKHO OIIPEIeINTD, 3acTaBUB [sKeka
ceirpats ¢ Jxumom, a mobeguresia aToro Mardya—c J[MKoOM; Bcero aABa JOMOJHUTEJNLHBIX MaTua TpedyeTcs
[IJL OTIpeieIeHUsI BTOPOTO 10 CHUJIe UT'POKA, MCXOMAA U3 TOTO COOTHOIIIEHU CUJI, KOTOPOe MbI 3aIIOMHUJIN U3
MPEeIBIAYIIUX UTP.

Boo011ie MOsXHO "BBIBECTH  UI'POKA, HAXOAAIIETOCA B KOPHE JepeBa, N 3aMEeHUTh €r0 YPe3BLIUaiHO CJIa-
66IM UTPOKOM. ITofCcTaHOBKA 3TOTO €JIa00TO UTPOKA 03HAYAET, UTO IePBOHAYAIHLHO BTOPOI IO CUJIe CIIOPTC-
MEH CTaHeT Telneph HAWJIYUYIIINM, 1 UMEHHO OH OKa’KeTCs B KOPHEe, eCJI BHOBb BBIUMCJIUTD IT00eauTe e B
BEPXHUX YPOBHAX JepeBa. s 3TOro HysKHO M3MEHUTH JIUIIb OAWH IYTh, B iIepeBe, TaK UTO AJIsA BbIOOPA
CJIEYIOIIETO II0 CHUJIe UIPOKa HeoOxoauMo MeHee [log, N|) mononrHuTenbHBIX cpaBHeHu. CymMMapHoe

Picture: Puc. 23. IIpumep COpTUPOBKU IOCPEICTBOM BBIOOpA U3 epeBa...
BpeMsA BBIIOJIHEHUA TAKOM COPTUPOBKHU IIOCPEACTBOM BBIOOpA IPUMEPHO IIPoIopiinoHansao N log V.

Ha puc. 23 copTupoBKe IIocpeAcTBOM BLIOOpa M3 JepeBa moaBepraioTcsa Haimu 16 umcesn. 3amerum,
YTO IJIA TOTO, YTOGEI 3HATE, KYAA BCTABIATE CJAEAYIOIIUNA SJIEMEHT  —00 , He00XOAMMO IOMHHUTE, OTKYIa
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MIPHUIe] KJI0Y, HAaXOAAIuiCcA B KopHe. I[0aTOMY y3/IbI pa3BeTBJIEHU B el ICTBUTEJIbHOCTH COEPsKaT YKa-
3aTesd MV UHAEKCHI, OMMCHIBAIOIIIME IIO3UITNIO KJII0Ua, a He caM KJou. OTciofa cienyer, 4To Heobxoamma
naMsaTh A8 N MCXOOHBIX 3anuceit, N — 1 ciaoB-ykasaTeseil u N BBIBOAUMBIX 3anuceii. (Pasymeercs, ecau
BBIBO/I

Picture: Puc. 24. IIpuMeHeHMe KOPIOPATUBHOM CUCTEMbBI BBIABUIKEHU K COPTUPOBKeE. KakabIit
TOIHUMAaeTCA Ha CBOM YPOBEeHb HEKOMIIETEHTHOCTU B ePaAPXUHU.

UAeT Ha JIeHTY WU Ha AUCK, TO He HY;KHO COXPAaHSATh BEIBOAUMBIE 3alIUCU B ONIE€PATUBHOM IaMATH. )

YToO6bI OIIEHUTD TE 3aMedaTebHbIe YCOBEPIITeHCTBOBAHMA, KOTOPhIE MBI COOMpPaeMcs 00CYIUTD, B 9TOM
MecTe cJaelyeT IpepBaTh YTeHue 0 TeX IOP, ITOKAa BhI HE 0CBOUTECH C BLIOOPOM U3 lepeBa X0TA ObI HACTOJIBKO,
yTo perrernue yaop. 10 He cocTaBUT AJIA Bac HUKAKOTO TPyIAa.

OpHa u3 MmoguduUKaIuii BEIOOpa U3 JepeBa, BBeJeHHasd, 0 cyliecTBy, K. 9. Aiisepcornom [A Program-
ming Language (Wiley, 1962), 223—-227], ycTpaHAeT HeOOXOAMMOCTh YKasaTeseil, CIeAyoINuM 00pa3om
OCYII[ECTBJIASA  3arjAmbIBaHNE BIIEpes : KOTga Mo0efuTe b MaTua Ha HUKHEM YPOBHE IOJHIMAETCS BBEPX,
TO Ha HUKHEM YPOBHE €0 Cpasy ke MOYKHO 3aMEeHUTh Ha = —00  ; KOTIa Ke IT00e I Te b IIePeMeIaeTCs BBePX
C OJTHOT'O Pa3BETBJIECHUA Ha APYTOe, TO er0 MOKHO 3aMEeHUTh UTPOKOM, KOTOPHIHM B KOHIIE KOHIIOB BCE PABHO
IOJIXKEH IMOAHATHCA, HA eT0 IpeskHee MecTo (2 MMeHHO HanbOoJIBIIINM U3 ABYX KJI0Uell, PACIIOJI0KEeHHbIX IO
HUM). BBIIIOJTHUB 9Ty OIlE€paIUio CTOJBKO Pas, CKOJbKO BO3MOXKHO, IpuaeM oT puc. 23(a) K puc. 24.

KoJib CKOpPO ZiepeBo IOCTPOEHO TAKUM 00pa3oM, MOXKHO IPOJOJIAKATE COPTUPOBKY HE ' BOCXOLAIIUM
METOJO0M, IIOKA3aHHBIM Ha PUC. 23, a "HUCXOLAIIMM . BEIBOJUTCA 3JI€MeHT, HaXOJAIMIcA B KOPHe, Iiepe-
MelllaeTcsa BBePX HAMOOJBIINI 13 ero IIOTOMKOB, II€PEeMeIaeTCsi BBePX HanOOIbIINHI U3 IIOTOMKOB IIOCJIE]-
Hero u T. A. IIpoliecc HAUMHAET MOXOAUTh He CTOJLKO Ha TYPHUP II0 HACTOJBHOMY TE€HHICY, CKOJbKO Ha
KOPIIOPATUBHYIO CUCTEMY BBLIJBUIKEHUI.

YuraTesab JOIKeH YACHUTD, UTO Y HUCXOAIIEr0 MeTO/Ia eCTh BaKHOE JOCTOMHCTBO—OH II03BOJIAET 13-
0esKaTh JIUITHUX CPaBHEHUN —o00 ¢ —o0. (I101b3ysich BOCXOIAIIINM METOOM, MbI Ha 60JI€e IT03JHUX CTAIUIX
COPTHUPOBKH BCIOAY HATHLIKAEMCS HA —00, 4 IPYU HUCXOAAINEM METOJe MOKHO Ha KayKA0UN CTauN 3aKaHuMn-
BATh IIpeoOpas3oBaHue AepeBa cpasy Ke IocJe 3aHeCeHU A —00.)

Picture: Puc. 25. ITocaemoBaTebHOe pacupeesieHre IaMATH AJIA IIOJHOTO OMHAPHOTO JepeBa.

Ha puc. 23 u 24 uso6pasKkeHbI noJHble OuHapHbvle depesbs ¢ 16 KoHIeBbIME y3mamu (cp. ¢ . 2.3.4.5);
TaKue JepeBbs YA00OHO XPAHUTH B MIOCJTIENOBATENbHBIX dueiiKkax NaMATH, KaK IMoKa3aHo Ha puc. 25. 3ame-
THM, YTO OTIIOM y3Jia HOMeD k sBisieTcs ysen |k/2| , a ero moroMKamu siBAsIOTC y3iubl 2k u 2k + 1. Orciona
BBITEKAET eIlle OJHO IPEeNMYIIEeCTBO HUCXOSAIIEero MeTOa, IIOCKOJIbKY 3a4acTy0 3HAYNTEIHHO IIPOIIEe IIPO-
OBUTaThCS BHUS OT y3ia k K y3nam 2k u 2k + 1, uem BBepx or yana kk yanam k@ 1l u | k/2]. (3mecs uepes k @ 1
obos3HaueHo umcio k + 1 unau k — 1 B 3aBUCUMOCTHU OT TOTO, ABJIAETCA JU k UETHBIM UJIU HEUETHBIM. )

Jo cux mop B HAIIIUX IPpUMepax BhIOOpa U3 AepeBa B TOIM UM MHOI Mepe IPeAIoarajiock, 4to /N ecTh
CTeIeHb 2; B AeCTBUTEJIHFHOCTH MOKHO paboTaTh C IPOM3BOJILHEIM 3HaUeHUEM NV, TaK KaK ITOJIHOe OMHApHOe
IepeBo ¢ N KOHIIEBBIMHU y3JaMU HETPY/IHO IOCTPOUTH AJis Jifo6oro N.

MBI TOIOILIN TeIlePb K OCHOBHOMY BOIIPOCY: HEJIL3S JIM B HUCXOIAIIEM MeTone 000iTHCh coBceM 6e3
—00"? He mpaBpga au, O6bLI0 OLI UyJECHO, €ClaU OBl BCIO CYIECTBEHHYIO MH(PpOPMAIAI0, UMEIOIIYIOCa Ha
puc. 24, ymaioch pacioJIOKUTL B sueiikax 1—16 moyiHoro OmHAPHOTO JepeBa 6e3 BCAKUX OECIIOJIe3HBIX
"neip”, comepsxamux —oo? ITopasMBICINB, MOMKHO IPUNTHA K BBHIBOIY, UTO 9TA I€Jb B AeHCTBUTEILHOCTA
TOCTUKUMA, IIPUUEM He TOJTbKO UCKJII0UYAETCA — 00, HO ¥ MOABJAETCA BO3MOMKHOCTh COPTUPOBATh N 3amucei
Ha TOM JKe MecTe 0e3 BCIIOMOTaTeJIbHOM 00JIaCTH BEIBOAA. ITO IIPUBOIUT K €IIle OJHOMY Ba*KHOMY aJITOPUTMY
coprupoBku. Ero asrop Iik. V. Ixx. Yunbamc [CACM, 7 (1964), 347—-348] oxkpecTus CBOM aJaropuT™M
"nmupamuganbHoii-coprupoBkoii’ (“heapsort™).

w

IMupamupaabHas cOpTUPOBKA. Bynem HasbiBaTs (aiia Kiawoueir K, Ko, ..., Ky "mupamnupoii”, ecian
K0 = K; mpu 1 < [j/2] <j < N. (3)

B srom ciyuae K1 > Ko, K1 > K3, Ky > K4 u T.1.; UMEHHO 3TO YCJIOBUE BLITOJMHAETCS Ha puc. 24. VI3 Hero
cJjeAyeT, B YaCTHOCTH, UTO HAaNOOJILIINA KU OKA3LIBAETCA  HA BepIINHE MUPAMULLL

Klzmax(Kl,Kg,...,KN). (4)
Ecau 6B1 MBI cyMen Kak-HUOYAb ITpeo0pasoBaTh IIPOU3BOJLHBIN MCXOOHBIN (haila B MUPaAMUAY, TO IJIs

noaydeHns 3pHEeKTUBHOIO AJITOPUTMA COPTUPOBKU MOYKHO OBIJIO GBI BOCIIONIL30BATHCA  HUCXOMAIEH  IIpo-
neaAypol BeIGopa, moJ06HOM TOM, KOTOPAs ONMCAHA BBIIITE.
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b deKTUBHBIH TOAX0 K 3aJaue MOCTPOEHUA MupaMuasl npegioxua P. V. @uoiig [CACM, 7 (1964),
701]. IIycTs HaM yZaioch PaCIOJIOKUTE Paiia TaKUM 00pa3oM, 4TO

Kijp) > K;  mpul<|[j/2] <j<N, (5)

rae [—HekoTopoe uncio > 1. (B ucxommom (aiise 5TO yCIoBHe BHIMIOJHAETCA ABTOMATHUYECKU MIJsd [ =
|N/2|, mockosbKy HUM OZWH MHIEKC j He yAoBaeTBopser yciaosuio |N/2| < [j/2| < j < N.) Herpysso
MOHSATH, KaK, M3MEHAs JUIIb IOAAePeB0O ¢ KOPHEM B y3JIe [, mpeodpasoBaTh (paiiy, 4TOObl PACIPOCTPAHUTD
HepaBeHcTBa (5) u Ha ciyudail, korga |j/2| = l. CiegoBaTeabHO, MOXKHO YMEHbIIATE | HA €QUHUILY, IIOKA B
KOHIIe KOHIIOB He Oy/JIeT JOCTUTHYTO ycaoBue (3). ITu umgen Yuabamca u Pioiija TPUBOAAT K UIAITHOMY
aJITOPUTMY, KOTOPBIi 3aCTyKMBAET IPUCTATBHOTO U3YUEeHU .

Anropurm H. (ITupamudanvHas copmuposgka.) 3anucu Ri, ..., Ry mepepasMelriaroTcsa Ha TOM Ke
MecCTe; IIOCJIe 3aBepPINeHnsa COPTUPOBKHY UX KJ0UMN OyayT ynopsagouensl: K < ... < Ky.Cuauaja (aiia me-
pecTpauBaeTcsA B IUPaAMULY, ITOCJE UYeT0 BEPITNHA TUPAMUIbBI MHOTOKPATHO MCKJII0UAETCS U 3aIINCHIBAETCS
Ha CBOe OKOHYaTeJabHOe MecTo. [Ipeamonaraercs, uro N > 2.

H1 [Hauanbuas ycranoBka.] YcranoButs [ < |N/2] + 1,7 + N.

H2 [Vmenbmuts [ wiu r.] Ecau. [ > 1, To yeranoButhb | < | — 1, R < R;, K + K;. (Ecaul > 1, ato
03Ha4aeT, YTO IPOUCXOJUT IIPOIlece IIpeodpasoBaHUA UCXOAHOr0 ()aiija B MUpaMuay; ecam kel = 1, To
9TO 3HAYUT, UTO Kaoun Ky, Ks, ..., K, y:Ke o6pasyioT nupaMmuay.) B mpoTuBHOM ciyuae yCTaHOBUTDH
R+ R, K<+ K,,R. < Ryur < r — 1; eciiu B pe3yJibTaTe 0Ka3ajJoCh, 4TO ' = 1, TO YCTAaHOBUTH
R + R u 3aBepIuTh paboTy ajJropuTMma.

H3 [IIpuroroBuThCA K " IPOTACKUBAHUIO .] YCTaHOBUTS j < [. (K aTOMYy MOMEHTY

Kijppy 2 K;  mpul<|j/2|<j<r, (6)

a sanucu Ry, r < k < N, 3aHUMAIOT cBou OKoHuUaTeJabHbIe MecTa. [Ilaru H3—HS8 masnIBatoTcs aJaropur-
MOM MIPOTACKUBAHUSA ; UX

Picture: Puc. 26. IlupaMupajbHasa COPTUPOBKA; NYHKTUPOM O0OBEIEH aJTOPUTM IPOTACKHBa-

HUA .

IelicTBUE SKBUBAJIEHTHO yCTaHOBKe R; < R cIIoc/ieyoIuM epeMelrennemM sanuceii Ry, . . . , R, Takum
o6pasom, uTo6kI yesaoBue (6) BBIIOIHAIOCh U IpH | j/2] = 1.)

H4 [IIpoxBuHyTbCs BHUB.] YCTaHOBUTH i < j U j <+ 2j. (B mocnengyromux marax i = |j/2].) Ecau j < r, TO
nepeiitu K mary H5; ecsimt j = r, To nepetitu K mary H6; ecu :xe j > r, To mepeiitu K mary HS8.

H5 [Haiitu "6osbmero” coiHa.] Ecau K; < K11, TO ycTaHOBUTH j < j + 1.

H6 [Boxwmie K?]Eciu K > K, To nepefitu k mary HS.

H7 [IloguaTs ero BBepx.] YcranoBuTh R; <+ R; u BosBparuThca K mary H4.

H8 [3amectu R.] Ycranosutsb R; <+ R. (Ha sToM anropuTm "TpOTaCcKUBaHUSA , HauaThii B mare H3, sa-
KamuunBaeTcd.) BosBpaturhea k miary H2.
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TA+14B4+4C+20N —2D+15| N/2|—28 paBHo, TakuM 06pas3oM, B cpegHeM npumepro 16 N logy, N+0.2N
eIUHUII.

T'napsa Ha Tabn. 2, TPyAHO IOBEPUTH B TO, YTO MUPAMHUZAILHAS COPTUPOBKA TaK YK sddeKTUBHA:
OoJibIlIVie KJIIOYU IIePeMeIaloTCs BIEBO IPeXKJAe, YeM MBI yCIIeBaeM OTJIOKUTDH MX BIPaBo! OTO U B caMOM
JieJie CTPAHHBINA CIIOCO0 COPTUPOBKY ITpu MajabiX N. Bpemsa coprupoBku 16 Kitoueit u3 Tabii. 2 pasuo 1068u,
TOTa KaK OOBIUHBIN METOJ IPOCTHIX BCTABOK (mporpamma 5.2.1S) tpebyer Bcero 514u. IIpu copTupoBKe
IIPOCTHIM BBIOOPOM (mmporpamma S) Tpedyerca 853u.

ITpu Gospmux N mporpamma H Gonee adpdexTuBHa. HanpammBaeTrca cpaBHeHUE ¢ COPTUPOBKOM Me-
toxoMm Ilenna ¢ yosrBaromum marom (mporpamma 5.2.1D) m 6sicTpoil copTupoBKoit Xoapa (mporpamMmma
5.2.2Q), TaK KaK BO BCEX TPeX MPorpaMMax COPTUPOBKA TPOMU3BOAUTCA MIyTEM CPaBHEHUA KJIIOUEH, IpuyeM
BCIIOMOTaTeJbHOH MaMATHU UCIOJIb3YEeTCs MaJio UK OHA He ucmoibayercs BoBce. IIpu N = 1000 cpeguue
BpeMeHa paboThl PAaBHBI IPUOIU3UTEIHHO

160000u majia mupaMugaJIbLHON COPTUPOBKH;
130000u mgiisa coprupoBku MmeTogmom Illenna;

80000u m1s1 6BICTPOI COPTUPOBKU.

(MIX—TUTMYHBLIA TpPeACTaBUTEb OOJBITMHCTBA COBPEMEHHBIX BBIUMCIUTEIbHBIX MAIIWH, HO, Pa3yMeeT-
cd, Ha KOHKPETHBIX MAaIlIMHAX MOJydaTcd HECKOJbKO MHBIE OTHOCHUTEJbHbIe Beamuuubl.) C poctom N
nupaMugalbHasg COPTUPOBKA IIpeB3oiifeT mo ckopoctu Meron IIlensma, HO acuMmmToTHMUYecKas (opmyJia
16N log, N ~ 23.08 N In N HUKOTZa He CTaHeT Jydllle BRIpaKeHUs AJA ObICcTPoil copTupoBKu 12.67N In N.
Moaupuramnusa mTupaMuIaIbHON COPTUPOBKH, 00CYK1aeMas B yIp. 18, ycKOpuUT Irpoiiecc Ha MHOTHX BBIUHC-
JUTEeJIbHBIX MAIINHAX, HO JajKe C 9TUM YCOBEPIIIeHCTBOBAHNEM MUPAMUAAIbHAA COPTUPOBKA HE JOCTUTHET
CKOPOCTU OBICTPOI COPTUPOBKU.

C npyroii cTOpOHEI, OBICTPaAA COPTUPOBKA d3(D(EKTUBHA JIUIITH B CPEJHEM; B HAMXYAIIIEM CJIyUae ee BpeMsd
paboThl mpomnopuuoHatbao N2, IlupaMumanrbHas ke COPTHPOBKA 06J1afaeT TeM MHTePeCHBIM CBOICTBOM,
YTO V1A Hee HAMXYAIIINH cIydyail He HAMHOTO XyiKe cpefHero. Becerga BHIMOJIHAIOTCA HEPABEHCTBA

A<15N, B<Nllog,N|, C<Nllog,N|; (8)

TakKUM 00pasoM, He3aBHCHUMO OT PaclpeaeeHns MUCXOJHBIX JaHHBIX BBIMOJHeHNe IporpaMmbl H He 3aii-
met Gostee 18N |log, N | + 38N emuuur Bpemeru. IlupamMunansHas COPTUPOBKA—IIEPBHIN U3 PACCMOTPEH-
HBIX HaMHU IO CUX IIOP METOJOB COPTUPOBKHU, BpeMs PabOTHI KOTOPOro 3agedomo umeet nopAnok N log V.
CopTupOBKA IMOCPEACTBOM CIUAHUI, KOTOpas OymeT o0CcyKIaThbCcsa HUMKe, B II. 5.2.4, ToKe 06JIaflaeT 9TUM
CBOIICTBOM, HO OHA TpedyeT OOJIbITIe TaMsATH.

Hauboaspmuii U3 BKIIOYEHHBIX—IEPBBIM HCKJIKOUYaeTcda. B ri1. 2 Mbl BUAesn, UTO JUHEHHBIE CITHC-
KU YaCTO MOKHO OCMBICJIEHHO PacKJacCu(PUIIMPOBATH IO XapaKTepy MPOU3BOAUMBIX HAJ HUMU OIepaImi
BKJIIOUEHUSA U UCKIIOUeHusaA. Cmek BegeT celd IO IPUHIIAIY — MTOCHeIHUM BKJIIOUAETCA—IIEPBBIM HCKJIIO-
yaeTca B TOM CMBICJIE, UTO IIPYU KAXKIOM HCKJIIOUEHWHU YAAJIIETCA CAMBIA MOJIOZOM 9JIEMEHT CIucKa (aJe-
MEHT, KOTOPBII OBLI BCTABJIEH IIO3Ke BCEX NPYTIUX 3JIE€MEHTOB, IPUCYTCTBYIOIUX B JTaHHBIM MOMEHT B
crucke). IIpocras ouepedv BemeT cebsA MO MPUHIANY ' MEPBBIM BKJIKOUYAETCI—IIEPBLIM MCKJIIOUAETCS B
TOM CMBICJIE, UTO IIPU KaKIOM MCKJIIOUEHUU YAAJIAETCS CAMBIM CTApPIINI M3 UMEIOINXCA dJIeMEeHTOB. B
6oJiee CIOMKHBIX CUTYAlIUAX, TAKUX, KaK MoJearupoBanue audra B 1. 2.2.5, TpedyeTca CIIMCOK TUIIA = HAau-
MEHBIIUH U3 BKJIUEHHBIX —II€PBLIM UCKIOUAETCA , T/le IIPU KaXKJI0M NCKJIIUEHUN yAAIAETCS dJIEeMEHT,
UMEIOIUH HauMeHBITNH K04, Tako# CIMCOK MOXKHO Ha3BaTh NPUOPUMEmHOl 04epedvio, TaK KaK KJIIU
KaKJ0T0 dJIeMEeHTa OTPa’KaeT ero OTHOCUTENHHYIO CIIOCOOHOCTH OBICTPO MOKUHYTH cIicOoK. COpTHMPOBKA
IOCPEeACTBOM BbIOOPa—UACTHBIN cIydali MIPUOPUTETHOM OUepear, HaJ KOTOPOM MPOU3BOAUTCA cHavaia N
omepanuil BCTaBKH, a 3aTeM [N omepanuii yaajaeHus.

IIpropuTeTHbIe OUepea BOSHUKAIOT B CAMBIX PA3HOOOPA3HBIX IPUJIOKEHUAX . Hanmpumep, B HEKOTOPBIX
YUCJIEHHBIX UTEPATUBHBIX CXeMaX IIOBTOPSAETCS BBIOOD 9JI€eMeHTa, UMEIOIero HanboJbinee (NI HauMeHb-
IIee) 3HaUYeHNEe HEKOTOPOTO IIPOBEPOYHOI0 KPUTEPHUA; IapaMeTpPhbl BLIOPAHHOTO 3JIeMeHTa U3MEHAIOTCS, U
OH CHOBAa BCTABJIAETCA B CIIMCOK C HOBBHIM ITPOBEPOUYHBIM 3HAUEHNEM, - COOTBETCTBYIOIIIMM HOBBIM 3HAUEHUAM
napamMeTpoB. IIpropuTeTHbIe 0Uepean YacTO UCIIOJL3YIOTCA B ONEPAIIMOHHBIX CUCTEMAaX IIPU IJIAHUPOBA-
HUY 3afaHuii. [[pyrue THInYHbLIE IPUMEHEHUA TPUOPUTETHHIX OoUepesiell yHoMuHaioTeA B yup. 15, 29 u 36;
KpOMe TOT0, MHOT'O IPUMEPOB BCTPETUTCS B IOCIEAYIONINX TIaBax.

Kak ke peannszoBaTh IPUOPUTETHYIO ouepenb? OAMH M3 OUEBUIHBIX CIOCOOOB—IIOAJEP:KUBATH OT-
COPTHPOBAHHBIN CIIMCOK 9JIEMEHTOB, VIIOPAAOUEHHBIX 0. KJI0uaM. Torja BKJII0OUeHe HOBOT'O 3JIEMEHTA, 10
CYIIIeCTBY, CBOJUTCS K 3aaue, PACCMOTPEHHOM HAMU IPU U3YUEHUN COPTUPOBKY BcTaBKaMu B11. 5.2.1. IIpu
IPyToM, e1e 60Jiee 0UeBUIHOM c10c0o6€e PabOTHI C IPUOPUTETHOM 0UePeALIO 3JIEMEHTHI B CITMCKE XPAHATCA B
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[IPOU3BOJILHOM ITOPSKE, ¥ TOTJA IJIs BEIOOPA HYKHOI'O 3JIEMEHTA, IPUXOAUTCA OCYIIeCTBIATh IIOUCK HAN-
GoJIbIlieTo (MJIM HanMeHbIIIero) KJIoJa KasKIbli pas, Koraa Heo0XoquMo IIPOU3BECTU UCKI0UeHe. B 00oux
9TUX OUEBUIHBIX ITOAXO0AAX HEIPUATHOCTb COCTOUT B TOM, UTO TpedyeTcA mopAanKa N I1aros IJid BHIIOJIHE-
HUA JIu00 olIepalnuy BCTABKU, JIK0O0 Oepaluy yOaJeHWs, eClIU B COUCKe comepkuTcsa N sJIeMeHTOB, T. €.
Ipu GOAbIKX N 9TH OIepalluy 3aHUMAIOT CJIUIIKOM MHOTO BpDEeMEeHM.

B cBoeili cTaThe 0 MUPAMULAILHON COPTUPOBKE Y MIbAME YKA3aja Ha TO, YTO IUPAMUIBI UAEATbLHO IIOJ-
XOIAT AJIS IPUIOMKEHUN ¢ GOJLIINMA IPUOPUTETHLIMU OUepeSaAMU, TaK KaK 3JeMEeHT MOKHO BCTABUTEL B
nupaMuny uiau yaanuts us Hee 3a O(log N) maros; K ToMy ke Bce 9JIeMEHThI INPaMU/IbI KOMIIAKTHO PACIIo-
JIaraioTcd B IIOCJIeI0BATeIbHEIX dueiikax mamaru. Paza Beidopa B aaropurme H—asTo mociie10BaTe IbHOCTD
IIIAaT0B YAAJEHU B IPOLECCE TUIIA HAUOOLbULULL U3 BKLIOUEHHbLX—NeP8blM UCKLIOUALMCA: YTOOBI NCKIIIO-
YNTh HANOOJIBIINM 371eMeHT K1 MBI yAaJAeM ero 1 ' IpoTacKuBaeM  »jeMeHT Ky B HOBoil mupamuzge us N — 1
asieMeHTOB. (Ec/iu HyKeH aJIrOPUTM TUIIA HAUMEHbULLLL U3 BKLI0UEHHbLX —NePEblM UCKAIYAeM s, KaK IIPU
MOJeINPOBAHNY JIUPTA, TO, OUEBUIHO, MOMKHO NU3MEHUTh OIIpeejeHre INPaMuIbl, 3aMeHuB B (3) 3HaK " >"
Ha " <"; mas ymoOGceTBa MBI OyZeM pacCcMaTPHBATh 3[€Ch JIMIIL CAydYail ~ HanOOJBIINA M3 BKJIIOYEHHBIX —
IIePBBIM HCKJOYaeTcsa .) Boobie, ecian TpebyeTca UCKIIOUNTL HAMOOIBIINN 3JIEMEHT, a 3aTeM BCTABUTD
HOBBIM 3JIEMEHT X, TO MOKHO BBITIOJIHUTH IPOIleAypy nporackuBanus cl = 1, r = N u K = x. Ecau xe
Heo0XOJMMO BCTABUTD 9JIeMEHT 0e3 IpeBAPUTEIbHOTIO UCKJIIOUEHHU S, TO MOYKHO BOCIIOJIB30BATHCA '~ BOCXO-
OAITel mporeaypou us yup. 16.

CBs3aHHOE IpeCTaBJIeHNE IPHOPUTETHBIX ouepeaeil. IPPeKTUBHBIN CII0CO0 IPeICTaBICHU A IIPUOPH-
TEeTHBIX Ouepeieil B BUjie CBA3aHHBIX OMHAPHBIX AepeBbeB npeaaoxuia s 1971 r. Knapk 9. Kpaita. Ero meton
TpebyeT HAJIUUKUA B KAXKJOM 3allCU ABYX II0JIeil CBA3M U KOPOTKOTO II0JIA CUETUMKA, HO [0 CPAaBHEHHIO C
NUPAMULAMHA OH 00JIaJaeT CAeIYIOMUMY IPEeNMYIeCTBAMM:

1) Eciau c npropuUTeTHOM ouepebio paboTaloT KaK CO CTEKOM, TO OIepalln BKIIOUEHUS 1 NCKJI0-
uyeHUS 6oJiee aPPeKTUBHBI (OHU 3aHUMAIOT (PMKCHPOBAHHOE BpeMsd, He 3aBUCAIIEe OT AJINHBI
ouepenn).

2) 3Bamnucu HUKOTAA He TepeMeIaiTca, U3MEeHII0TCSI TOIbKO YKa3aTe u.

3) Mo:kHO CJIUTH ABE HellepeceKalonnecs IIPUOPUTETHRIE OUuepeu, CoAepKaIle B O0Iell CII0MK-
HocTy N 9J1eMEHTOB, B ofHY Beero 3a O(log N) maros.

Cierka BumousMeHeHHBIN MeTo KpsitHa TpouIIoCTPUPOBaH Ha puc. 27, Ha KOTOPOM ITOKa3aH 0COOBIH
TUI CTPYKTYPBI OMHAPHOTO AepeBa. Kakabiil y3es comeps:kut moJie KEY, mose DIST u gBa moJisd cBa3u—LEFT u
RIGHT. ITose DIST Bcerga ycTaHaBJIMBaETCs PABHBIM AJWHE KPATUAMIIEro My TH OT 3TOT0 Y34 40 KOHIIEBOTO
yaua (T. e. go wycroro yaiua A) nepesa. Eciu cuurars, uro DIST(A) = 0 m KEY(A) = —o0, To nouist KEY u DIST
B 9TOM JiepeBe YIOBJIETBOPAIOT CIEAYIOITUM COOTHOIIIEHUAM:

KEY(P) > KEY(LEFT(P)), KEY(P) > KEY(RIGHT(P)); 9)
DIST(P) = 1 4 min(DIST(LEFT(P)),DIST(RIGHT(P))); (10)
DIST(LEFT(P)) > DIST(RIGHT(P)). (11)

CootHorrernue (9) aHAJOTUYHO YCIOBUIO TUPAMUILI (3) U CIYKUT rapaHTHElH TOT0, UTO B KOPHeE TepeBa Haxo0-
IUTCSA HAaUOOJBINUH KJI0U, a cooTHoteHue (10)—aTo mpocTo onpenenerue moJisa DIST, chopMyaupoBaHHOE
BoItie. CootHorrenue (11) mpeacrapiseT co60i MHTepeCHOe HOBIIIECTBO: U3 HEro CJIeAYeT, UTO KpaTuai i
OyTh K KOHIIEBOMY Y3JIy BCEra MOMKHO IOJYUYUTD, IBUTAasACh BIIpaBo. MbI

Picture: Puc. 27. IIpnopuTeTHas ouepelb, IPeACTABJIeHHAS B BUE JeBOCTOPOHHETO AepeBa.

OyzeM Ha3bIBATh OMHAPHOE JAEPEBO C 3TUM CBOMCTBOM JIEBOCTOPDOHHUM JEePEBOM, MOCKOJLKY OHO, KaK IIpa-
BUJIO, CUJILHO 'TSAHETCS BJEBO.

U3 sTuX OmpefeseHnH sICHO, YTO paBeHcTBO D1ST(P) = n mogpasyMeBaeT CyIleCTBOBaHUeE 10 KpalHel
Mepe 2" KOHIEBBIX y3JI0B HUKe P; B IPOTUBHOM cJydae Halesca 061 60ee, KOPOTKUM IYTH OT P 10 KOHIIe-
BOTO y3Jyia. TakmuM 06pa3oM, ecyii B IEBOCTOPOHHEM ZiepeBe nMeeTcss N y3JI0B, TO IIyTh, BEAYIUH 13 KOPHA
BHUS3 110 HANIPABJIEHNIO BIIPABO, COeP:KUT He Goee ueM |log, (N + 1) | yanos. HoBbI# y3es MOXKHO BCTABUTH
B IIPUOPUTETHYIO OUepeb, IPOHAS II0 3TOMY IIyTH (cM. yup. 32); clieoBaTeJbHO, B XyAIIIeM cJayuae Heoo-
xoxumo Bcero O(log N) maros. Hannyuruii cayuait focruraercs, KOrja JepeBo JuHeHo (Bce cBsa3u RIGHT
paBHBI A), a HAUXYAIIXNI Caydail JOCTUTAETCsI, KOT/a AePeBO a0COJIIOTHO COaIaHCUPOBAHO.

Yro0BI yHAJIUTH y3€J U3 KOPHA, HY)KHO IIPOCTO CJUTH BA €Tro moaxepeBa. Omepanusa CAMAHUA IBYX
HeIlePeCceKaINXC s JIEBOCTOPOHHUX JIePEeBbEB, HA KOTOPHIE CChLIAIOTCA yKasaTeau P u (, mo cBoeil uzaee
mpocTa: ecau KEY(P) > KEY(Q), To 6epeM B KauecTBe KOPHs P 1 cauBaeM Q ¢ IpaBbIM IO/ AePeBOM P; ipu sToM
nsmenurcs DIST(P), a LEFT(P) mensiercss mecramu ¢ RIGHT(P), eciu aTo Heo6xoxumo. HerpyzaHo cocraBuTh
moAapoOHOe OIMMUcaHUe 9TOTO IpoIiecca (cM. yup. 32).
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CpaBHeHHE MEeTOI0B PaGoThHI C IPUOPUTETHBIMU ouepeasamu. Ecau yucio y3a08 N MaJio, TO AJs TOA-
Iep:KaHus MPUOPUTETHOIM OUepeau JyUIlle BCero IPUMEHATh OJUH U3 IPOCTHIX METOL0B C NCI0JIb30BaHIEM
JIMHENHBIX cOUCKOB. Eciiu :ke N BeIUKO, TO, OUEBUAHO, TOPas3o 60see OLICTPHIM Oy AET METO, BpeMs paboThI
Kotoporo nopaznka log N. IlosTomy 60JbIIINIe IPUOPUTETHHIE OUePEAU OOBIUHO IPEICTABIAIOT B BUE ITHPa-
MUJ 1IN JeBOCTOPOHHUX JMepeBbeB. B m. 6.2.3 MbI 00Cy UM ellle OAUH CIIOCO0 IIpeICTaBIeHNA JUHEHHBIX
CIICKOB B BUZie COAIAHCUPOBAHHBLYX Oepedbed, KOTOPBIM MPUBOAUT K TPETheMY METOAY, IPUTOAHOMY AJIA
peCTaBJIeHNUA IPUOPUTETHBIX OUepesieli, c BpeMeneM paborsl nopagka log N. [TosTomy yMecTHO CPaBHUTH
9TU TPU METOMA.

MpeI Busenu, 4To oepanuy Hajl JIEBOCTOPOHHUMHY AePEBbAMY B I€JIOM HECKOJIBKO OBICTPEe, UeM omepa-
MY HaJ IUPaMUIaMU, HO IMPAMUIbI 3aHIMAIOT MeHbIne namMmaTu. COalaHCUPOBaHHBIE [ePEBbSA 3aHUMAKT
IIPXMEPHO CTOJIBKO Ke IIaMATH, CKOJIbKO JIEBOCTOPOHHME AePeBbi (OBITh MOJKET, UyTh MEHBIIIE); OIepaIuu
HaJI HUMU MeJJIeHHee, UeM HaJ IUpaMugaMu, a IPorpaMMUPOBaHNeE CIOKHEe, HO CTPYKTypa cbalaHCUPO-
BaHHBIX IePEBbEB B HEKOTOPHIX OTHOIIEHUAX CYIIIECTBEHHO OoJiee TubKasA. PaboTasd c mupaMugaMu, He TaK
IIPOCTO IMPEACKas3aTh, YTO IIPOU30HAET ¢ BJIEMEHTAMMU, €CJIN Y HUX PaBHBIE KJIIOUN; HEeJIb3A rapaHTUPOBATh,
YTO SJIEMEHTHI C PABHBIMHU KJIIOUAMU Oy AyT 00pabaThlBaThCS M0 IPUHIIAIY ' HOCJIELHUM BKIIOYAETCA— IIep-
BBIM MCKJIIOUAETCS WJIM  IIePBLIM BKIIYAETCA—IePBBIM UCKJIIOUACTCS  , €CJIM TOJLKO KJII0U He PACIIupeH
¥ HE CONEPKUT NOIOJHUTEJILHOrO MOJA ' HOPALKOBLIA HOMEP BCTABKU , 1 TOT[A PABHBIX KJIIOUEH IIPOCTO
HeT. C Ipyroil CTOPOHEI, €CJIU IPUMEHATEH cOaIaHCUPOBAHHEIE I€PEBbsA, MOKHO JIETKO OTOBOPUTH TBEPALIE
VCIOBUA OTHOCUTEIBHO PABHBIX KJaoueil. MOKHO TaKiKe BBIMIOJHATH TaAKWe NeMCTBUSA, KAK BCTABUTH T
HeIIoCPeCTBEeHHO mepes (uiau mociae) y . CoalaHCUPOBaHHBIE JePeBbs CUMMETPHUYHEL, TAK UTO B JII000M MO-
MEHT MOKHO UCKJIIOUNTD J100 HANOOJIBIINI, JIM00 HaMMEHBIIINH 3JIEMEHT, B TO BpeMA KaK JIeBOCTOPOHHIE
JIepeBbs U MUPaMUALI JOJIMKHBI ObITH TAK WJIN MHAUe opueHTHUpoBaHbl. (CM. TeM He MeHee yip. 31, B KoTopom

Picture: Puc. 28. Tak BBITJIAUT IUpPaMHUIA...

MOKAa3aHo, KaK CTPOUTH CUMMempPUiHble TupaMuabl.) COaaHCUPOBAHHBIE [ePEBbA MOMKHO HCIIOJb30BATD
KaK JJId IOMCKA, TaK 1 IJIsI COPTUPOBKH; 1 3 cOAIAaHCUPOBAHHOTO JepeBa MOXKHO JOBOJILHO OLICTPO YAAIATD
nocyiegoBareabHble 670KY ss1eMerToB. Ho 1Ba c6asaHcpOBaHHBIX JepeBa Heslbasa cauTh MeHee ueM 3a O(N)
1IaroB, B TO BpeMs KaK ABa JIEBOCTOPOHHUX AepeBa MOKHO ciauThb Bcero 3a O(log N) maros.

WUrak, nupaMuasl Hanbojaee SKOHOMHBI C TOUKHY 3PeHUA IaMATH; IEBOCTOPOHHUE TePeBbs XOPOIIIU TeM,
YTO MOJKHO OBICTPO CIUTH ABe HellepeceKaloluecs IPUOPUTETHRIE OUepPel; U, eCId HYJKHO, 38 YyMepeHHoe
BO3HATPAMKAEHNE MOXKHO MOJYYUTH TY THOKOCTD, KAKYIO IIPEJOCTABIAIOT COAIaHCHUPOBAHHLIE JePEeBb.

* AHAJINU3 MUPAMUAAIBHON copTUPOBKHN. AstropuT™M H 10 cux mop He OBLI TOJHOCTHIO TPOAHATIU3UPO-
BaH, HO HEKOTOPEIE €TI0 CBOIICTBA MOKHO BhIBECTU 0e3 0coboro Tpyzna. IlosToMy MBI 3aBepPIINM STOT IYHKT
JIOBOJIBHO IIOAPOOHBIM MCCJIEI0OBAHNEM, KACAIOIIUMCS IUPAMU/I.

Ha puc. 28 moxasaHa ¢opma mupamMuabl 13 26 3JIeMEeHTOB; KaKIbIH y3eJ MOMeUeH JBOMYHBIM UHCJIOM,
COOTBETCTBYIOIIIMM €T0 NHAEKCY B IUpaMuge. 3Be3J0YKaMU B 9TOM AuarpaMMe IOMeUYeHbI TaK Ha3hbIBAEMBbIe
oco0ble Y3Jbl, KOTOPHBIE JeKaT Ha myTu oT 1 K V.

Opnma 13 HanboJiee BasKHBIX XapaKTePUCTUK INPaMUILI—HAa00p pasMepoB ee moaaepesbes. Hanpuwmep,
Ha puc. 28 pasMephl IoAAepeBbeB ¢ KOPHAMHU B y3Jaax 1,2, ..., 26 paBHBI COOTBETCTBEHHO

26*,15,10%,7,7,6%,3,3,3,3,3,3,2%,1,1,1,1,1,1,1,1,1,1,1, 1, 1*. (12)

3Be3J0YKaMu OTMEeUEHbI 0c00ble n0ddepesvs ¢ KOPHAMHU B 0COOBIX y3Jax; B yup. 20 mokasauo, uto ecau N
UMeeT JBOMYHOE IPeACcTaBIeHIe

N = (bnbn—l e blbo)Q, n = Uogz NJ, (13)
TO pasMephbI 0CO0OBIX IIognepeBbEeEB PaBHBI

(1bn,1 . b1b0)2, (1bn,2 . blbo)g, ceey (1b1b0)2, (1b0)2, (1)2. (14)

(Heoco6ble TofAepeBbs Beera aGCOTIOTHO C6aIaHCUPOBAHBI, TAK UTO X PasMephI Beera nMeoT ug 25 — 1.
B yup. 21 mokasaHo, 4YTO cpeau HeoCOObIX IIOAIePeBbeB UMEETCA POBHO

[(N —1)/2]| pasmepa 1, |(N — 2)/4| pasmepa 3, (15)
|(N —4)/8] pasmepa 7, ... [(N —2""1)/2"]| pasmepa (2" — 1),

Hampuwmep, Ha puc. 28 n3o00paskeHo IBeHAAIIAThL HEOCOObIX IIOAAepeBbeB padMepa 1, I1ecTh HoaAepPeBbeB
pasmepa 3, 1Ba—pasmepa 7 u ogHO—pasmepa 15.
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IlycTs s;—pasmep moazepesa ¢ KopHeM [, a My —MyJIbTHMHOMKECTBO {1, Sa, . . ., SN } BCEX OTUX pasMme-
poB. Ucnonways (14) u (15), nerko BeruucauTh My npu jgobom 3aganaom N. B ymp. 5.1.4-20 nokasaHo,
YTO OBIIee UICIIO CIIOCOGOB IOCTPOUTD IINPAMUAY U3 IebIX yucen {1,2,..., N} paBHO

N!/s189...sy = N!/ H s. (16)
sEMp

Hanpumep, uncsio cnocoGoB pacmonoxkuth 26 6yks {A, B,C, ..., Z} Ha puc. 28 Tak, 4T0o0BI 10 BEPTUKAIA
coxpaHsiacs aa(aBUTHBIN MOPALOK, PABHO

26!/(26-10-6-2-1-1'2.35.72.15%).

Temepsb MBI B COCTOSHUY ITPOAHATN3UPOBATD (ha3y IMOCTPOSHNA MTUPAMUALI B anroputme H, T. e. BbIumc-
JIeHUs, KOTOphIe 3aBepIIalTcA 10 TOTO, KaK B mare H2 BuepBbie BeITOJTHUTCA yeaoBue [ = 1. K cuacTtshio,
Osaromaps caenyiolnei HuKe TeopeMe aHaJIu3 MIOCTPOEHUA MUPaMUABI MOJKHO CBECTU K U3YUEHUIO He3aBU-
CHMBIX OIlepaIuii IPOTACKUBAHUSI.

Teopema H. Ecau ucxo0nvimu 0annbvimu 0aa arzopumma H cayrcum cayuailnaa nepecmaHo8Ka MHOMNCe-
cmea {1,2,..., N}, mo 6 pase nocmpoenus nupamudvi ¢ 00UHAKOB0U 8ePOSIMHOCMbIO MONHCEM NOLYLUMbCS
atooas uz N!/ (]_[Se My s) 803M0cHbLX nupamud. Boree mozo, éce | N/2| onepayuii npomackueanus, bvi-
nojiHeHHbLe 30 8pems Imol pa3vt, "pasHomepHbl” 6 moMm cmbicae, imo no docmuxcenuu waza HE ece s;
603 MONCHBLX 3HAUEHUL NePeMEeHHOl | PABHOBEPOAMHbL.

Iorxaszamenvcmeo. [IpuMeHM MeTOX, KOTOPBIN B UMCJIEHHOM aHAJIM3e HA3BIBAETCS METOIOM  00Opar-
Ho# 3azauu’ . IIycTh B KauecTBe OJHOTO M3 BO3MOXKHBIX PE3yJIbTATOB OIEpPaIlMy IPOTACKMBAHWSA 3amaHa
nupamuga K; ... Ky ¢ KOpHeM B y3ie [; TOr/a SICHO, UTO MMEETCS BCEro §; UCXOAHBIX KOHpuUrypanuin K
... K}, daiina, KoTOpHIe IoCIe IPOTACKUBAHNA JAIOT TAKOH pesyabTaT. Bee 9Tu nCX0AHBIE KOH(MDUTYpAIIAY
HIMeIOT pasIndHble 3HaUeHUA K|, CIej0BaTeIbHO, PACCYKAad B 00pATHOM HANPaBJIeHUH, CYIIeCTBYeT POB-
HO S Si41 - .. SN MCXONHBIX I€PECTAHOBOK MHOKecTBa {1,2, ..., N}, KOTOpBIe IocJIe 3aBePIIeHUs OePAIiI
MPOTACKUBAHUS B ITOSUITUIO | fafoT Kouurypamnuio K, ... Ky.

Cnyuaitl = 1 Tunuuen: nyerb K, ... Ky—nupamuza, u nycrs K ... K\ —daiin, Koropsril npeo6pasy-
erca B K; ... Ky B pesynsrare nporackuBanusa npul = 1, K = K|. Ecau K = K;, To JOJIKHBI HMETH MECTO
pasenctsa K = K|;/3|, K[i/2j = K|ij4) uT. i, npu aToM K = K A7 BCeX j, He JIeXKAINUX Ha IyTH OT 1 K i.
OGpaTHO, Ipu JII000M ¢ B Pe3yJIbTaTe TAKOTO IOCTPOEHNA moaydaerca daitn K ... K}, Takoii, 4To (a) ome-
panus mporacKuBaHusA npeobpasyer paiin Ky ... Ky 8K ... Kyu(b) Ko > Kjnpu2 < |j/2] <j < N.
CirenoBaTesbHO, BOSMOKHEI poBHO N Takux Gaitnos K| ... K/, 1 onepaius IpOTaCKUBAHU PABHOMEDHA.
(ITpumep mOKas3aTeIbCTBA 3TOIM TEOPEeMEI CM. B yOp. 22.

O6parmascsh K BeauunHam A, B, C, D B ananause nporpaMmmbl H, MOKHO BUJeTh, UTO paBHOMEPHAS OIie-
panusa IpoTacKMBaHUA, IPON3BOUMAS HAJ| [IOIEPEBOM pasMepa s, faeT BKJIak | $/2]/s B cpeHee sHAUEHME
BeJINUMHEI A; ee BKJIAJ B CpeJHee 3HAUEHNEe BeJINYNHLI B paBeH

1 1 1
SO+14+ 1424+ [logys]) = — > [logy k| :;((S—l—l)LlongJ—2U°g2sJ+1+2)
1<k<s

(cm. ymp. 1.2.4-42); u ona maer BrJyax 2/s uau 0 B cpefHee 3HAUEHNE BeIUYUHLI [ B 3aBUCHUMOCTH OT
TOTO0, SBJASETCS JIU $ UeTHBIM MU HeueTHBIM. HeCKOJIbKO CI0KHEee OIIpee/IuTh COOTBETCTBYIOIIUI BKJIA B
cpenHee sHaYeHUe BesnunHBI C, TAK UTO 9Ta 3aa4a IpeaocTaBsAeTca uuTaTeaio (cM. yuop. 26). [Ipoussogs
CYMMMPOBAaHNE II0 BCEM OIepalusAM IPOTACKUBAHUA, HAXOAWM, UTO CpPelHee 3HAUEHHE BeJUUYMHBI A 3a

BpeMdA IIOCTPOEeHU A ITNpaMUIbl PABHO
N=>_ Ls/2)/s; (17)

sEMp
aHaJIOTUYHBIE (I)OpMyJIBI NMEIT MECTO U OJIA B, Cmu D, TaK 4TO MOXKHO 0e3 0co00ro Tpyaa TOYHO BBIUYUCJIUTDH
9TU CpeJHVEe SHAYEeHU . B Cﬂeﬂylo]l{eﬁ Ta6JII/II_Ie IIPUBEOECHBI TUIIMYHEBIE PE3YyJIbTAaThI:
N 4, By oy Dl
99 19.18 68.35 42.95 0.00
100 19.93 69.39 42.71 1.84
999 196.16 734.66 464.53 0.00
1000 196.94 735.80 464.16 1.92
9999 1966.02 7428.18 4695.54 0.00
10000 1966.82 7429.39 4695.06 1.97
10001 1966.45 7430.07 4695.84 0.00
10002 1967.15 7430.97 4695.95 1.73
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Yo KacaeTca aCUMIITOTUKY, TO B M y MOXKHO He o0pallaTh BHUMaHUA Ha pa3dMephl 0COOBIX IOAAePEBbEB, U
TOTAa MBI HalifleM, HalIpUMep, UTO

N 0 N 1 N 3 1
Ay=""Z 4+ 4= .24, 40@logN)=(1--a)N+0(logN 18
TIe )
a= Z 1 1.60669 51524 15291 76378 33015 23190 92458 04805—. (19)
E>1

(9ro 3uauenme mosyunua k. V. Penu miammmii, moib3ysack mpeodpasoBanueM pazxa us yup. 27.) Ilpu
G6osbIIuxX N MOXKHO MCIOJIb30BATh IPUOJIHKEHHbBIE (DOPMYJIbI

v 2 0.1967N + 0.3 (N ger.), 0.1967N — 0.3(N Heuer.);
BEV ~ 0.74403N — 1.31In N;
O ~ 0.47034N — 0.81n N;
DYy ~1.8+0.2(N uer.), O(N meuer.).

(20)

HeTpyzaHo ompefennTs Tak:Ke MAKCHUMAJIbHBIE 1 MUHAMAJIbHBIC 3HAUEHUA. [[JIA IOCTPOEHUA TUPAMULLI
rpebyercs Bcero O(N) maros (cp. ¢ yup. 23).

9THUM, IO CYIIIeCTBY, 3aBepIIaeTcA aHAIN3 (pa3bl IOCTPOEHNA INPaAMUALL B anroputme H. Ananus passl
BBIGOPA—COBCEM [pyras 3afada, KOTOpas elle oxumaeT csoero pemenus! IlyeTs nupaMugaibHas COPTHU-
poBKa npuMeHseTcsa K N snemeHTaMm; o603HaunM uepesd A%, BY;, Cy u D\, cpesune sHayenus sexnuns A, B,
C u D Bo Bpema (asbl BeiOOpa. IloBegenue anropurma H moaBep:keHo CpaBHUTEIHHO MaJIbIM KOJe0AHUAM
OKOJIO SMIMPUYECKHN YCTAHOBJICHHBIX CPeJHIX 3HAUEHU

A~ 0.152N;
BY% ~ Nlog, N — 2.61N;

1
Cy =~ §Nlog2N —1.4N;
DY ~InN +2;

TeM He MeHee [0 CUX IOP He HaleHO IPaBUJIILHOTO TEOPETUUECKOr0 00'bACHEHNA 3TUM KOHCTaHTaM. Pac-
CMOTPEB OT/JIeJIbHBIE OIlepalluU TPOTACKUBAHUSA, HETPYAHO BHIBECTU BEPXHUE OI[eHKM, YKa3aHHBIE B Hepa-
BeHCTBax (8), X0TdA, ecIu paccMaTPUBAThH AJITOPUTM KaK IIeJIoe, BEPXHIOKI OIeHKY Aaa C', Io-BUAUMOMY,
caenyeT yMeHBIITUTh TPUOIM3UTEIBHO 10 %N logy N.

YupakHeHUuSA

1. [10] fABaseTca oM COPTUPOBKA IOCPEACTBOM IIPOCTOrO BEIOOpa (aropurm S) "ycToitunsoii” ?

2. [15]IIouemy B anropuTtme S OKa3bIBaeTCs 6oJiee yIOOHBIM HAXOJUTh CHaYUaJIa HAaNOOJIBIITNI BJIEMEHT, 3a-
TeM HauOOJIbIITNI 13 OCTABIIINXCA U T. Il , BMECTO TOTO UTOOBI HAXOAUTH CHAUYAJIa HAMMEHBIIINH 5JIeMEHT,
3aTeM HAaMMEHBIIINI U3 OCTABIIUXCSI U T. 1.7

3. [M21] (a) HokaKkuTe, UTO eCJqU AJTOPUTM S MPUMEHSETCI K CAYUalHOUN IIepecTaHOBKE MHOKECTBa
{1,2,...,N}, To B pesyjbTaTe IEPBOr0 BBIIOJHEHUs maroB S2 m S3 mosyuaercs ciaydaiiHas mepe-
craHoBKa MHOKecTBa {1,2,..., N — 1}, 3a koropoii cienyer N. (Muaue rosops, daitn K; ... Ky_1 ¢
ONMHAKOBOI BEPOSITHOCTHIO MOKET ObITH JII060H IepecTaHoBKOM MHOKecTBa {1, 2, ..., N—1}.) (b) Cxeno-
BaTeJbHO, ecJiu uepes By 0003HAUUTH cpeHee 3HaUeHNe BeJIMUYNHEI B B IIporpaMMe S, TO IPU YCJIOBUH,
YTO UCXOAHBIN (hailyl yIopALOUeH caydaiiHbIM 00pasoM, umeeM By = Hy — 1+ By_1. [Vkasarue: cp.
CO CTaTHUCTUUYECKUMU xapakTepuctukamu 1.2.10-16.]

>4, [M35] B mare S3 asroputmMa S HUUETo He JejlaeTcd, ecau ¢ = j. He sydlnie jiu mepes BHIIOJTHEHUEM
mara S3 mpoBepuTh ycaopue ¢ = j? UemMy paBHO cpeJHee YKCJIO CIYUYaeB BHIIOJHEHUSA YCIOBUA | = j B
mare S3, ecyii NCXOQHEIHN (paiti cayuaeHn?

5. [20] Yemy paBHO 3HaUeHNE BeJIUYNHBI B B aHAIKU3€ IPOrPaMMBI S AJs ucxoguoro gaaa N...321?

6. [M29] (a) IIycrs a; as ... ay—mepecraHOBKa MHOKecTBa {1,2,..., N} ¢ C uukaamu, | "HBEPCUAMU U
TakKas, YTO IPU ee COPTUPOBKE C IIOMOII[bIO IPOTPaMMBbI S TPOU3BOAUTCSA B 00MeHOB Ha TPaBOCTOPOHHU I
makcumyM. Horaxure, uto 2B < I + N — C. [Vkra3anue: cm. yup. 5.2.2—-1.] (b) ITorasxkwure, uro I +
N — C < |n?/2]; cnepoBarensHo, B He peBbimaet |n?/4].

7. [M46] Haiigure nucrepcuio BeIUUYNHBI B B mporpamMmme S Kak QYHKIIUIO OT N, CUUTaA, YTO UCXOTHBINA
daita coryuaeH.
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8.

10.

11.
12.

13.

14.

>15.

16.

17.

>18.

19.
20.
21.
>22.

23.

24.

25.

26.
27.

28.

29.

30.

[24] ITokasxure, uTO ecoru mpu nmoucke max(K7, ..., K;) B mare S2 mpocMaTpuBaTh KJIIOYH CJI€Ba HAIIpa-
Bo: K1, K>, ..., K;, aHe Hao6oport: K, ..., K2, Ki, KaK B IporpaMme S, To 3a CUeT 3TOI'0 MOKHO OBLIO
ObI COKPATUTh YKCJIO CPAaBHEHUI IPHU CJAEAYIOIINX MOBTOPeHUuaX 1mara S2. Hanuinure MIX-iporpamMmy,
OCHOBaHHYIO HA 3TOM HaOJIIOEHNH.

[M25] Yemy paBHO CpegHee UYMCJI0 CPABHEHU, BEIIOJHAEMBIX aJITOPUTMOM U3 YIIP. 8 I/ CIyUYaiiHOTO
MCXOAHOTO (haiiaa?

[12] Kak 6yzmeTr BBIMVIAAETH MepeBO, U300pakeHHOEe HA puc. 23, mocje TOTo KaK OyAyT BhIBeAeHBI 14
13 16 mepBoHaYAJIbLHBIX 5JI€MEHTOB?

[10] Kak Gyzmer BRITJIAAETH JepeBO, N300pakeHHOe Ha puc. 24, rmocJie BeIBoa saemMmenTa 908?

[M20] CkosbpKo pas 6yaeT BHITOJIHEHO CPaBHEHME —00 C 00, €CJIM IPUMEHUTDb  BOCXOAAIUAN MeTO,
IIpeACTaBJeHHBIN Ha puc. 23, I ynopsagoueHus daiiaa ns 2" 31eMeHTOB?

[20] (dx. VY. O:x. Yuabawme.) B mare H4 anropurva H pasnuuatorca tpu cayuad: j <r,j =ruj > r.
IToraskute, uto ecoim K > K,,1, To MOKHO ObLI0 OB TaK ympocTuTh mar H4, uToObl pasBeTBIIeHNTE
MIPOUCXOAUJIO JUIMIb II0 ABYM IyTaM. Kak Hamo maMeHuUTh 1mar H2, uTo6bl o6ecnedyuTh B IpOIlecce
NNPaMULATBLHON COPTUPOBKY BhINIOJMHEHME yeaoBud K > K, 1?

[10] IlokaxkuTe, 4TO IPOCTAA OUEePENb—YACTHBIN caydail npuopuTeTHoii. (O0bsACHUTE, KaKKe KJII0UYN
HY’KHO IIPUCBAUBATH SJIEMEHTaM, YTOOBI IPOIleAypa  HauGOIbIINHA 13 BKJIIOUEHHBIX —II€PBBIM UCKJIIO-
yaeTcs ObLIA SKBUBAJIEHTHA IPOIeAype IepBBIM BKJIKUAETCA—IEePBBIM HCKJIOUaeTcs .) fIBasercsa
JIV CTEK TaK’Ke YaCTHBIM CJIy4aeM IPUOPUTETHOH ouepeam?

[M22] (B. 9. Haprpc.) IIpunymaiiTe ObICTDPBINA aJTOPUTM IIOCTPOEHUA TAOJIUIIBI IPOCTHIX uynces < N,
B KOTOPOM MCIIOJIb3YETCA NPUOpuUmemHas ouepeds ¢ mebio n30eKaTh onepanuii greaeHud. [YrkaszaHue.
IIycTh HAMMEHBITNHN KJII0A B TPUOPUTETHON ouepean OyeT HAaMMEeHBbIITNM HeUYeTHBIM HeIIPOCTBIM YKC-
JIOM, GOJIBIIINM, UeM CaMoOe IIOCJIeJHEee HEUETHOE YK CJIO, BOCIIPUHATOE KaK KaHAUAAT B IPOCTHIE YKCJIA.
ITonprTaliTeCch CBECTM K MUHUMYMY YHCJIO 3JIEMEHTOB B 9TOH ouepenu. |

[20] ITocTpotiiTe ahHeKTUBHBII aJITOPUTM, KOTOPHIHM BCTABJIAET HOBBIN KJII0Y B JTaHHYIO IUPAMUY U3 II
9JIEMEHTOB, ITOPOKAAA MUPAMUIY U3 N + 1 9JIeMeHTOB.

[20] AnropurM u3 yrup. 16 MOMKHO UCITOIb30BATD I OCTPOECHUS IUPAMUALI B3AMEeH METO/a  YMEHb-
menus [ go 1", npumensemoro B amropurme H. IToposkgaroT au o6a MeToma M3 OJHOTO W TOTO MKe
UCXOMHOTO (hailia ONHY U TY JKe TUPaMuIy?

[21] (P. V. Daoiin) Bo Bpema (assl BEIGOPA B aITOPUTME THPAMULATIBHOM COPTUPOBKY KJI0U K, Kak
PaBUJIO, IPUHUMAET JOBOJHHO MaJjble 3HAUEHUS, U [I0O9TOMY IIOUTH IIPU BCeX CpaBHeHUsX B miare H6
obHapy.kuBaeTcsd, 4To K < K;. Kak. MOXXHO M3MEHHUTH aJITOPUTM, UT0OBI K1l0u K He cpaBHUBAaJICA € K
B OCHOBHOM ITMKJI€ BBIUUCJICHU ?

[21]1IpenioxuTe aNIrOPUTM UCKJIIOUEHUA JaHHOTO 3JIeMEeHTa U3 TUPaMUALI padmMepa N, TOPOK IO
nupamungy pasmepa N — 1.

[M20] ITorasxure, uTo hopmysl (14) 3amaroT pasMepsl 0COOBIX MOAAEPEBHEB TUPAMUIBI.

[M24] Ooxraskure, uro opmyssl (15) sagaroT pasMmepsl HEOCOOBIX TOAAEPEBHERB TUPAMUIBI.

[20] Kakue nepecranoBku MmHOKecTBa {1, 2, 3,4, 5} dasa HocTpoeHns nupamMussl B anropurme H mpeo6-
pasyerB53412?

[M28](a) DokaxkuTe, 4TO AIMHA IyTH B B aIroputMe IpOTACKUBAHNSA HUKOTA He IpeBbImaet | log, (r/1)].
(b) CornacHo HepaBeHcTBaM (8), HM IpU KaKOM KOHKPETHOM IIpuMeHeHnH ajroputrma H Benrunuuna B
He moxkeTr pessodtu N |log, N |. Halfizure MmakcumMaibHOe 3HAUEHNE B 10 BCEBO3MOKHBIM MCXOLHBIM
daiiram Kak @yHKIIio oT N. (Bl JOKHBI fOKa3aTh, UTO CYIIIECTBYET NCXOAHbIH (haiia, Ha KoTopoM B
MIPUHUMAET 9TO MaKCUMaJbHOE 3HAUeHUE. )

[M24]BsiBeauTe TOUHYIO (DOPMYJIY CTAHLAPTHOTO OTKJIOHEHNU A BeJINUNHBL B (CcyMMapHasd AJIMHA Iy TH,
MIPOHIEHHOTrO II0 IePEeBY BO BpeMs (has3hbl MOCTPOEHU S NupaMuabl B ajaroputrme H).

[M20] Yemy paBeH cpeqHuii BKJIAJA B 3HaueHUe Beanunubl C 3a BpeMs IIePBOi ollepanuy MpoTacKuBa-
HudA, Korgal =1,ar = N, eciiu N = 2"+l — 1,

[M30] Permtute ymp. 25: (a) gina N = 26, (b) nasa npousBoabHOTO N.

[M25] (Hsx. V. Peru mu.) lokasmure, aro ), - 2" /(1 —a") =3 -, 2"’ (1+2")/(1 — z"). [[lomoxus
T = %, MIOJIYYHNTE OUEHb OBICTPO CXOAAIIUNCA PAA A BeruuciaeHus (19). )

[35] IIpoaymatiTe umeo mepHapHuvlx NUPAMUO, OCHOBAHHBIX Ha MOJHBIX TePHAPHBIX, 4 He OMHAPHBIX
IepeBbax. ByzeT iy TepHapHaA IHPaMHUIAJIbHAS COPTUPOBKA ObICTpee OMHAPHOM ?

[26] (V. C. Bpays.) ITocTpoiiTe airopuT™M yMHOMKeHWS MHOTOUJEHOB UJIM CTENeHHBIX paAAoB (a1’ +
asx® + ) (bya’t + box’2 + --+), KOTODPBIH 6bI TOPOKAAT KO2h(PUIMEHTb TpousBefeHus c;xii it + ...
I10 IIOPSIIKY, II0 MePe TOT0 KaK MePeMHOKAIOTCI K0d(hDUITNeHTH UCXOAHBIX MHOTOUICHOB. [VKrasaHnue:
’BOCTIOJIL3YHTECh MOAXOAAIIEH TPUOPUTETHOM OUepeabio. |

[M48] Mosxer au BeauunHa C 1peB30iTH %N log, N npu nupaMuzanbHON copTHpOoBKe daiina? Yemy
paBHO MaKcuMaJibHOe 3HaueHUe C'? HeMy paBHO MUHUMAJILHOE 3HAUEHTE?
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31. [37] (k. V. H:x. Yuabame.) Ilokaxkure, 4To ecjiu JBe TUPAMUIBI ITOAXOAAIIIM 00pa30M COBMECTUTH
"OCHOBaHME K OCHOBAHMIO , TO 3TO JACT BO3MOYKHOCTE IIOAAEPKUBATE CTPYKTYPY, B KOTOPOH B JII000i1
MoMeHT MOKHO 3a O(log n) MIArOB UCKJIIOYUTH 1160 HANGONBIINH, 1100 HanMeHbIIni aeMeHT. (Takyio
CTPYKTYPY MOKHO HA3BaTh NPUOPUMEMHbLM OeKO0M.)

32. [21] PaspaboraiiTe aIrOpuTM CIUAHUS ABYX HellepeceKaloInXca IPUOPUTETHRIX oUuepeieii, IpeIcTaB-
JIEHHBIX B BUJe JIEBOCTOPOHHUX MepeBbeB, B onHy. (B uwacTHOCTM, ecam ofHA M3 AAHHBIX OUuepemeit
COZIEPKUT BCETO OAUWH 3JI€MEHT, TO Balll aJITOPUTM OyIeT BCTAaBJATh €ro B IPYT'yIO ouepelsb.)

>33. [15] Ilouemy B IPUOPUTETHOI OUepeaU, IPEACTABICHHON B BUJe JIEBOCTOPOHHETO JepeBa, Olleparus
yIaJeHUsT KOPHS BBIMOJHSIETCA IIyTeM CIAUAHUSA IBYX IOLJAEPEBLEB, 4 He MPOABUMKEHUS Y3JIO0B II0
HaIpaBJEeHUIO K BePIINHEe, KaK B mupamuge?

34. [M47]CKOJIBKO MOKHO IIOCTPOUTE JIEBOCTOPOHHUX JIepeBbeB u3 N y3JI0B, €CJIN UTHOPUPOBATH BHAUEHU A
moJiAa KEY? [9Ta mocaemoBaTe IbHOCTS HaUMHaeTcs1 ¢ uncen 1, 1, 2,4, 8,17, 38, ... ; cyIIlecTByeT U KaKasd-
HUOYAb IpoCcTasd acuMIITOTHUYecKasa hopmyaa?]

35. [26] Ecsiu B 1eBocTOpOHHEE fepeBo ¢ N y3iamMu 100aBUTH ¢cBA3U UP (¢p. ¢ 00CyKIeHUEM JePEBhEB C TPEMSI
CBA3AMU B II. 6.2.3), TO 3TO AAaCT BOBMOXKHOCTD UCKJIIOYATH U3 IIPUOPUTETHOMN ouepeay IPOU3BOJIbHBIHN
ysea P ciaexyromnium oopasom: cauThb LEFT (P) nRIGHT (P) 1 HOMECTHUTH ITOJIyYeHHOE ITOAePeBo Ha MecToP,
3aTeM HCIIPABJIATH moJisg DIST y mpeaKoB y3Ja P 10 TexX Iop, HOKa He OyAeT JOCTUTHYT Jinh0o KOPeHb,
aubo yses, y Kotoporo moJie DIST He MeHsieTca. [flokasKkuTe, UTO IIPU 3TOM HUKOTZA He moTpebyeTcs
unsmenurs 6osee uem O(log N) moseit DIST, HecMOTPS Zajke Ha TO, UTO LEPEBO MOYKET COLEPIKATH. OUEHb
IIVUHHBIE BOCXOAAIINE TYTH.

36. [18] (3amewernue Haubosee 0aBHO UCTOALIOBAHHOU cmparUybl. ) MHOTE OIleparIOHHbIE CUCTEMBI 1IC-
MOJIB3YIOT AJITOPUTM CJIEAYIOIIEro TUIA: HAJ HaG0OPOM Y3JIOB JOIMYCTUMEI JBE ONepalui —  HCIIOJb30-
BaHMe' ya3Jia 1 3aMellleHre HanboJjiee JaBHO < HCIIOJIb30BAHHOIO y3Ja HOBBIM y3j0M. Kakas cTpyKTypa
JaHHBIX Oo0JlerdaeT HaXOoMKAeHue HauboJlee JaBHO ~HCIIOJL30BAHHOTO  y3ja?

5.2.4. CopTHPOBKA CIUAHUEM

Crusnue o3HaUaeT o0beIVHEHNE OBYX WM 0oJiee YIOPALOYEHHBIX (halijioB B OLUH YIOPALOYEHHBIH
daitsn. MosxkHO, HanpuMep, caIuTh ABa nmoadaitiaa—>5s03 703 765 u 087 512 677, moayuus 087 503 512 677 703 765.
IIpocToit cmoco6 caesaTh 9TO—CPaBHUTH ABa HAWMEHBIIIUX 3JIEMEHTA, BHIBECTU HAUMEHBINUIN M3 HUX U
IIOBTOPUTBH 9Ty HPOIENYDY.-

Hauas ¢
503 703 765
087 512 677’
TOJIYUYUM
503 703 765
087 { 512 677
3aTeM
703 765
087503 {512 677

u T. A. Heo0xoaumo mo3ab0TUTHCA O AEMCTBUAX HA CJAydail, Korga mcuepraerca oguH u3 (daiimos. Beco
IpoIiecc IoAPOOHO OMUCAH B CJIEAYIOIEM aJropuTMe.

Aaropurm M. ([[eyxnymesgoe caustue. ) ITOT aJITOPUTM OCYIIECTBJIAET CANIHIE [BYX YIOPATOUEHHBIX
dpaitnoBx; < zo < ... <z uy; <Yy2 < ... <y, BomuH paita z; < 20 < ... < Zpygp-
M1 [HauanbHas ycTaHoBKa.] ¥YcTaHOBUTB ¢ «— 1, j < 1, k <+ 1.
M2 [Haiitu mHaumensbInnii saemenT.] Eciu z; < y;, To nepeiitu K mary M3; B IDOTUBHOM CIydae IepedTu

K M5.
M3 [BeiBecTu x;.] YCTaHOBUTSD 2 < T, k + k+ 1,4 < i+ 1. Eciiu ¢ < m, To Bo3BpaTuthesa K M2.
M4 [BeiBecTH yj, - . . , Yn.] YCTAHOBUTS (2k, . - . ; Zmin) < (Yjs- - -, Yn) ¥ 32BEPIIUTE PAGOTY aITOPUTMA.

M5 [BeiBectu y;.] YCTaHOBUTS 2);, < Yj, k < k+ 1, j < j + 1. Ecau j < n, To BosBpaTuThca k M2.
M6 [BeiBecTH Z;, - . . 5 Tpy.] YCTAHOBUTD (2K, - - -y Zmtn) < (Ziy- -, Ty ) U 3aBEPIIATH PAOOTY AJITOPUTMA. |

Picture: Puc. 29. Cimuaanex; < ... <zpcyr < ... < yp.

B . 5.3.2 MBI yBUAMM, UTO 3Ta IPOCTAaA IPOIEAypPa, IO CYIeCTBY,  HAWJIYUYIINA U3 BO3MOMKHBIX —CIIO-
co00B cauAHUS Ha Tpagunuonuoit 9IBM, eciu m =~ n. (Ho, ecau m ropasmo MeHbIIIe 12, MOKHO pa3padoTaTh
6osiee a()(eKTUBHBIE AJITOPUTMbBI COPTUPOBKH, XOTA B 00IIIEeM cayuae OHU JOBOJBHO CJIOKHEI. ) Asnroputm M
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6e3 ocoboii morTepu 3HGHEKTUBHOCTA MOKHO HEMHOTO YIIPOCTUTD, T0OABUB B KOHEIl NCXOIHBIX (DailjIoB HC-
KYCCTBEHHBIX ' CTPaMKeN Ip,11 = Ynt1 = OO M OCTAHABJIMBAACH IIePel BHIBOZOM 0o. AHanus axropurma M
CcM. B ymp. 2.

O61uii 00beM PaboThI, BLIIOJIHIEMOM aJroputmoM M, 10 CYII[eCTBY, IIPOMOPIIOHAJICH 1M + 1, IO3TOMY
SICHO, UTO CAMsTHMEe —00JIee IpocTasd 3amada, ueM cOpTupoBKa. OIHAKO 3aayy COPTUPOBKY MOYKHO CBECTH K
CIINAHUSAM, CIUBAdA Bce 6ojiee NIMHHEBIE ToA(aibl 10 TeX 0P, IOKa He OyIeT OTCOPTUPOBaH Bech (aiti. Ta-
KOM mOoAX0 MOXXHO pacCMaTPUBATh KaK Pa3BUTHE UeN COPTUPOBKY BCTABKAMM: BCTABKa HOBOI'O DJIEMEHTA
B YIOPAZOUYEHHBIH (hali—uacTHBIN cayuail cauauusa upu n = 1! Ecau Hy:KHO YCKOPUTD IPOIlecC BCTABOK,
TO MOYXHO PACCMOTPETEL BCTABKY HECKOJIBbKIX 3JI€MEHTOB 3a Pas, IPYNIUPYA HX, a 3TO eCTeCTBEHHBIM 00-
pasoM IPUBOAUT K 00IIell naee COPTUPOBKY cianudnueM. C MICTOPUUECKON TOUKY 3PEHUS METO CIAUAHUN—
OJIVIH M3 CAMBIX II€PBBLIX METOO0B, IPeSHASHAUEHHBIX JJI51 COPTUPOBKU

Picture: Tabauma 1 CopTUpoBKa eCTEeCTBEHHBIM ABYXIYTEBLIM CANAHIEM

Ha 9BM; ou 6bL1 mpeaaoskeH [yxonoM o HeiimamoMm emre B 1945 r. (cMm. § 5.5).

Ms1 10BOSIBHO TTOPOOHO M3YUYNM CAUAHUS B § 5.4 B CBA3U € aJTOPUTMAMU BHEITHEH COPTUPOBKU, a
B HACTOSIIEM HYHKTE COCPEIOTOUYNM CBOE€ BHUMAHYE HAa COPTUPOBKE B OBICTPOM IMAMSTH C IPOM3BOJIbHBIM
JIOCTYIIOM.

Tabuuna 1 MITIOCTPUPYET COPTUPOBKY CIAUAHUEM, KOTJa CBEUKA COKUTaeTcsa ¢ 060MX KOHI[OB , IIO-
IOOHO TeM IIPoIleypaM IIPOCMOTpa 3JIeMeHTOB (aiiia, KOTopble IPUMEHSIINCH IPU OBICTPOM COPTUPOBKE,
mopaspAIHON 0OMEeHHOII COPTUPOBKE U T. A. Mbl aHAIN3UPYEM NCXOAHBIIN (DAl cjieBa U CIpaBa, JBUTasCh
K cepeauue. IIponycTuM IIOKa MEPBYIO CTPOKY M PACCMOTPHUM IIEPEXO0J OT BTOPOIi CTPOKM K TpeTheit. CiaeBa
MBI BUAUM Bo3pacTawlnuii orpe3ok 503 703 765, a cmpaBa, ecau YUTaTh CIIpaBa HaJIeBO, MMeeM OTPEe30K
087 512 677. CiuaHuMe 3TUX ABYX IIOcJemoBaTelbHOCTEH maer moxadaiia 087 503 512 677 703 765, KoTOpHI
moMeIaeTcs cjaesa B cTpoke 3. 3atem Karounu 061 612 908 B ctpoke 2 cauBatored ¢ 170 509 897, u pesyabraT
(061 170 509 612 897 908) sanuceiBaercs cnpasa B crpoke 3. Hakowerr, 154 275 426 653 ciauBaercs ¢ 653 (me-
pPexpriTHe O0HAPYKMBAETCS IIPEIKIe, YeM OHO MOJKET IIPUBECTH K BPEJHBIM IIOCJIEINCTBUSIM), U PE3yJIbTAT
samnuchiBaeTcs ciaeBa. TOUHO TaK sKe CTPOKA 2 MOJyuYnIach U3 UCXOOHOTO (aiiia B cTpoke 1.

BepTuKanbHBIMU JUHUAMEU B Ta0J. 1 OTMeUeHBI TPAHUIBI MEXKAY OTpe3KaMu. ITO TaK Ha3bIBaeMble
"CTyNeHbKU BHU3 , Te MEHBIINN 2JIEMEHT CJeAyeT 3a 6oabnM. B cepefuHue (aiiia 06bIYHO BO3ZHUKAET
IBYCMBICJI€HHAA CUTYAIIUA, KOTA TP ABUKEHUY C 000X KOHI[OB MBI IPOUUTHLIBAEM OIUH U TOT JKe KJII0Y;
9TO He IIPUBEIET K OCJIOKHEHUAM, €CJIU IPOSIBUTH UYYTOUKY OCTOPOKHOCTHY, KaK B CJIEAVIOIIEM aJropuTMe.
Taxoil MeToJ 110 TPAJUIIANA HA3EIBAETCA ~ eCTEeCTBEHHELIM CJNAHNEM, IOTOMY UYTO OH MCIIOJIbL3yeT OTPE3KHU,
KOTOpPBIE ~ eCTeCTBEHHO 006pasyIoTCsa B MCXOAHOM (aiiie.

AnroputMm N. (Copmuposrka ecmecmeenHbim 08yxnymesvim caiusHuem. ) [Ipu coptupoBke sanuceii Ry,
..., Ry mcmosbayooTesa 1Be 00J1aCTy MaMATH, KaXK1aa U3 KOTOPBIX MOKeT comepskaTts N 3anuceit. [ yno6-
cTBa 0003HAUMM 3aIIUCH, HAXOAIIIMIeCd BO BTOPO obsacTy, ueped Ry 41, . . . , Ran, XOTH B I€ICTBUTEIbHOCTH
3anuch Ry MOXeT U He IPDUMbBIKATh HelOoCpeACTBeHHO K Ry . HauanbHoe comepsxkuMoe 3anuceii Ry 1, ...,
Ro N He uMeeT 3HaueHuA. [locie 3aBepIleHN COPTUPOBKY KJItouu 6y ayT yrnopsamoueHsl: K1 < ... < Ky.

Picture: Puc. 30. CopTupoBKa CIUAHUEM.

N1 [HavanbHas ycranoBka.] YcranoButh s <— 0. (IIpu s = 0 mbI OyZeM mepechLIaTh 3allicu U3 00J1aCTH
(R1,...,RN)BOGHACTD (RN 11, .., Ron); IpH s = 1 00J1aCTH 10 OTHOIIIEHUIO K IEPECHLIKAM IIOMEHSIOTCS
poasmu.)

N2 [IIogroroBka k mpocmoTpy.] Eciu s = 0, To yecranoButh ¢ < 1, j < N, k < N + 1,1 < 2N; ecau
s = 1, To ycramoButh 7 < N + 1, j < 2N, k < 1,1 < N. (IlepemenHsie i, j, k, | yKasbIBalOT
TeKyI[1e MO3UIMY BO BXOAHBIX ~(haiiaax’ , OTKy/da UAeT YTeHNne, M B BRIXOAHLIX  (paiaax’, KyAa UAeT
samnuck.) YcraunoButhb d < 1, f < 1. (Ilepemennas d ompeaessieT TeKylllee HalpaBjieHue BLIBOAA, f
ycraHaBiauBaeTcsa paBHO 0, eci HEOOXOAMMEBI JaJIbHEHNITNE IIPOCMOTPHI. )

N3 [Cpasrerue K; : K;] Eciu K; > K, nepeiitu x mary N8. Ecnu ¢ = j, ycranoBuTs Py, <— R; 1 mepefiTu
K mary N13.

N4 [IIepecsrika R;.] (IIlaru N4—N7 amamoruunsl rmaram M3—M4 anroputrma M.) YeramosuTh Ry < R;,
k+—k+d.

N5 [Crynenbka BHu3?] ¥YBeauuuTh ¢ Ha 1. 3atem, eciu K; 1 < K;, BO3BpaTUThCA K 11ary N3.

N6 [Ilepecrinka R;.] YcranoButs Ry, < Rj, k + k +d.

N7 [CrynenpkaBHU3?] YMeHBIIUTSE j Ha 1. 3aTeM, ecnu K11 < K, Bo3BpaTUThCA K Iary N6; B IDOTUBHOM
cayuae mepeiiTu K mary N12.

N8 [IIepecwrnra R;.] (Ilaru N8—N11 gBoiicTBeHHBI II0 OTHOIIEHHIO K maraM N4—N7.) Ycranosuts Ry,
Rj, k+ k-+d.
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N9 [Crynenpka BHH3?] YMeHbIIUTS j Ha 1. 3areMm, ecanu K1 < K, BO3BpaTuThesA K mary N3.

N10 [IIepecwvinka R;.] YcramoButsh Ry < R;, k + k + d.

N11 [Crymeubka BHM3?] YBeauuuTh ¢ Ha 1. 3aTeM, ecau K; 1 < K;, Bo3BpaTurhced K miary N10.

N12 [IlepekiatoueHue HanIpaBieHu:d.| ¥YcranoBuTh f < 0, d < —d 1 B3BaumosamMeHuUTs k <> [. BosBpaTurbesa
K mary N3.

N13 [Ileperaiouenue obsacreii.] Eciu f = 0, To ycTaHoBuUTb s < 1 — s 1 Bo3BpaTtuthea K N2. B nporuBHOM
ciydJae COPTUPOBKA 3aBepiieHa; ecau s = 0, To ycranoButs (R, ..., RN) < (Rn41,...,Ren). (BEcan
Pes3yJIbTaT MOXKHO OCTaBUTh B ob6nactu (Ry41,. .., Ran), TO IOC/IeJHEE KOIIMPOBaHNE HEO0A3aTEIBHO. )

B sTom anropurme ecTh ogHa HEGOIBINIAA TOHKOCTh, KOTOPaA 00bACHAETCS B YIP. 5.

3amporpaMMupoBaTh aaropuTm N 11 Marmuabe MIX HeTPY/IHO, HO OCHOBHBIE CBEIEHU O €T0 IOBeIeHNN
MOXKHO IIOJIYUYHUTH U 0€e3 TTOCTPOeHUA Bcel mporpaMMbl. Ecou (aiia ciydaeB, TO B HEM OKOJIO %N BO3pac-
TAIOIINX OTPE3KOB, TaK KakK K; > K;.1 C BEePOATHOCTHIO %; noapobHasa mHGOPMANUA O YUCJIEe OTPE3KOB
IPY HECKOJBbKO OTJIMYHBIX IPEAIOJOKEeHUAX Oblia moaydeHa B . 5.1.3. IIpu KasKgoM ITPOCMOTPE YUCJIO
OTPE3KOB COKpAIlfaeTcs BABOE (3a UCKJIIOUEeHEeM HeOOBIUHBIX CIyUaeB, TAKUX, KaK CUTyallus, ONMUCAHHASA
B yup. 6). Takum o6pasom, YKUCI0 NPOCMOTPOB, KaK IIPaBUJIO, COCTaBJIAET OKO0JO log, N. Ilpu rKakmom
IPOCMOTPE MBI JOJIXKHEI IlepenncaTs Bce N 3amnuceil, u, KaKk MOKAas3aHo B yup. 2, 00JbIIasA 4YacTh BpeMeH!
saTpaunBaerca B marax N3, N4, N5, N8, N9. Eciau cuurarh, 4TO paBHbIe KJIIOUM BCTPEUYAIOTCA C MAJIO
BEePOATHOCTHIO, TO BpeMsd, 3aTpaunBaeMoe BO BHYTPEHHEM IIUKJIe, MOKHO 0XapaKTepU30BaTh CIAEIYIONTUM

oGpasom:

ITar Omnepamunu Bpemsa
N3 CMPA, JG, JE 3.5u
JIH60{N4 STA, INC 3u
N5 1INC,LDA,CMPA,JGE 6u
JII/I60{N8 STX, INC 3u
N9 DEC,LDX,CMPX,JGE  6u

Taxum obpasom, IPpU KayKIOM IIPOCMOTPE HA KaKAYIO 3alllCh 3aTpaunBaeTcA 12.5 equHUI] BpeMeHH, U
ob1riee BpeMsa paboThl acHMITOTHYECKY Ipubimsxaerca K 12.5N log, N Kak B cpelHEM, TaK U B HAUXY/IIIeM
ciaydae. ITO MeJJieHHee ObICTPOI COPTUPOBKU W He HACTOJBKO JIYUIlle BpeMeH! PadoThl MUpPaMUATIbLHON
COPTUPOBKU, UTOOBI OIIPABAATH BABOE OOJBIITNI PACXO[ IIaAMATH, TaK KaK aCUMITOTHUYECKOe BpeMs paboThI
nporpamMmsl 5.2.3H pasrHo 16N log, N.

B amropurme N rpaHumbl MeXAy OTPE3KAMU IOJHOCTBIO OIpPEeNe/sioTCA  CcTyleHbKaMmMu BHu3 . Ta-
KOM moaxoh o0JjiafaeT TeM BO3MOKHBIM IIPEMMYIIeCTBOM, UTO MCXOMHLIe (alibl ¢ mpeodagaHnieM BO3-
pacTarlero Uil yovl8anu,ez0 PACIOJIOKEHUA SJIEMEHTOB MOTYT 00pabaTeIBaThCA OUeHb OBICTPO, HO IIPHU
9TOM 3aMeJIsIeTCA OCHOBHOM ITMKJI BEIUKCIeHUIT. BMecTo IpoBepoOK CTyIIeHEeK BHI3 MOMKHO TPUHYAUTEIHHO
YCTaHOBUTH AJNHY OTPE3KOB, CUUTAA, UTO BCEe OTPE3KU MCXOTHOTO (haiija MMEIOT IJIUHY 1, mocje mepBo-
rO IPOCMOTPA Bce OTpe3Ku (KpoMe, BO3ZMOIKHO, IIOCJIEIHEr0) UMeIOT IJIuHY 2, ..., Iocje k-To IIpocMoTpa
BCe OTPe3KH (KpoMe, BOBMOKHO, IIOCIeAHEr0) HMeIoT IuHy 2¢. B oTiinunme oT "ecTeCTBEHHOr0" CANAHUS B
anroputme N Takoi criocob Ha3bIBAETCS NPOCMbLM NBYXITYTEBBIM CIUIHUEM.

AJITOpUTM IPOCTOrO ABYXIYTEBOr'O CAUSHUS OYeHb HAIIOMUHAET aJropuTM N—OH ONUCHIBAETCH, II0
CYII[eCTBY, TO JKe OJIOK-CXeMOil; TeM He MeHee MeTOIbI JOCTATOUHO OTJINYAIOTCS APYT OT APYTa, U IO03TOMY
CTOUT 3aMIUCATH BECh AJITOPUTM ITEJITUKOM.

Anroputm S. (Copmuposra npocmuim 08yxnymesovim cauanuem.) Kak u B anroputme N, mpu copTu-
poBKe 3anuceit Ry, ..., Ry UCIOJL3YIOTCA ABe 06JIaCTH ITAMATH.

S1 [Hauanbuas ycTaHoBKa.] YcTaHOBUTE s < 0, p < 1. (CMBbICT mepeMeHHBIX S, i, j, k, [, d cM. B airo-
purme N. 3mech p—pasmMep BO3PacTaIUX OTPE3KOB, KOTOPHIEe OYAYT CAUBATHCA BO BPEMs TEKYIIEro
MIPOCMOTPA; ¢ U r—KOJHUUYECTBA HECJIUTHIX 3JIEMEHTOB B OTPE3KaX.)

S2 [IIogroroBka K nmpocmoTpy.]| Eciu s = 0, To yecranoButb i <— 1, j < N, k< N,l <+ 2N + 1;ecaus =1,
TO yCTaHOBUTH ¢ < N + 1,5 < 2N,k + 0,1 + N + 1. 3arem ycraHoBUTH d < 1, g < p, 1 < p.

S3 [Cpasrernue K; : K;.] Eciu K; > K, To nepeiitTu k mary S8.

S4 [Ilepecwinka R;] YcranoButs k + k + d, Ry, <+ R;.

S5 [Kouer orpeska?] YcraHoButh i <— i+ 1, ¢ < ¢ — 1. Ecoiu ¢ > 0, To Bo3BpaTuThCA K 1mary S3.

S6 [Ilepecvinka R;.] YcranoButTh k < k + d. 3aTem, ecaiu k = [, mepetitu K mary S13; B IpOTUBHOM CIydae
yCTaHOBUTE Ry, <+ R;.

S7 [Koner orpeska?] YcranoButsh j < j— 1,7 < r—1. Ecaur > 0, Bo3BpaTuThCA K mary S6; B IpOTUBHOM
cayuae mepeiTu K mary S12.

S8 [Ilepecwinka R;.] YcTaHOBUTE k <— k + d, R <+ R;

S9 [Koner orpeska?] YcraHoBUTh j < j — 1, r < r — 1. Ecau r > 0, To BO3BpaTUTHCA K mmary S3.
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S10 [IIepecviika R;.] YecranoButTh k < k + d. 3atem, ecau k = [, nepeiitu K mary S13; B IpPOTUBHOM CJIydae
ycTanoBUThL Ry +— R;.

S11 [Kownern orpeska?] YecranoBuTb i <— i + 1, ¢ < ¢ — 1. Ecaim ¢ > 0, To BodBpaTuThes K mary S10.

S12 [IlepekioueHne HaIpaBJIeHUA.| Y CTAHOBUTD q <— P, T <— D, d < —d 1 B3BauMO3aMeHUTSH k <> [. BosBpa-
TUTHCA K mIary S3.

S13 [IIepekatoueHue obsacTeii.] YCTaHOBUTE p < p+p. Ecaup < N, TO yCTaHOBUTSH S <— 1— S 1 BO3BPATUTHCA
K S2. B npoTuBHOM ciiyuae COPTUPOBKA 3aBepIiieHa; ecau s = (, TO yCTAHOBUTH

(Rl, .. ,Rn) — (RN+1, A ,RQN).

(HeszaBucumo oT pacipeeeHus UCXOTHOro (aiija mocjeqHee KONUPoBauue OyaAeT BbIMIOJHEHO ToTaa
U TOJIbKO TOT[Aa, Korga sHaueHue [log, N| HeueTHo. Tak uTo MOKHO 3apaHee MPeJCKA3aTh [IOJOKEHUEe

OTCOPTUPOBAHHOTO (haiiyia, U KOMUpPoOBaHUe, Kak MPaBuJjo, He TpebyeTcs.) |

Tab6auia 2

CopTHUPOBKA IIPOCTHIM ABYXIYTEBLIM CIAUAHUEM
503| 087| 512| 061] 908| 170| 897| 275| 653 [ 426| 154| 509| 612| 677| 765| 703

503 703| 512 677| 509 908| 426 897] 653 275 170 154| 612 061| 765 087
087 503 703 765| 154 170 509 908] 897 653 426 275| 677 612 512 061
061 087 503 512 612 677 703 7651 908 897 653 509 426 275 170 154
061 087 154 170 275 426 503 509 512 612 653 677 703 765 897 908

ITpumep paGoTsl anropuTMa cMm. B Tabis. 2. [JoBOJIBHO YAMBUTEIBHO, UTO 3TOT METOJ CIIPABEIJIUB U
Torga, Korga N He sSIBIAETCA CTENeHBIO 2; CAMBaeMble OTPE3KU He Bce MMEIOT AauHy 2F, TeM He MeHee
HUKaKUX ABHBIX Mep IIPeJIOCTOPOKHOCTH Ha CIyUYal TaKUX UCKJIIOUeHHnM He mpenycmoTpeno! (Cm. ymp. 8.)
IIpoBepKu cTyHmeHEK BHU3 3aMeHeHbl YMEHBIIIeHNEeM IIePeMEeHHbBIX ¢ ¥ T ¥ IPOBEPKOI Ha PaBEHCTBO HYJIIO.
Brnarogapsa sromy Bpemsa paboTe! Ha MatnHe MIX acuMIToTHYecKH npubau:kaerca k 11NV log, N exuaunam,
YTO HECKOJIBKO JyUIlle 3HAUEHU A, KOTOPOTO HaM yIaJIoCh JOOUThCS B aaropurme N.

Ha mpakTuke mMeeT CMBICT KOMOMHUPOBATD aJITOPUTM S ¢ TPOCTHIMU BCTABKAMM; BMECTO IIEPBBIX Ue-
THIPEX ITPOCMOTPOB AJITOPUTMA S MOKHO IIPOCTBIMHU BCTABKAMY OTCOPTUPOBATH I'PYINbI, CKakeM, u3 16 aye-
MEHTOB, UCKJIIOUNB TAKUM 00pa3oM JOBOJILHO PACTOUNTEIFHBIE BCIIOMOTATEeILHEIE OIIEPAIlUN, CBI3aHHBIE CO
cIusSHNEeM KOPOTKUX aiinoB. Kak MBI ysKe BueIt B cayuae ObICTPOI COPTUPOBKU, TAKOe KOMOMHUPOBAHLE
METO/OB He BJINUseT/Ha aCUMIITOTHUYECKOe BpeMs paboThI, HO JaeT TeM He MeHee, HeMAaJIYIO BBITOY.

PaccmoTpum Teneps anropuTMbl N 1 S ¢ TOUKM 3peHUSA CTPYKTYP AaHHBIX. [louemy HaM HeoOxomumMa
naMAaTh mox 2N, aHe mon N 3amuceii? [Ipyunia OTHOCUTEIBLHO ITPOCTA: MBI paboTaeM ¢ YeThIPbMA CIINCKaMU
IIepeMeHHOr0 pasMepa (IBa BXOJHBIX CIIUCKA M BA  BBIXOJHBIX CIMCKA B KaXKIOM IIPOCMOTPE); IPY STOM
LA KasKI0M maphl MOCJIEI0BATEILHO PACIPEeIEJIEHHBIX CIIMCKOB MBI IIOJIb3yeMCA CTaHAAPTHHIM IIOHATHEM
"BeTpeuHoro pocra”, obcyxgasmumMcs B (. 2.2.2. Ho B 11060ii MOMEHT BpeMeHHU IIOJIOBUHA IIAMATH He
WCII0JIb3YEeTCH, U II0CJIe HEKOTOPOTO PA3MBIIIJIEH CTAHOBUTCA CHO, UTO B IeHCTBUTEIbHOCTH, IJIA HAIIIUX
YeThIPeX CIIMCKOB CJIEIOBAJIO ObI BOCIIOJIB30BATHCS C8A3AHHbLM paclIpeeseHneM naMATH. Eciu K Kamoii
u3 N samnuceil f06aBUTH IOJIE€ CBABU, TO BCe HEOOXOAMMOE MOYKHO IIPOJAEJATh, MOJb3YACh aJITOPUTMAMU
CIIUAHUA, KOTOPHIE IPOU3BOAAT IPOCTHIE MAHUITYJIAIINY CO CBA3SIMU U COBCEM HE ITePEMEIIIaiOT CAMY 3aIIUCH.
HobaBinenue N moJell ¢cBsA3U, KaK IPaBUJIO, BEITOAHEE, UeM A0OaBJIEHNE ITPOCTPAHCTBA IIAMATHU elle O
N zamuceii, a OTKa3aBIIINCh OT IepeMeIeHU s 3alINCel, Mbl MOJKEM TaK:Ke COKOHOMUTD 1 BpeMs. Tak, Ham
HYKHO PacCMOTPETh aJITOPUTM, IIOTOOHBIN CIeAYIOIIEMY .

Agaroputm L. (Copmuposka nocpedcmeom causuus cnuckos.) Ilpegnonaraercs, uro 3anucu Ry, ...,
Ry comepsxar karoun K1, ..., Ky u "noasiceasu” Li,. .., Ly, BKOTOPBIX MOTYT XPaHUTHCA yrcia oT — (N +1)
oo (N + 1). B Hauase u B KOHIle (ailyia UMEIOTCsA UCKYCCTBEHHbIe 3anucu Ry u Ry41 ¢ moasMu cBs3u Lo
u Ly41 OTOT aJIrOPUTM COPTHUPOBKHU CIMCKOB YCTAHABIWBAET IIOJIA CBA3U TAKMM 00pa3oM, UTO 3aluCHU
OKas3bIBAIOTCA CBA3aHHBIMU B BospacTaroiieM nopsaaxe. Ilocie 3aBepiiieHus COPTUPOBKY Ly YKasbIiBaeT Ha
3amnuch ¢ HauMeHbIIuM KiouoM; mpu 1 < k < N cBsasb L yKasbIBaeT Ha 3alliCh, CIEAYIOIIYIo 3a Ry, a eciiu
Rj;—samuch ¢ HanboJIBIITUM KJII0U0M, TO Ly, = 0. (CMm. ¢popmyasr (5.2.1-9).)

B mportecce BBIMOMHEHUA 3TOTO aJITOPUTMA 3amucu Ry u Ryi1 CAy:KaT ToJoBaMM [OBYX JIMHEMHBIX
CIICKOB, IIOJICIIMCKY KOTOPBIX B TaHHBIN MOMEHT ciauBaioTca. OTpumaresbHas CBA3b 03HAUAET KOHEI IO -
CIUCKAa, 0 KOTOPOM M3BECTHO, UTO OH YIIOPSAA0UeH; HyJeBasd CBA3b 0O3HAaUaeT KOHeIl Bcero cnucka. [Ipearo-
Jaraercs, uro N > 2.

Yepes "|L;| + p"” o6osHaueHa onepanus ~NPUCBOUTH L SHAUEHWE p UIU —p, COXPAHUB IIPEIKHUM 3HAK
L,". Takas omepanusa JIeTKO peajn3yeTcs Ha MaitnHe MIX, HO, K COMKANIEHNIO, 9TO He TaK IJIsa GOJIbIINHCTBA
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9BM. HeTpyaHO U3MEHUTH AJITOPUTM, YTOOBI MOJIYUUTH CTOJIb JKe 3(D(PeKTUBHBIN METO/I 1 AJIs 60JIbIITNHCTBA

IPYTUX MaIllnH.

L1 [MlogroroButs ABa cuucka.] Yeramosurb Lo <+ 1, Lyyy < 2, L; + —(i14+2)mpul < i < N —2
uLy_1 + Ly < 0.(MsI cosmanu ABa CIIMCKa, COAEPIKAaIlliie COOTBETCTBeHHO 3anucu R, R3, Rs,
u Ry, R4, Rg, ...; OTpUILlaTeIbHBIE CBA3U 'OBOPAT O TOM, YTO KAXKILIM YIIOPALOUYEHHEIN MOACIHUCOK "
COCTOUT BCETO JIUIITH U3 OTHOTO djieMeHTa. J[[pyroi crmocob BHIIOJIHUTD STOT IIIaT,
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dTa cxeMa He ABJseTcA HamboJiee 3(HEeKTUBHOU Cpeu BceX BO3MOXKHBIX, HO OHA MHTEpecHa TeM, UTO
IMOKAa3bIBAET, UTO METObI C YACTUYHBIMHU IIPOXOAAMU PACCMATPUBAINCH AJIS IIOPA3PAAHOM COPTUPOBKH eIlle
B 1946 r., XoTa B IuTEpaType Mo CAUIHUIO OHU ITOSABUJNCH JUIIH 0K0J0 1960 r.

APpPpeKkTUBHAA KOHCTPYKI[MA CXeM paciipeAeseHnsa ¢ oOpaTHRIM UTeHHeM ObLIa IpeaiokeHa J. Baiie-
com [CACM, 11 (1968), 491-493]. Ilycts gamo P + 1 menT u S KJatoueit; pasgeauTe Kaouu Ha P noadaiiaos,
KayKABIA U3 KOTOPHIX copeperut |S/P| mnu [S/P| kitoueil, u NIPUMeHSNTe 9Ty MPOLELYPY PEKYPCUBHO
K Kaskaomy moadaiiny. Ecau S < 2P, To oguH moadaia gOJIKeH COCTOATh M3 eINHCTBEHHOTO HaMMEeHb-
IIero KJIoua; ero U cJelyeT 3amucaTh Ha BRIBOAHYIO JeHTY. (O0Imasd KOHCTPYKIIUA C IPAMBIM ITOPAIKOM
P. M. Kapna, onucanHas B KOHIIE II. 5.4.4, BKJIIOUAET 3TOT METOJ KaK YaCTHBIHN caydaii.)

O06paTHOe UTeHIe HECKOJbKO YCI0MKHAET CANAHIE, IIOCKOJbKY OHU 00paIaer nopamnoKk oTpe3kos. Co-
OTBETCTBYIOIIUH 5P (PEeKT MMeeTCs 1 B MOPa3pALHON COPTUPOBKE. Pe3yabTaT OKa3bIBaeTCA YCTONUUBBHIM
WIN " aHTUYCTONUYMBBIM B 3aBHMCHMOCTHU OT TOTO, KAKOM YPOBEHD JOCTUTHYT B Aepese. Ilocie mopaspsaaHoi
COPTUPOBKM € 00pPATHBIM YTEHMEM, KOTJAa HeKOTOPbIe BHEIITHUE Y3JIbI HAXOAATCS Ha YeTHBIX YPOBHAX, a
HEKOTOpPbIe—HAa HeUETHBIX, IJI5 OJHUX KJI0Uel OTHOCUTEIbHBIN MOPAL0K Pa3JIMUYHbBIX 3aIlHCel ¢ ONUHAKO-
BBIMU KJIIOUaMu OyaeT coenadams ¢ IepBOHAUAIBHBIM IIOPAAKOM, HO AJSA IPYTUX OH OYAET npomueonono-
scen ucxonuomy. (Cp. ¢ yup. 6.)

Ocuyunaupyou,as COpPTUPOBKA CIUSAHUEM TaKKe UMeeT CBOIO IIapy B 9Toi ABoiicTBeHHOCTH. B ocyunau-
pyroweil nopa3pa0Hoil copmuposike MBI IIPOJOJIIKAEM Pas3ieATh KJIUl, IIOKa He JOCTUTHEM oA~ (haiiios,
COZIePIKAIlUX TOJBbKO OAUH KJU MK JOCTATOYHO MAaJIbIX, UTOOLI IIOAAaBaThLCA BHYTPEHHEH COPTHUPOBKE;
Takue MoA(aJbl COPTUPYIOTCA U 3aIlMCHIBAIOTCS Ha BBIBOAHYIO JIEHTY, 3aTeM IPOIleCC pasliesieHUs BO3-
obuoBJsiercsa. Hampumep, eciiu nMeloTCs TPy padoune JIEHTHI 1 OJHA BbIBOIHAA W €CJIY KJIIOUU SABJISIOTCS
IBOMYHBIMYU YKCJIAMM, MBI MOKE€M HAYaTh C TOTO, .UTO moMecTuM KJouu Buzga ‘Oz’ wa jgenty T1, a Kioun
‘12’ ma nenty T2. Ecsiu Ha geuTe T1 okaxeTcs 60JIbIlle 3aInceli, YeM eMKOCTD IIaMATH, TO BHOBb IIPOCMAT-
pusBaem ee u momerrfaetr ‘00z’ ma T2 u ‘Olx’ ma T3. Tenepsb, ecau moxdaiia ‘00x’ HOCTATOUHO KOPOTKUIA,
MIPOM3BOAUM BHYTPEHHIOIO COPTUPOBKY €r0 U BEIBOAUM Pe3yJabTaT, a 3aTeM HaunHaeM o0paboTky modaii-
ga ‘0lz’. ITomo6HEIN MeTon OBLI HaszBaH 9. X. OPpsHI0M " KaCKaLHON IICEBLONOPA3PALHON COPTUPOBKOM "
[JACM, 3 (1956), 157-159]; 6osee moxpodHO ero pazpadoranu X. Harmep [JACM, 6 (1959), 459-468],
KOTOPBIH JaJl eMy KpacoyHoe UMsA  MeToA AByriasoro smus , u K. X. T'ogert [IBM Tech. Disclosure Bull.,
12 (April, 1970), 1849-1853].

IIpeBoCXOaUT JIH TIOpa3paAaHad COPTHPOBKA cananue? OTHIM BasKHBIM CJI€ICTBUEM IIPUHITHAIIA JBOM-
CTBEHHOCTH SBJIAETCH TO, UTO 10PA3PAOHASL COPMUPOEKA 00bLYHO XYXHCe COPMUPOSKU CAUAHUCHM . ITO CBAZAHO
CTeM, UYTO METOJ BBIOOpAa ¢ 3aMelleHreM JaeT COPTUPOBKE CIUAHNEM OTIpe/ieIeHHOE ITPENMYIIIeCTBO: HeT OUe-
BUIHOTO IIYTH TAK IIOCTPOUTH IMOPAZPASHYI0O COPTUPOBKY, UTOOBI MOYKHO OBLIO MCIIOJIb30BATh BHYTPEHHUE
COPTHPOBKH, BKJIIOUatOIue 60ee OMHON eMKOCTH aMATH 3a OAWH pas3. Ha camoM fejie ocIMILIUPYIOIasa
TopaspAfHas COPTUPOBKA YaCTO OYAET MOPOKAATH MoA(aiiIbl, HECKOJBKO MEHBIIINE EMKOCTH IaMATH, TaK
YTO ee cXeMa pacIpelesieHUs COOTBETCTBYET JePeBY CO 3HAUMTENHHO OOJBIITUM YMCJIOM BHEITHUX Y3JIOB,
yeM OBLI0 OBI IIPU MCIIOJNbL30BAHUHU CIAUAHUS 1 BbIOOpa ¢ 3aMernieHreM. COOTBeTCTBEHHO BO3pacTaeT AJIHUHA
BHEIITHETO IIyTH AepeBa (T. e. BpeMdA copTupoBKu). (Cm. yup. 5.3.1-33.)

151 BHEITHe ! Topa3paaHOi COPTUPOBKHY CYIeCTBYeT, OAHAKO, OAHO BaXKHOoe mpuMeHenue. [Ipeamoso-
JKUM, HaIIpIMeD, 4To uMeeTcA Gaiii, cogepraiiuii haMuJIny BceX COTPYAHUKOB O0JIBIITOTO IPEAITPUATHASI B
ayI(aBUTHOM IOPAAKe; MpeqnpuaTre cocTouT us 10 oTaenenuii, 1 TpedyeTcss OTCOPTUPOBATE 3TOT (haiia 1mo
OTHAEJIEHUAM, COXPAHAA an(aBUTHBIN NOPALOK COTPYAHUKOB B KaKa0M oTAeneHuu. Ecau daiin 1auHHBIH,
TO MBI UMEEeM [IeJI0 UMEeHHOe TOH cuTyaIruei, rae cjaeyeT IPUMeHATh CTAOMIbHYIO ITOPa3PagHYI0 COPTUPOB-
Ky, TaK KaK YMCJIO 3amucell, MpuHaAJeKamux Kaxxgomy us 10 orgenenuii, 6yzneT, BepoATHO, OOJIBIIE, YEM
YKCJIO 3aIIKUCeli, KOTOpoe OBLI0 OB B HAYAJIBHBIX OTPEe3KaX, MHOJYUEeHHBIX BRIOOPOM ¢ 3aMelleHreM. Booobiie
TOBOPS, €CJU AUAIMA30H KJIIUel TaKk MaJl, UYTO Habop 3amuceil ¢ OAMHAKOBLIMU KJIOUaMU 6oJiee UeM BIBOe
MIPEBBICUT ONEPATUBHYIO NAMATDH, TO PA3yMHO MCIOJIL30BATh ITIOPA3PATHYI0 CODTUPOBKY.

Mgt Buzsenu B n. 5.2.5, 4TO Ha HEKOTOPHIX BHICOKOCKOPOCTHBEIX IBM gHympeHHAs TTOpaspagHas cop-
THPOBKA MPEAIOUYTUTEIbHEE CAUIHNAA, IIOCKOJbKY " BHYTPEHHUH UK MHOPA3PALHON COPTUPOBKU 00XO-
IuTcsa 0e3 CIOKHBIX mepexonoB. Ecau BHeINTHAS MaMATh OYeHb ObICTpad, TO MJS TAKWUX MAIIUH MOKET
OKasaTheA IP00IeMOM TPOBOAUTE CANAHNE JaHHBIX C TAKOH CKOPOCTHIO, UTOOBI YCIIETh 3a 000PYI0BaAHIEM
BBOJia/BbIBoga. II0aTOMY B ITOMOOHOI CUTYyAIlNN HMOPa3pAIHAS COPTHUPOBKA, BO3MOYKHO, JYUIle CIUAHUSI,
0COOEHHO €CJI U3BECTHO, UTO KJIIOUN PABHOMEDPHO PacIpeieIeHbI.

YipaxkHeHUuA

1. [20] Bauske K Havauy 1. 5.4 OBLIO OIIpeiesieHO 0011ee cOaaHCUPOBAaHHOE CIAUAHYE Ha T  JJeHTaX C Imapa-
metpoMm P, 1 < P < T'. IlokaskuTe, YTO OHO COOTBETCTBYET ITOPA3PATHOM COPTUPOBKE, MCIIOJIb3YIOIIeH
CHCTEMY CUMCJIEHUS CO CMEIIIaHHBIM OCHOBAHUEM.
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2. [M28]B rekcre cxeMaTUYeCKHU IpecTaBIeHa MHOro(hasHas nmopaspsaauas coptTuposka 21 xkiaoua! 0606-
IuTe ee Ha cayuaii F, KJoueil; 00bsICHUTE, KaKle KJIOUYM 1 Ha KaKoll JIEHTe OKa3bIBAIOTCS B KOHIIE
Kaxaon daswl. [VKkas3aHue: pacCMOTPUTE CUCTEMY CUHCJIEHUA, MCIOJb3YIOIIyI0 unciia PuboHayum;
yup. 1.2.8-34.]

3. [M40] PacmpocTpanuTte pe3yabTaThl yIIp. 2 Ha MHOTO(GA3HYIO MOPA3PATHYIO COPTUPOBKY C UeTHIPHMSI
WX OOJBIINM KOJIMYECTBOM JIeHT (cp. ¢ yup. 5.4.2-10).

4. [M20] dokaxure, 4To cXeMa pacupeesieHIA JIIEeHXePCTa CAYKUT HAWJIYUIIINM CII0OCO00M COPTUPOBKU
10 kJroueil Ha yeThIpeX JeHTax 0e3 00paTHOTO UTEHUA B TOM CMBICJIE, UTO COOTBETCTBYIOIIEe MTepPeBO
“MeeT MUHNMAJbHYIO AJINHY BHEIITHEro IIyTHU CPeSu BeexX  cuabHEIX 4-fifo repesnes” . (Takum o6pasom,
9TO, TI0 CYIIEeCTBY, HAMJIYUIIINI METO, €CJIU He YUUTHLIBATH BpeMsA IePEeMOTKH. )

5. [15] Hapucyiite 4-lifo mepeBo, cooTBeTCTBYIOIIlee MOPA3PATHON copTUPOBKe Mouau ¢ 00paTHBIM UTe-
HueM 10 Kiroueii.

>6. [20] HekoTopslit aitn comep:KuUT AByxpaspanubie Kiaouu 00, 01, ..., 99. ITocse BITOMHEHUA TOPAa3-
pAnHOM copTroBKY Mouiu 1o udpe eTNHUI, MBI MOYKEM ITIOBTOPUTH TY JKe cxeMy 1o Iudpe IecATKOB,
IIOMEHAB poJiAMY JeHThI 12 1 T4. B KakoM mopsAaaKe B KOHIe KOHIIOB OKaKyTCA KJaoun Ha 127
7. [21] IlpuMeHuM Jiv MPUHIIAI JBONCTBEHHOCTH TaKKe U K (aiijiaM Ha HeCKOJbKUX 600mHaxX ?

5.2.5. CopTUpoBKA ¢ IByMs JIeHTAMHU

J 71 TOoro YTOOBI IIPU BBHITTOJTHEHUY CIUAHUA He OBLIO Ype3MEePHOTro ABUKEHUA JIEHT, He00XOIUMbI TPHU
JeHTbl. IHTepecHO MoAyMaTh O TOM, KaK MOKHO Pa3yMHBIM 00Pa30M BBIMOJHUTE BHEIITHIOIO COPTUPOBKY C
KCIIOJIb30BAHMEM TOJbKO ABYX JICHT.

B 1956 r. I'. B. [IeMyT Openjo:KuI HeKUI METO, IPeICTaBIAIONINI co60 KOMOMHAIIMIO BLIOOPA C
3aMelIleHreM 1 COPTUPOBKU METOAOM Hy3bIpbKa. IIpeAnoaosKuM, UTO NCXOJHbIE JaHHbIe 3aHUMAIOT JICHTY
T1, u HAYHEM C TOro, UTO IIpourTaeM B maMaTh P + 1 3anuceii. Tenepb BuIBeeM 3aIllICh C HAUMEHbBIITNM
KJIIOUOM Ha JIeHTY 12 1 3aMeHUM ee CJIeAYIoIleill MCXOAHOI 3anuchio. IIpogosskaeM BBHIBOAUTEL 3alUCH,
KJII0Y KOTOPBIX B TEeKYIIUII MOMEHT HAaUMEHbIIINH B TaMATH, COXPAHASA AePeBO BbIOOpA UM IPUOPUTETHYIO
ouepens u3 P + 1 smementoB. Korma BBoI HaKOHeIl McUepIiaeTcAd, B MaMATHA OKAKyTCA HauOOJbIie P
KJIfoueii (paiisa; BhIBeleM UX B BO3pacTarolleM mopsanake. Temephb mepeMoTaeM 00e JIEHTHI U TIOBTOPUM 9TOT
mporiece, uuTad ¢ 12 u 3anuchiBad Ha 1'1; KaKIbIN TaKOUW IIPOXOJ IOMEINAEeT eIle Mo KpaiHeit mepe P
samuceil Ha CBOW MecTa. B mporpaMMy MOKHO BCTPOMUTH IIPOCTYIO MIPOBEPKY IJIA OIpegeIeHUs MOMEHTA,
KorZa Bech Gaily craner ynopsigoueHusiM. IlorpeGyercs He Gosee [(N — 1)/P] npoxo/oB.

MunyTHOe pasMbIIIIeHe TOKAa3bIBaeT, UTO KaKABIN ITPOXO0 9TOM MPOoIeAyPhl SKBUBaJeHTeH P mocJe-
JOBaTEeJILHBIM IIPOXOJaM COPTUPOBKU METOAOM Ny3bIphbKa (amroputm 5.2.2B)! Eciau saemenT umeet P uin
6oJiee MHBEPCHUIl, TO IPU BBOJE OH OKAKETCsI MEeHBIIIe BCeX 9JIEMEeHTOR B lepeBe 1 II03TOMY Oy 1eT HeMeAJIeHHO
BBIBeZIeH (IoTepsaB, TakuM obpasom, P nuaBepcuii). Eciiui aieMeHT nMeeT MeHee P MHBEPCUI, TO OH IIOIIaAaeT
B IepeBO BbIOOpa U OyaeT BLIBEJEH paHbIlle BceX OOJBINNX KJIouell (MoTepsaB, TAaKUM 00pasoM, BCe CBOU
unBepcun). Ecau P = 1, To TPOUCXOAUT TO Ke caMoe, UTO U B MeTOie Ty3bIpbKa, Imo Teopeme 5.2.21.

OG1ee umcsio IPoxonoB OyerT, ciesoBaTeIbHO, paBHo [I/P], roe I—MaKkcuMaIbHOE YNCJIO MHBEPCU
moGoro aiemenTa. ITo Teopuu, pasBuToit B 1. 5.2.2, cpensee suauenue [ ects N —/7N/2+(2/3)4+0(1/v/N).

Ecau daiin He CIUIIKOM CUIBHO ITPEBOCXOAUT Pa3Mep OIlePaTUBHON MaMATH UJIU €CJIN OH IePBOHAYATb-
HO TIOYTHU YIIOPAMOUEH, TO 9Ta COPTUPOBKA METOAOM ITy3bIpbKa P-To mopaAnaKa 0yaeT JOBOJBHO OBICTPOM; B
IEeHACTBUTEJIBHOCTH €€ MOXKHO IIPEAIIOUecThb AaKe B TOM cJaydyae, KOTJa NMeIOTCA MOMOJHUTEIbHbIE JeHTO-
IPOTSKHBIE YCTPOMCTBA, TaK KaK BeCh IIPOIIECC COPTUPOBKYU MOKET 3aKOHUUTHLCA PaHbIle, YeM OIepaTop
yCIleeT YCTaHOBUTH TPeThio JieHTy! C Apyroii cTOpoHbl, 0HA OyZeT paboTaTh BechbMa MeIJIEHHO HaJl JOBOJIbHO
GoJIbIIUMHU (haiijIaMU CO CIIyUailHBIM PACIOJIOMKEHNEeM 3JIEMEHTOB, TAK KaK BpeMs ee padoThI IPUOIN3UTENb-
HO IIPOTIOPIIMOHANBHO N2,

ITocmoTpum, Kak peanusyercsa sTor merof aas 100000 zamuceit B mpumepe us . 5.4.6. Ham HyKHO
pasymMHO BbIOpaTh P, 4TOOBI yuecTh MeKOJOUHBbIe IMTPOMEKYTKHU HPU COBMEIEHWU OIepaluil YTeHUs U
3alucU C BbIUMCIeHUIMHU. Tak KakKk B IpUMepe IIpeAlojiaraeTcsd, YTo KasKaas s3anuch umeer aiauHy 100
aurep, a 100000 auTep 3amoJIHSAIOT IIaMATh, TO y Hac Oy/ZIeT MecTo JJisI IByX 0ydepoB BBojA U ABYX OydepoB
BBIBOZIa pasdMepa B, ecyiu BeIOpaTh 3HaUeHus P u B, Takue, 4TO

100(P + 1) + 4B = 100000. (1)

Ecau ncnonbzoBaTs 0003HaUEHUA 1. 5.4.6, To IpuOIM3UTEIbHOE BpeMs PaboThl KayKA0T0 IIPOX0oJa BbIpa-
JKaeTcs Kak
NCwt(1 + p), w=(B+7)/B. (2)

ITocKoOMBbKY YHMCJIO ITPOXOLOB 00paTHO IIPOMOPIIMOHAIBHO PP, MBI XOTUM BbIOpaTh Takoe B, KpatHoe 100,
KOTOpPO€ MUHUMUSUPYET BeJINUNHY w/P. ieMeHTapHbIN aHAIN3 IOKA3BIBAET, YTO MUHUMYM JOCTUTAETC,
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Korjia B paBHO mpubIusuTenbHo /249757 + % — 7. [TosTomy Mbl BeIGupaem B = 3000, P = 879. ITomoxus
B IIPUBEJEHHBIX BbIlIe popmysax N = 100000, mosyuaem, uro yucso npoxonos [I/P| Gyxer .okomo 114, a.
OIleHKAa 00IIIero BpeMeH! PeIlleHuA COCTaBIAeT MpuMepHo 8.57 u (IIpeAmmoJiaras A yA00CTBa, YTO UCXOTHbIE
JTaHHbIEe 1 OKOHYATEJNbHBIN BHIBOJ Takske uMmeoT B = 3000). 3mech mpeacTaBiieH ciaydaii, Korga JaHHbBIE
3aHUMAIOT 0K0Jio (.44 600MHBI; MOMHAS 000uHA TOTPeboBasa 6bI MPUMEPHO B IATH pas3 00JIbIlle BpeMeHH!.
Mo:kHO TTpom3BecTr HEKOTOPhIe YIAYUIIIeHNU, IPE[yCMOTPEB B aJITOPUTME IIePUOAUYEeCKNe IPEePhIBAHUA U
MEePECBLIKY 3aluceil ¢ HanOOJIbIIUMI KJIUYaMU Ha BCIIOMOraTeJbHYIO JEeHTY, KOTOpas 3aTeM CHUMAaeTcsd,
HECKOJIbKY 9TH 3aIIMCH IPOCTO KOMUPYIOTCS TyAa U 00PaTHO IIOCJIe TOTO, KaK OHU yiKe 0Ka3aJiCh Ha CBOUX
MeCcTax.

IIpumeHeHue OBICTPOI COPTHPOBKM. EIllle 0OMHUM METOAOM BHYTPEHHEH COPTUPOBKHU, KOTOPBINA ITPO-
XOIUT JAaHHBIE MMOUYTHU IIOCJIENOBATEIbHO, ABJISIETCA O0OMEHHAd COPTUPOBKA C paslesieHreM UJIU ObICcTpast
coptupoBKa (anroputm 5.2.2Q) MosxHo ju ee mpucnocoouts K Asym Jjeuntam? [N. B; Yoash, CACM, 8
(1965), 649.]

HerpyaHo yBUIETh KaK MOYKHO CAeJaTh 9TO, BOCIIOJb30BABIINCH 00PAaTHLIM uTeHueM. IIpeamomokum,
uTO ABe JeHTHI ToMeueHnbl 0 u 1, u mpeacTaBuM, YTO (haily pacmosaraeTcs CIeIyIINM 06pasom:

Picture: Pacmoaosxenue ¢aiina Ha jgeuTe, cTp. 419

Kasxknas nenra BeICTyIlaeT B KauecTBe CTeKa. [[Be JeHTHI BMecTe, UCIOJIb3yeMble KaK IPeACTaBIEHO 3eCh,
IailoT BO3MOXKHOCTh CUMTATH (Dailjl JIMHEHMHBIM CIIMCKOM, B KOTOPOM MBI MOKE€M IepeMeIlaTh TEKYIIYIO
TO3UIIAIO BJIEBO MJM BIIPABO, KOMUPYS 9JIEMEHTHI 13 OJHOTO CTeKa B Apyroii. Ciaenymoline peKypCUBHEIE
TOAIIPOTPAMMBI OTIPEAEISIIOT COOTBETCTBYIONIYIO ITPOIEYPY COPTUPOBKU.

e SORTOO [oTcopTupoBaTh BepxHuUit nmoxadaiia ¢ JeHTsI 0 1 BepHYTH ero Ha jieHTy 0]. Ecau moz-
(aiis momMelraeTcss B OIePaTUBHYIO IAMATD, TO IPUMEHHUTh K HeMY BHYTPEHHIOI0 COPTUPOBKY
¥ 3aTeM BEepPHYTH ero Ha JIEHTY. B TpoTUBHOM ciiydyae BhIOpATh OAHY 3amuch R us moadaiiia;
mycThb ee KitouoM Oyzmer K. Uuraa senty 0 B o6paTHOM HampaBJIeHUY, KOIMPOBATDH BCe 3aTN-
CH, KJIIYX KOTOPBIX > K, moaydyas TakuM o0pa3oM HOBBIN ~BepxXHUI mozdaiiia Ha jJeHTe 1.
Temnepsb, unTas JeHTYy 0 B IPAMOM HAIIPaBJIeHUH, KOIIMPOBATH BCE 3aIUCH C KJIIOUAMM, PABHBI-
mu K, Ha geuTy 1. 3aTeM, BHOBDL unTad JeHTY () B 00paTHOM HaIlpaBJeHUN, KOINPOBAThL BCE
sanucu ¢ Kaouamu < K Ha jgeHTy 1. Beimoarautrs SORT10 mag kiaouamu < K, 3aTeM CKOIIA-
poBaTh KJwoun, paBHble K, Ha JeHTy 0 u, HakoHeIll, BeimoauuB SORT10 max kiaouamu > K,
3aBePIIUTb COPTUPOBKY.

e SORTO1 [oTcopTupoBaTh BepxHuUii moadaiin ¢ serTsl 0 U 3anucaTh ero Ha JieHTy 1]. AHajo-
ruuao SORTO00, Ho mocienaee ooparenue K ”SORT10” sameneno Ha ”SORT11”, 3a KoTOpHIM
caenyeT KonupoBauue Kaouent < K Ha jeHty 1.

¢ SORT10 [oTcopTupoBaTh BepxHUil moAdaiia ¢ meuTs! 1 u sanucars ero Ha eHTy 0]. Takasd ke,
kax SORTO1, o MmeuatoTca mecramu 0 u 1, a TakKe omrepaTOPhI OTHOIIEHUHA < U >.

e SORT11 [oTcopTupoBaTh BepxHUi moadaii c JeHTH 1 1 BepHYTH ero Ha JeHTy 1]. Takasa ke,
kax SORTO00, zo mersiorcsa mectamu 0 1 1, a TakKe OTHOIIEHUA < 1 >. MoKHO 6e3 Tpy/1a cIirpa-
BUTBCS C PEKYPCUBHOM IPUPOAOI 9TUX IPOLEAYD, SAIMUCHIBAA HOAXONAIIYIO VIIPABJIAIOIIYIO
nH(pOPMAIIHUIO HA JIEHTHI.

Ecau cunrars, 4TO JaHHBIE HAXOOATCS B CHAYYANHOM MMOPAAKE M BEPOATHOCTH PABHBIX KJIOUEH IIpe-
HeOpe:XMMO MaJia, TO MOMKHO OLIEHATh BpeMsA padoThI 3TOr0 aJIrOPUTMA ClaeAyomuM oopasom. Ilyers M —
YHCJIO 3alIUCell, TOMEIAINUXCA B orepaTuBHoi nmaMmaTu. Ilycts X y—cpemHee 4ucI0 3amuceii, YuTaeMbIX
Bo Bpema mpuMmeneHus SORTO00 uaiu SORTI11 x nmoadaiiny us N samnuceitr, tme N > M, u oycThb Yy—
coorBercTByiomas BeauunHa 111 SORTO01 u SORT10. Torga numeem:

X — 0, eciu N < M,
N = 3N+1+%ZO§]@<N(Y]€+YN—1—7€)7 ectu N > M, 5
Ve — 0, ecitu N < M, (3)
N = 3N+2—|—%ZOSk<N(Yk+XN717k+/€), eciu N > M.

Peirrtenne sTux peKyppeHTHBIX COOTHOIIIEHUH (CM. yIp. 2) MOKa3bIBaeT, UTo obIuii 00beM nHpOpMaIuu,
YUTAeMOM C JICHTHI B TeueHue (Da3 BHEIITHETr0 pasiesieHus, B CpeJHeM pPaBeH G%N InN + O(N) mpu N — oo.
Mgu1 Takoxe sHaeM us dopmyast (5.2.2—25), uTo cpegHee uncyao (a3 BHYTPeHHEN COPTUPOBKU OyIeT PaBHO
2(N+1)/(M+2)—1.

Ecau mbl mpuMeHuM aToT aHaaud K npumepy 100000 samwuceit, paccMmoTpeHHOMY B 1. 5.4.6, mpu-
yeM BocmoJbayeMca 6ydepamu mo 25000 sutep u OyaeM cUUTaTh, UTO BpeMsA COPTUPOBKHU momdaiiia us
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n < M = 1000 sanuceit paBao 2nCwT, TO MOJYYNUM CpeJHEee BpeMsa COPTUPOBKMU, IPUOJIU3UTEIHLHO PaB-
Hoe 103 MuH (BKJIOUAsd, KaKk B cxeMe A, OKOHUaTeJbHYIO IepeMoTKY). Tak, MeTos ObICTPOIi COPTUPOBKU
B CpeJHEeM HeILJIOX; HO, KOHEeUHO, B Hauxydulem ciiyuae OH y:KaceH W yCTYIaeT Jake MeTOLY Iy3bIPbKa,
00Cy K AaBIIIEeMYCS BBIIIIE.

ITopaspamuas coptupoBka. OGMeHHYIO TOPA3PAIHYIO COPTUPOBKY (anroputm 5.2.2R) MoKHO amajo-
TUYHBIM 00pa30M IIPUCIIOCOOUTD JIJIsT COPTUPOBKY C IBYMSA JEHTAMM, TaK Kak OH 0UeHb ITI0X0K Ha OBICTPYIO
COPTHPOBKY. B KauecTBe TPIOKa, KOTOPBIHA ITO3BOJMJ IPUMEHUTL 00a 3T MeTOJa, MCII0JIb30Baaach UAesa
uyrenus (aiiaa 6ojee YeM OAUH Pas—ToO, UYero MbI HHUKOTJA He HeJaju B IPeAbIAYIIUX aJTOPUTMAX AJIS
JIHT.

C mMOMOIITHIO TOTO JKe TPIOKA MOKHO OCYIIECTBUTH OOBIUYHYIO TOPa3PAAHYIO COPTUPOBKY Ha ABYX JIEH-
Tax " cHavajga-mo-muaamei-mudpe” . Umea ncxonuslie fanubie Ha 11, Konupyem Ha 1’2 Bce 3alucu, KJIOU
KOTOPBIX B IBOMYHOM crucTeMe okaHumBaeTcs Ha 0; 3aTeM mocJie mepeMoTKY 1’1 unTaeM ee BHOBb, KOTIUPYSI
3alliCH C KJOUYaMM, OKaHuuBamomumucsa Ha 1. Temeps nmepeMaTbiBaoTCsa 00€ JIEHTHI U BBIMIOJHIETCA aHa-
JIOTMUHAS ITapa IPOX0/0B, HO ¢ 3amMeHo# 1'1 Ha T'2 1 UCIIoIb30BaHUEM npednocaedHell TBOUUHOM udpsl. B
aror momeHT T'1 GyzeT comep:KaTh Bee 3amucu ¢ Kiandami (... 00)s, 32 KOTOPBIMY CJIEYIOT 3aIVCH C KI0Ua-
Mu (...01)2, 3arem (...10)q, 3aTeM (...11),. Ecau kiatoun umeror pasmep b 6uToB, Ham oTpeGyeTcs, YTOOHI
3aBEPIITUTH COPTUPOBKY, TOJABKO 2b ITPOXOIOB IO BceMy (daiiay.

ITomo6HYI0 MOPaA3PAAHYI0O COPTUPOBKY MOYKHO IIPUMEHATH TOJBKO K cmapwium b 6utam KJmoua AJIA
HEKOTOPOTO PasyMHO BEIOPAHHOIO umcia b; TakuM 06pasoM, YKUCI0 WHBEPCHI YMEHBIIUTCH IPUMEPHO B 2°
pas, ecau KJIfouu OBLIW PABHOMEPHO pacIpeesieHbl; U TOTAa HeCKOJIbKO ITPOX0I0B P-IIyTeBoi COPTUPOBKU
MEeTOJOM MY3bIPhbKa MO3BOJIAT 3aBEPIIUTH PAbOTy.

HoBbli, HO HECKOJIBKO 060jiee CIOMKHBIM MOAXO0MA K pacupenessionieii COPTUPOBKE C ABYMA JIEHTAMU
npegmoxkuau A. . Hukuruu u JI. U. lonmos [Kubepuemura, 2, 6 (1966), 79—84]. IMeroTcs cCUeTINKHT
ypca KJaJell II0 OJHOMY Ha KayKAyI0 BO3MOXKHYIO KOH(MUI'YpPaI[UI0 CTAPIINX ONTOB, ¥ HA OCHOBE 3THUX
CUETUNKOB CTPOATCS MCKYCCTBEHHBIEC KJIIOUU K1, K2, ..., K)y TaK, UYTOOBI IJII KayKIOTO ¢ YMCJIO HeiCTBU-
TEJILHBIX KJIIOUe, JeXKaIuxX MeXIY K; U K41, OBLIIO MEXKAY 3apaHee OIpeAeJIeHHLIMU rpaHuIiamMu P u Ps.
Taxum o6pasom, M smexxur meskay [N/ P;| u [N/P;]. Eciu cueTunku crapiiux GUTOB He JAIOT LOCTATOUHON
MHAOPMAIIUY IJIA OIPEIEeIeHUA TAKUX K1, K2, ..., KM, TO J€JIAETCS eIlle OOAUH UJIN HEeCKOJHKO IMPOXO0I0B
ILJIs1 IIOZICUeTa YACTOThI KOH(PUIypaluii MeHee 3HaUallluX OUTOB IPHU HEKOTOPLIX KOHPUTyPaINAX CTAPIINX
6utos. ITocie Toro Kak TabInIa NCKYCCTBEHHBIX KJIIOUel mocTpoena, 2[log, M| npoxonos 6yaeT gocraTod-
HO JIJIS 3aBePIIeHUs COPTUPOBKU. (ITOT MeTO TpedyeT MPOCTPAHCTBA HaMATH, IIPOIOPIINOHAILHOTO N, 1
O3TOMY He MOKET MCIIOJIb30BaThCs AJIA BHEIITHEH copTUpoBKY mpu N — oco. Ha mpakTuKe MBI He CTaHeM
HMCIIOJIB30BaTh 3TOT METO/I AJIs (DAaiijIoB Ha HECKOJBbKNX 000MHAX, 1, CJIeIoBaTeJIbHO, M OyaeT CpaBHUTEIBHO
HEeBeJINKO, TaK YTO Ta0JINIla NCKYCCTBEHHBIX KJIIOUEH JIETKO IIOMECTUTCS B IIaMSTH. )

Nmuramua nomoaauteabHbIX JeHT. P. K. Xennu u P. 9. Ctupus usobpesn 00Ul METOS UMUTAIIUN
k JeHT Bcero Ha ABYX JIEHTaX, IPUUYEM TaKUM 00pasoM, UTO TpebyemMoe cyMMapHOe IIepeMellleHre JIEHThI
Boapacraer Bcero Jyuiib B O(log L) pas, rae L—makcuMasbHOE PACCTOSIHNE, KOTOPOe HY’KHO IPOUTH Ha
awoboit oguoit geute [JACM, 13 (1966), 533—546]. 1Ix mocTpoeHUe B caydyae COPTUPOBKU MOKHO CJIeTKa
YIPOCTUTH, UTO U CAEJAHO B CJIeAYIOIEeM MeTole, mpeaipokenaom P. M. Kapmom.

Bynem umMmutupoBaTh 00bIUHOE COAJIAHCUPOBAHHOE CIUAHIE HA YeThIPeX JeHTaX,, UCIIOJIb3Ys JBe JIEHTHI:
T1uT2. Ha nmepBoit u3 Hux (T. e. Ha 1'1) comep:KuMOe UMUTHPYEMBIX JIEHT XPAaHUTCSI TAKUM CIIOCOO0M, KaK
n3o0pakeHo Ha puc. 86; mpeacTaBuM cebe, UTO JaHHBIE 3alIMCAHBLI HA UETHIPEX MOPOKKAX IO OTHOM s
KaI0M UMUTUPYyeMoii IeHTHI. (B meificTBUTEeILHOCTY IEHTa He MMeeT TaKuX

Picture: Puc. 86. PazouBka jeHnTsI 1'1 B KOHCTPpYKIIuY XeHHU 1 CTUpH3a

IOPOKeK; MBI MbIcaIuM O0J0Ku 1, 5, 9, 13, ... KaK gopoxkKy 1, 6;10Ku 2, 6, 10, 14, ... KaK JOPOXKKY 2 U T. 1.)
Hpyrasa serTa (12) ucnosb3yeTcs TOJbKO AJIA BCIOMOTaTeJIbHOTO XPAHEHU A, YTOOBI IIOMOUYB B BHIIIOJTHEHU U
mepecTaHoBOK Ha T'1.

BioKu Ha KaKIOil ZOPOKKe PasfeldioTca Ha 30HblL, COLEPIKAIIe COOTBETCTBEHHO 1, 2, 4, 8, ..., 2F,
... 60KO0B. B0HA k Ha KaXKI0M JOPOKKe 160 3armoaHeHa ToUHO 2F GI0KaMu JaHHBIX, I160 I[eTUKOM ITyCTa.
Hampuwmep, Ha puc. 86 Ha mopokKe 1 JaHHBIE cofiepsKaTcsa B 30HaX 1 u 3; HaA JopokKe 2—B 30Hax 0, 1 u 2;
Ha TOopoKKe 3—B 3oHax (0 u 2; Ha JOposKKe 4—B 30HE 1, a Bce OCTaJIbHBIE 30HBI ITYCTHI.

IlpenmosoxkuM, YTO MBI CJIMBAEM JaHHBIE C AOPOKeK 1 1 2 Ha JOPOXKKY 3. B omepaTuBHON maMaTH
9BM maxopaarcs nBa 6ydepa, HCIOIb3yeMble IBYXIIYTEBBIM CIUAHNEM JJISI BBOJA, a TAKIKe TPeTui 0ydep—
nns BeiBoma. Korma Oydep BBoma A HOPOKKM 1 cTaHET HMYCTBIM, MOYKHO 3aIllOJHUTH €r0o CJIEeTYIOIITUM
o0pas3oM: HaliTH MEePBYIO HEIIYCTYIO 30HY AOPOKKH 1, cKaskeM 30HY k, U CKOIIMPOBATL IIEPBLIN ee O0JIOK B
Gydep BBOAA, 3aTEM CKOIUPOBATH OCTAIbHBIE 2° — 1 6iI0KOB ZaHHBIX Ha T'2 U MePEeMEeCTHTH UX B 30HHI 0, 1,

.» k — 1 mopoxxkku 1. (Temeps 30u51 0, 1, ..., k — 1 3amosHeHbI, 30HA k ITycTa.) AHaJoruuHas mpoieaypa
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HMCIIOJIb3YyeTCs IJA 3aIoJHeHnA Oydepa BBoIa AJId JOPOKKHU 2, KaK TOJbKO OH cTaHeT mycThiM. Korma 6ydep
BBIBOJ[a IOATOTOBJIEH JJIA 3alMCU Ha AOPOKKY 3, MBI oOpaljaeM 3TOT IIpPOIiecc, T. e. mpocMarpuBaeMm 1'1
IIOKa He HaWIeTCsA IepBad nycmas 30Ha Ha OPOYKKe 3, CKayKeM 30Ha k, U B TO Ke BpeMdA KOIUPYeM JaHHBIe
uz30u 0, 1, ..., k — 1 ua T2. [lauabie HA T2, K KOTOPLIM IIPUCOEINHSIETCA comep:kumMoe 0ydepa BLIBOIA,
HUCIIOJIBL3YIOTCS Telepd IJId 3aTI0JTHEeHU 30HEI k Ha JOPOKKe 3.

s aTot mpomeAyphl MBI JOJIKHBI YMETh IUCATh B CEPeIUHY JIEHTHI 1'1, He pa3pyIiasa HoCaeLyIOIIyI0
nH(opMAaInio Ha 9Tol JeHTe. Kak 1 B ciiyuae OCIIUJLINPYIONIE COPTUPOBKY C IPAMBIM uTeHueM (1. 5.4.5),
MOXKHO 0e3 omaceHU BBITIOJHATH 9TO AEHCTBYUE, €CJIM IPUHATH MePhI IPeA0CTOPOKHOCTH.

ITocKOJIBbKY IPOCMOTP O 30HKI k BBHIIIOJHAETCA TOJILKO OJUH pas 3a KaskAble 2F 111aros, To, YTOGHI Iepe-
nucats 2° — 1 67I0KOB ¢ JOPOKKHU 1 B IaMATh, HOTPeGyeTCsa IepeMecTHTh JIeHTY Ha » ., 217 F . c. 28 =

cl2'=1, rne c—HeroTopasd KoHcTaHTa. TaKUM 06pas3oM, KasKABIH IPOXO/ CANAHUA TPEGYeT O(N log N) ma-
roB. Tak Kak B cOanancupoBantoMm causgHuu umeercs O(log N) mpoxonos, To obiree BpeMs pabory Oyzer
O(N(log N)?), 4T0 aCUMIITOTHYECKHU 3HAUUTEILHO JyUIlle, 4eM HauX yAIuii caydaii 1j1s 6bICTPOi COPTUPOB-
KHU.

Ho Ha camoMm zesie 9TOT MeTOZ OKa3bIBAETCA IIOUTH OECII0JIE3HBIM, €CJIU IPUMEHAETCA AJS COPTUPOBKU
100000 zanwuceii u3 mpumepa 1. 5.4.6, ToCKOILKY HHMOPMAIUA, KOTOpasa HOJKHA pa3MeliaThCa Ha JeHTe
T'1, He ymMmeCcTHUTCS Ha OAHOM 600mHe JeHTHI. U mae ecaiu MBI IpeHeOpeskeM sTUM GaKToOM 1 6yIeM UCXOAUTH
U3 CaMBbIX ONITUMUCTUYECKUX IIPEJII0JIOKEeHNY OTHOCUTEJILHO COBMeIIleHIA UTeHU I /3aUCH /BbIUNCIeHN,
OTHOCUTEJBbHO AJIUH MEXKOJIOUHBIX IPOMEXKYTKOB U T. A., TO HAWZEM, YTO AJIA BBIIOJHEHUSA COPTUPOBKU
norpebyerca okoJio 37 u! ITak, aTOT MeTO IMPeACTABJIAET YHNCTO aKaJeMUUYeCKUil MHTepec: KOHCTAaHTA B
O(N(log N)?) cIumIKoM BeJIMKa, YTOObI MeTOJ GBLI yI0BIEeTBOPUTEIEH A IPAKTUIeCKUX 3HAUeHUH N .

OnHOMEeHTOUHAA cOpTHPOBKA. M0oKHO i 060HMTHCH BCero oqHoii JeuToii? HeTpyaHo BuaeThb, YTO COP-
TUPOBKY METOAOM ITy3bIpbKa P-T0 MOpsaaAKa MOXKHO IIPeodpasoBaTh B OSHOJEHTOUHYIO COPTUPOBKY, HO pe-
3yJabTAT OyAeT ysKaceH.

T'. B. Hemyt [Ph. D. thesis (Stanford University, 1956), 85] cresnan HabaiogeHrE, YTO B BLIYUCIUTEIb-
HOM MaIlIMHe C OTPAaHNYEHHOM ONePaTUBHOM IaMAThIO HEJIb3s, YMEHBIITUTh UMCJIO MHBEPCUM IepecTaHOBKY
6oJbIlle, UeM Ha OTPAHUUYEHHYIO BeJIUUYHHY, ITOCJ]e IIPOCMOTpPA JEeHTHI Ha OTPAaHUYEHHOe PaCCTOSHNIe; Cle-
ZOBaTeJBHO, JTIO00I aJITOPUTM COPTHPOBKY C OFHOM JIEHTOH moTpebyeT B cpefHeM IO KpaifHeil mepe dIN2
eqUHUI] BpeMeHu (rae d—HeKOoTopas IOoJOKUTeJIbHasd KOHCTAHTa, 3aBUCAIIaA OT KoHurypanuu O9BM).

P. M. Kapm Hamies oueHb MHTEPECHBIN ITOAXOM K MCCJIEI0OBAHUIO. 3TOM TeMbl, 00HAPYsKUB TO, UTO, IIO
CYIIIEeCTBY, ABJIACTCS ONMUMALbHbLM CIIOCOOOM COPTUPOBKY € OAHOM JeHToi#. [Ipu o6cykaeHNT alropuTMa
Kapna ygo6no cienyrommum o6pasoM nepeopMyJaIUPOBATE 3afauy: KAk Obicmpee 6cezo nepegesmu aideil
MmexncOy amaxamu, ecaiu pabomaem moavko 00urn rugpms?

Paccmorpum 3gamme ¢ n 9TaskaMu; IIoMellleHre KaMKJoTo ATaa PacCUUTaHO Ha ¢ UesloBeK. B aTom 31a-
HUUM HET HU OKOH, HU [Bepeii, HU JIECTHUII, HO BCE JKe eCTh JU(MPT, KOTOPHIA MOXKET OCTaHaBJAMBATHCA Ha
J1000M sTake. B 3manny HaXOOATCA cn YeJOBeK, ¥ POBHO ¢ U3 HUX XOTAT IIOMACTDb Ha KaKIbIN OTAeIbHBIN
sTaxk. B mudT BmMeliaeTca camoe 6oJbIiee b 4eJI0BEK, U OH 3aTpaunBaeT OOHY eIUHUITY BpeMeHHU JJId mepe-
MeIIeHUA C 3TayKa ¢ Ha 9TaXK ¢ + 1. MBI XxoTesu 661 HANWTU OBICTPEHRININE CITOCO0 ITIePEeMEeCTUTh BCeX JI0el Ha
HY’KHBIE dTAKU, ecJiu TpebyeTcs, YTOObI IU(T HAUaT 1 3aKOHUYMJI CBOE IBUKEHUe Ha IIePBOM 9TasKe.

Herpynauo 3aMeTUTh CBSA3b MeKIY dTOU 3amadeii 1 OAJHOJIEHTOUHON COPTUPOBKOM: JIOAU—-STO 3aIIKUCH,
3TaHue—JIeHTa, 9TaKU— OTAeJbHBIE, OJJOKU Ha JIeHTe, a audrT—onepatuBHad naMaTrb IBM. [eiicTBuam
mporpamMm aya OBM cBoiicTBeHHA 60JbIIas TMOKOCTD, UeM AeiicTBUaAM JudTepa (0OHa MOKeT, Halpumep,
co3aBaTh MBOMHUKOB UJIM, Pa3pesaB uesioBeKa Ha JBe YacTU, OCTABUTH MX HA BpeMs Ha PasHBIX dTarKax
U T. A.); HO B IPUBOJMMOM HUKE aJTOPUTMeE 3aJava pelraeTcsa ObICTPEHIIINM MBICIHUMBIM CIIOCOO0M 6e3
BBITIOJIHEHU A TaKUX omeparuii. Anroputm Kapma ucnoss3yer cieayolue ABa BCIIOMOraTeIbHbBIX MaccuBa:

(4)

. Korga sudr nycr, MbI Bcerga umeeM uyx = di4+1 Ipu 1 < k < n, Tak Kak Ha KaXXJOM dTaKe HaXOJATCH
¢ UeJIOBEK; KOJUYECTBO JIOell, HanpaBiasomuxcs ¢ sraxkedt {1,...,k} na sramu {k + 1,...,n}, nomxHao
PABHATHCSA YUCJY JIIOAEH, CTPEeMAIINXCA MepeIpaBUThCA B 00paTHOM HanpaBiaeHuu. I1o onpeeseHuo u, =
dy = 0.

fcHo, uTo T KOJIIKEH cAesIaTh 0 KpaiiHell mepe [uy /b] peiicoB ¢ aTaxka k Hasraxk k+1lupul < k < n,
TaK KaK TOJIBKO b IIacCa)XMPOB MOT'YT IIOAHSATHCA 34 OAUH pelic. AHAJIOIMYHO, OH JOJIXKEH CIeIaTh He MeHee
[di /b] peiicos c araxka k Ha stax k — 1. CiegoBarensHo, 1udTy moTpebyeTcs o KpaiiHeil mepe

> (Tur/n] + [di/b]) (5)

1<k<n

ug, 1 <k<n: YKCJIO JIoel Ha dTaxKkax < k, CTPeMAIUXCA IOIacTh Ha 9TaMu > k

dip,1<k<n: YUCJIO JIIoell Ha dTayKax > k, CTPeMSAIINXCA ITOTAaCcTh Ha dTaxu < k

eIVHUI BpeMeHH IIPU JII000M ITpaBUIbHOM rpaduke paborsl. Kapm o6HapYKMUII, UTO 9Ta HUMKHASA IPaHHUIA
IeHACTBUTEIBHO JOCTUKUMA, €CJIU U7, - . . , Uy_1 HEHYJIEBHIE.
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Teopema K. Ecauui > 0npul <k < n, mo cyuwecmeyem zpagpuk pabomo. iugpma, npu KOmopom éce iioou
docmasnsaomces Ha C60U IMAHU 36 MUHUMALbHOE 6pems (5 ).
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5.2.6. lucku u 6apadaHbl

Ho cux mop MBI pacCMaTPUBAJIY JIEHTHI KaK €INHCTBEHHOE CPEACTBO IJIs BHEITHE COPTUPOBKU, OZHA-
KO HepeJKO B HallleM PacHopAKeHUM OKAa3bIBAIOTCA W APYyTHe THUIBI YCTPOMCTB MaccoBOil maMaATH ¢ GoJiee
rIOKHAMN BO3MOYKHOCTAME. XOTA TaKUe 3allOMUHAIOINE .YCTPOHCTBA "~ GOJIBIIOro 00beMa WM  3aIlOMU-
HAIOIIHe yCTPOMCTBA C IPAMBIM JOCTYIIOM BeChbMAa MHOI0OODPAa3HEI, MOYKHO BBIACIUTE CIAEAYIOIAe 00Iue
cBolicTBa:

i) Hxa moctyma K J1000% ompeAeieHHON YacTy XpaHUMol nHpopMauu He TpebyeTcsa oueHb MHOTO Bpe-
MEeHH.
ii) Biokwu, comep:xaliiue mocieoBaTeJbHBIE CJIOBA, MOT'YT OBICTPO IIepefaBaThCcAa MeK Iy BHYTPeHHe (o1e-
PaTUBHOI1) 1 BHEIITHEH TAMATHIO.

MaruutHas tenTa ynoBaeTBopsier (ii), Ho He (i), TOCKOJIBKY IIepexXo JIEHTHI OT OAHOTO KOHITA K IPYyTroOMYy 3a-
HUMAaeT MHOTO BpeMeHU. HeKoTopbIe yCTpoMcTBa YI0BIETBOPAIOT (i), HO He (ii); MpuMepoM MOKET CIYKUTH
MaMATH OOJIBIITIOT0 00'hbeMa Ha (PEePPUTOBBIX CePAeUHNKAX,

Picture: Puc. 89. ITaker 1uckKos

B KOTOPOI BpeMs JOCTYIa K KaKIOMY CJIOBY IPUMEPHO B IECATH Pas MIPEBLIIIAeT BPpeMs JOCTyIIa K BHYTPeH-
Hell maMATHU.

Kasxnoe BHeIITHee 3artOMIHATOIIIEE YCTPONCTBO MMEET CBOUM XapaKTePHbBIE 0COOEHHOCTY, KOTOPHIE CIIEAY-
€T TIATeJbHO N3YUNTD, IPEsKIe UeM ITUCATh JAJIA HeTo O0JILIITIEe IPOTPaMMbI; OJHAKO TeXHOJOT U MEHAETCA
Tak 6BICTPO, UTO 3/IeCh He YIACTCS CKOJIbKO-HUOYAb ITOIPOOHO 0OCYAUTH BCE CYIIIECTBYIONIE PA3HOBUIHOCTH
obopymoBanusd. I109TOMy MBI PACCMOTPUM JIUIITL HEKOTOPbIe TUMINYHBIE 3alIOMUHAIOIIME YCTPOMCTBA 1 HA
.HUX IPOUJLIIOCTPUPYEM IPOAYKTUBHEIE IIOAXOAbI K 3aJaue COPTUPOBKH.

OxHuM u3 HanboJiee PACIIPOCTPAHEHHBIX TUIIOB BHEIITHUX 3aITIOMUHAIOIINX YCTPOHUCTB, YI0BJIETBOPIO-
mux (i) u (ii), aBnseTca ZUCKOBBIN (hailyl Mau MOAYJb C TaKeToM AUCKOB (puc. 89). [lanHble XpaHATCA Ha
HECKOJIbKHX OBICTPO BPAIAINUXCSA KPYIJIBIX IUCKAX, MIOKPBITHIX MAHUTHBIM MAaTEPHUAJIOM; IJIA 3aIUCHU
WY BIOOPKY MHGOPMAIIMK HCIIOJIb3YETCs AePiKaTesb IOJIOBOK B BUE IpeberKa. Conep KAl OqHY NN
HECKOJIbKO TOJIOBOK UTEHMWA/3alNucK  [AJI KayKIO! IIOBEPXHOCTH AMCKa. Kaskaasa MOBEePXHOCTD AeIUTCS
Ha KOHIIEHTPUUECKUEe KOJbIla, HadbIBaeMble JOPOXCKAMU NI MPeKaMU, TaK UTO 32 BpeMsA OJHOTO 060poTa
OUCKAa II0J FOJIOBKAMMU YTEHUS/3aIlNCHU IIPOXOAUT Iiejiasi AOPOKKa. Jlep:KaTesib TOJIOBOK MOJKET Iiepeme-
IIATHbCA B ABYX HAIPABJIEHUSIX —BHYTPb WU HADPYKY, IEPEIBUras rOJIOBKM UTEHUS /3aMUCH OT JOPOKKU
K TOPOKKe, HO 9TO IBUKeHue TpedyeT BpeMeHu. MHOMKECTBO JOPOKEK, KOTOPbIe MOT'YT OBITH IIPOYNTAHBI
WJIV 3alUCaHBbI 0e3 mepeMeIleHuA Aep:KaTeiid rOJIOBOK, Ha3bkIBaeTcs yuiuropom. Hampumep, Ha puc. 89
TMOKas3aH AUCKOBBIN (paii, KOTOPBIM MMeeT 0 OJHOM I'OJIOBKEe UTeHU/3alKuCH Ha KaKIyI0 IIOBEPXHOCTD;
MYHKTUPHBIMU JUHUAMY 0003HAYUEH OJWH 13 ITUJINHAPOB, COCTOAIINI 3 BCeX TOPOIKEK, IPOCMATPUBAEMbBIX
B HACTOSAIUI MOMEHT I'OJIOBKAMH.

YTo06BI cHesiaTh HAIM Paccy:KJeHus 0ojiee KOHKPETHBIMMU, PACCMOTPUM THUIIOTETUYECKOE IMCKOBOE
ycTpoiicTBo MIXTEC, 114 KOTOPOTO

1 mopoxxka = 5000 suTep,
1 munuuap = 20 T0poKeK,
1 nuckoBoe ycTpoiicTBo = 200 IUINHAPOB.

Takoe AUCKOBOE YCTPOMCTBO comep:KuT 20 MUJIJINOHOB JUTEP, T. €. UyTh MEHbIIIe TOTO 00beMa JaHHBIX,
KOTOPBIN MOXKHO 3aIMcaTh HA OHY MATHUTHYIO JIeHTY. Ha HeKOTOPhIX MAIlMHAaX HOPOKKH BOJIU3U IleH-
Tpa COAEP:KAT MEHBIIe JUTEP, YeM MOPOKKHU OamKe K Kpato. OT 5TOro mporpaMMHPOBaHNe 3HAUUTEIHLHO
ycaosKHAeTeA, Ho MIXTEC, K cUacThio, He CO3AaeT TAaKuX IPobJieM.

Bpems, HeoOXoauMoe JJId UTeH U A MY 3allCH Ha TUCKOBBIH (haiiy, IpeaCcTaBIsaeT, II0 CYII[eCTBY, CYMMY
TpeX BeJIUUYUH:

e Bpewmsa moucka (BpeMms, 3aTpaunBaeMoe Ha IIepeMell[eHNe JepKaTeslsd FOJIOBOK K HYKHOMY
OUIUHADY).

e Bpewms oxxuganus (3afep:KKa, CBA3aHHAA C BpallleHUeM AMCKa, II0KA F'OJIOBKA UTEHUA /3aIIICU
He JOCTUTHET HY}KHOTO MecTa).

e Bpemsa mepenaun (3aZiep:KKa, CBA3aHHAs C BpallleHUEM [JUCKAa, IOKAa JaHHBIE IPOXOAAT IOJ
TOJIOBKAMM).

Ha yctpoticTrBax MIXTEC BpeMsd IIOVCKA JJId IIepexo/ia OT IMUJINHPA ¢ K MUJINHIDPY j PaBHO 25 + %|z -7 |
Mc. Ecnu i u j—caydaiino BeiOpaHHbBIe Ieable uncaa Mexxay 1 u 200, To cpenHee 3HaUeHTE
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i — j| paBmo 2 (*3') /2002 ~ 66.7, T. e. cpefHee BpeMs IOWCKa COCTaBJAeT IpubImMsuTensHo 60 Mc.
Hucku MIXTEC coBepmIialoT OguH 060pOT 3a 25 MC, TaK UTO BpeMs OXKUIAaHUS PaBHO B cpexHeM 12.5 mc.
Bpewms nepegauu n aurep ectb (n/5000) x 25 Mc = 5n MKc. (9TO IPUMEPHO B 3% pasa 6pIcTpee, YueM CKOPOCTh
nepenauu AjA JeHT MIXT, CIOIB30BAHHBIX B IpuMepax m. 5.4.6.)

Taxum o6pa3oM, OCHOBHEIE pasinumna MekaAy auckamu MIXTEC u jeHramu MIXT, Kacaroliuecs COPTH-
POBKH, CJIeAYIOIINE:

a) Ha jJeHTax BO3MOKEH TOJBHKO IIOCJIEI0BATEIbLHBIN JOCTYII K JAHHBIM.

b) OrmenbHas omepalua ¢ AUCKOM, KaK MPaBUJIO, CONPAMKEHA CO 3BHAUNTEIHLHO OOJIBITUMY HaKJIaTHBIMUI
pacxomamu (BpeMs IOMCKA + BpeMs OKUAAHNA B CDABHEHUHU CO CTAPTCTOIHBIM BpeMeHEM ).

¢) CkopocTs nepefauu y AucKa 00JIbIIIe.

Wcnonbays AJis JIEHT pa3yMHBIE CXeMbI CAUSHUSA, Mbl MOTJIX O HEKOTOPOI CTeIIeHN CKOMIIEHCUPOBATH
HegmocTaTokK (a). Temeps y Hac nHaA 1eJIb—HAM HYKHO HAWTH TaK¥e PalliOHAJbHBIE aJITOPUTMEI COPTUPOBK U
Ha OUCKAaX, B KOTOPBIX KoMIleHcupyeTcs HemocTaTok (b).

Kak coxkpatutrs Bpemsa oxkuganna? PaccMorpuM .cHavaa 3aauy MUHUMU3AIUN 3a0€DKEK, BbI3bIBA-
€MBIX TeM, YTO B TOT MOMEHT, KOT/JJa MBI XOTUM HauaTh KOMAaHAY BBOJa/BLEIBOJA, JUCK He BCEra HaXOJAUTCS
B MOAXOAIIel mosunuu. Helbss 3aCTaBUTD AUCK BpaIlaThbCsa ObICTPeE, HO BCe-TAKM MOKHO IMPUOETHYTD K
PasHBLIM YJIOBKAM, KOTOPBIE YMEHBIIIAT UJIH JaKe IIOJTHOCTHIO YCTPAHAT BpeMs oxKkuganusa. HecoMHeHHO, 1Oo-
MOXKeT HoOaBJIeHNe ellle HeCKOJbKUX AepsKaTesell FOJ0BOK, HO 3TO BeCbMAa JOPOTOCTOAIAad MOAU(DUKAIAA
000pyZoBaHus. BoT HECKOJBKO IIPOIrPAMMUCTCKUX  HAEH.

1) Eciau MBI YMTaeM WJIM 3aIIMCHLIBAEM 34 OJMH Pa3 HECKOJIHKO JOPOKEK OAHOTO ITUJINHAPA, TO TeM
caMBIM yCTpaHseM BpeMs OKuJaHusa (M BpeMs IIOMCKAa) AJIA BCeX AOPOKEK, KpoMe IIePBOi.
Boo0i11e 3auacTyio MOKHO TAaKUM 00pa30M CUHX POHM30BATh BEIUUCICHUS C BpallleHueM JUCKa,
YTO IPU BHIMOJHEHUHU IIOCJIeI0BaTeIbHOCT KOMaH BBOLA,/BhIBO/A He OyAeT 3aJep:KeK 13-3a
OKUIAHUA.

2) PaccmoTrpuMm 3amauy YTeHUSA IIOJOBUHBI JOPOKKHU HaHHBIX (puc. 90): eciiy KoMaHAa UTeHUS
BBIJAETCS, KOrJa rOJIOBKa HAXOAUTCS B TOUKe A, TO 3a/epKKa Ha OKUJAaHNe OTCYTCTBYeT, U
o0IIlee BpeMA YTeHUS PABHO BpeMeHHU Iepeaadu, T.e. % x 25 mc. Ecam KomaHga HaunHaeTcsd,
Korja roJioBKa HaXOAUTCA B TOUKe B, To Tpebyercs i o0opoTa I OKUTAHUA U % LA Tepe-
IauyM; B UTOTEe UMeeM % x 25 mc. HanboJsiee nHTEpeCceH cayuail, KOrJa roJiIoBKa MIepBOHAYAIBHO
HaxoauTcs B Touke C': ©Mesi COOTBETCTBYIOIIlee 000pyI0BaHMe U IPOorpaMMHOe obecreueHue,
HaM He MPUAETCA TePSThb % obopora Ha okumanue. MOKHO HEMeAJeHHO HAaYaTh UTeHHEe BO
BTOPYIO MOJIOBUHY Oydepa BBOa, 3aTeM IIOCJIe Tay3bl B % X 25 MC .MOKHO BOBOOHOBUTH UTEeHME
B IIEPBYIO MOJIOBUHY Oydepa, TaKk UTO KOMaHAa . OyJeT 3aBepIlieHa, KOrja MbI CHOBA IOHageM

B Toury C. ITocTymasa
Picture: Puc. 90. Ananus BpeMeHU OKUTAHUA IIPU UYTEHUU ITOJOBUHBI TOPOKKN

TaKUM 00pa3oM, MOKHO rapaHTUPOBATh, UTO 00IIlee BpeMs Ha OXKUJaHMe+IIepefauy HUKOTJa
He IIPEeB30IIeT BpeMeHM OAHOT0 060p0Ta HE3aBUCHUMO OT HaUaJILHOTO IOJI0KeHuA fucKa. Cpen-
Hee BpeMA OKUIAHUSA YMEHBIAeTCA 3TOM CXeMOM ¢ IIOJIOBMHEBI 060pOTa J0 %( 1 — x2) o6opora,
€CJIM YNTAaeTCA UM 3anucbiBaeTcd goJid « ZopokKH (0 < x < 1). Ecsin untaeTcsa niau 3anmcol-
BaeTcs mesasa JoposkKa (x = 1), TO 9TOT MeTO/[ II03BOJISIET IIOJHOCTHIO YCTPAHUTE OKUJaHE.

Bapa6aHsl: cayuaii, KOTaa MOUCK He Hy:KeH. Ha HeKOTOphIX yCTPOoHCTBaX BHEITHEH MaMATH YCTaHOB-
JIEHO II0 OZHOI TOJIOBKE UTEHUA/3alMNCHU JJIs KaXKION JOPOKKMU, U IIO9TOMY BPeMsA IIOMCKA ITOJHOCTBHIO
ycTpaHeHo. Eciin Ha TaKOM yCTPOMCTBE MUCIIOJb3yeTCA METOI, IPOJAeMOHCTPUPOBaHHBIN Ha puc. 90, To Kak
BpeMs MOMCKA, TaK W BpeMsdA OKUIAHUA CBEeIeHBI K HYJII0, IIPU YCJIOBUHU YTO MBI BCeTZa UNTAeM WUJIU 3allu-
CHIBAEM BCIO JOPOXKKY ITeJTUKOM. B aT0o# naeanbHOI CUTyaIlluu BpeMs Iepefaduu ABIAETCS eTNHCTBEHHBIM
OrPAHUYHUTEILHEIM (DAKTOPOM.

PaccmoTpuM BHOBB TpuMep U3 1I. 5.4.6, B KoTopoM copTupyiorcss 100000 sanuceii mo 100 tutep Kamxmasa
¢ BHyTpeHHel mamaATkio B 100000 autep. Bech 06beM COPTUPYEMBIX JaHHBLIX 3aHUMAET MOJIOBUHY AUCKA
MIXTEC. OOBIYHO HEBO3MOXKHO OJHOBPEMEHHO UNTATH U MUCATH HA OJHOM JUCKOBOM YCTPOIICTBE; IIOITOMY
MIPEIIOJI0MKIM, YTO UMEIOTCS Ba AUCKA, TAK UTO UTEHHE U 3aIICh MOYKHO COBMeCTUTh. [loka 6y qem cunuTaTs,
uTo " qUCKU —3TO (haKkTHUecKu 6apabarbt, cogepsxariue 4000 gopoxkex mo 5000 tutep KasKgad, K HUKAKOTO
BpeMeHU IIoucKa He TpebyeTcs.

Kakoii aaropuTM COpTUPOBKHU CJIeAyeT UCII0Jb30BaTh? EcTecTBeHHO BHIOPATh METOJ CAUAHUA; APyTrue
MeTObl BHYTPEHHE! COPTUPOBKHU He CTOJIb XOPOIIY B IPUMEHEeHUH K JUCKAaM, 34 UCKJIIOUeHNEeM. BO3MOKHO,
TOPa3pPAIHBIX METONOB, HO PACCYKIEHUA B II. 5.4.7 MOKA3LIBAIOT, UTO IIOPA3PASHAA COPTUPOBKA OOBIUYHO
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Xy:Ke CAUSHUS, eCJU Pedb HUAeT He 0 KaKUX-HUOYyIbh YacTHBIX npuiaoxkenuax. (HerpyaHo Buaerhb, 4TO.
TeopeMa JBOICTBEHHOCTH, ChOPMYINPOBAHHAS B ATOM HYHKTE, IPUMEHNMA K JUCKAM TOUHO TaK JKe, Kak 1
K JIEHTaM.)

YT006BI HAUATH COPTUPOBKY CIUSHUEM, MOKHO HCIIOJIb30BaTh BLIOOD C 3aMeIleHUeM C IByMs Oydepamu
BBoga 1o 5000 jgurtep u AByMa 6ydepamu Bbioga mo 5000 stuTep, GakTUUECKU MOKHO CBECTH UX K mpem
oydepam oo 5000 1uTep, ecau 3aMeIlaTh 3alINCH B TeKyIlieM Oydepe BBOIa HA 3aIIICH, BELIBOAUMbIE 13 JepeBa
BbIGOpa. Ocraerca erte 85000 sutep (850 3amuceii) A gepeBa BbIOOPA, TAK UTO OAWH ITPOXO/ IO JAaHHBIM
HAIIIeTo IIPpUMepa II03BOJUT CPOPMUPOBATEL 0K0J0 60 HayaIbHBIX OTPE3KOB (cM. (popmyay (5.4.6—3)). IToT
MIPOXOJ 3aHUMAeT JIUIITH 0K0JI10 50 ¢, ecyiu MPeIoJ0KNUTh, UTO CKOPOCTh BHYTPEeHHEell 00pab0TKM JOCTATOUHO
BBICOKA, UTOOBI yCIIeTh 3a BBOLOM/BbIBoAOM (Kaxkabie 500 MKc B Gydep BBIBOAA JOJIMKHA IepPefaBaThCSA
3amuch). Ecau ke copTupyeMble MCXOAHBIE JaHHBIe HaXOAATCA Ha JieHTe MIXT, a He Ha OapabaHe, TO 9TOT
IPOXOJ OyZeT BLIIOJMHATHCA MeJjIeHHee, 1 .BpeMsA OyIAeT 3aBUCEeTh OT CKOPOCTH JIEHTHI.

HerpynHo BuzeTs, UTo B ciaydae IByX 0apabaHOB U IPU UTEHNM/3aTIMCH IOJHLIMU JOPOXKKaMU 00I1Iee
BpeMd Tepefauu AJaA P-TTyTeBOro CIUAHUSA YMeHbITaeTca ¢ yBeanuenueMm P. K coxxaneHnio, MbI He MOKeM
BBIIIOJIHUTL OJHO TOJBKO 60-IIyTeBoe camsAHMe BCeX HAUYAJbHBIX OTPE3KOB, TAK KAK B IIaMATH HET MeCTa
nast 60 6ydepos. (Eciu pasmep 6ydepos 6yaeT merbine 5000 suTep, TO MOABUTCA .HEKeJIaTeJIbHOe BpeMs
okuganusa.) Eciu Mbl BeITIONIHSIEM P-IIyTeBoe CIusHUe, epenuchiBas Bce JaHHbIe ¢ 0AHOro OapabaHa Ha
IPyroi TakuM 006pasoM, U4TO UYTE€HUE U 3allUCh COBMEIEHBI, TO YKCJIO IPOXOLOB CAUAHUA paBHO [logp 607;
cJaemoBaTebHO, MBI MOYKEM 3aKOHUMTL paboTy 3a ABa mpoxona, ecau 8 < P < 59. C ymenbIiiienuem P
yMeHbIIIaeTcs 00beM BHYTPEHHUX BBIUMCJIEHUH, T03TOMY BhibepeM P = 8; ecsiu Oymet o6pasoBamo 65 ma-
YaJbHBIX OTPE3KOB, MbI BbiOepem P = 9. Eciiu 6yaer o6pasoBano 82 miu 60JbIlle HaUaJIbHBIX OTPE3KOB, MBI
MoxKeM B3ATh P = 10, HO Tak KaK mMeeTCA MeCTO TOJbKO AJA 18 6ydepoB BBoja 1 ABYX O6ydepoB BHIBOA,
TO TOABUTCA BO3MOXKHOCTD 3a/lepsKeK Mpu cauAaHuu (cM. aaroputm 5.4.6F); B Takom ciydae, BePOATHO,
JIy4Ilie BHIMOJHUTD BA YaCTUUYHBIX MMPOX0Aa HaJ HEeOOJIbIIOH Noaeil JTaHHBIX, COKPATUB YNCJI0 HAUaJIbHBIX
oTpeskoB 10 81 uau menbIte. [Ipy HAIUX TPEAION0KEHUAX KaKIbIH ITPOXO CINAHUA 3atiMmeT okoJio 50 ¢,
TaK UTO BCA COPTUPOBKA B ATOH UAealbHOM CUTyal[uy Oy IeT 3aBepIiieHa 3a 2% MUH (ILJIFOC HECKOJIbKO CeKYH]
Ha WHUIIUAJIMBAIUI0 U APYTHUe BCIIOMOTATEJbHEIE AefCTBUA). ITO B IIIECTh pa3 ObICTpee, UeM HAWJIydIlias
13 COPTUPOBOK C IIE€CTHIO JIEHTAMU, PACCMOTPEHHBIX B I. 5.4.6. [IpyunHaMu 9TOTO YCKOPEHUA ABJIAIOTCA
yBeJIMUeHHaA CKOPOCTBD IIEPelaur JaHHBIX MEXK/AY BHEIITHEN 1 BHYTPEeHHEN MaMAThIO (OHA B 3% pasa BhIIIIe) ,
60Jiee BEICOK U MMOPSAIOK CAUAHMS (MBI He MOYKEM OCYIIeCTBUTH BOCBbMUIIYTEBOE CAUIHIE HA JJeHTaX He UMes
IEeBATU UJIX OOJIBIIIErO YKCJa JIEHT) U TO, UTO BLIBOJHLIE JaHHBIE OCTAIOTCA Ha AUCKe (HeT HeoO0XO0AuMOCTH!
B 3aKJIIOUUTEJILHON mepeMoTKe u T. A.). Eciiu TpebyeTrcs, YTOOBI MCXOAHBIE JaHHBIE U OTCOPTUPOBAHHBIMN
pesyabTaT ObLIM Ha JieHTax MIXT, a 6apabaHbl UCIIOJb3YIOTCS TOJBKO AJIA CAUAHUSA, TO TaKasd COPTUPOBKA
3aliMeT OKO0JIO 8.2 MUH.

Ecnu BmecTo ABYyxX 6apabaHoB mMeeTcA TOJIbKO OAMH, TO BPpeMs BBOZa/BBIBO/Ia YBEJIUUYNTCS BABOE, II0-
CKOJIbKY UTeHMte/3alNuCh IPUAETCS BBIIIONHATE 1o oTAeabHocTu. (Ha camom feste omepaiiuu BBoia/BEIBOIA
3aiiMyT B mpu pa3a GoJibllle BpeMeHM, IOCKOJIbKY 3aluch OyAEeT-UATH MOBEPX MUCXOAHBIX HAHHBLIX; B Ta-
KHUX cIayJasixX I1eJ1eco00pas3Ho 3a KaK A0l onepaliyeii 3aluCy BBIIIOJHATD OIlePaIiio KOHTPOJIBHOT'0 YTeHU s,
UYTOOBI HEe IIOTEePATHL HeoOpaTuMO KaKUX-HUOYIb MCXOAHBIX JaHHBIX, €CJU TOJbKO 000pyIoBaHUe He obec-
meunBaeT aBTOMAaTHUUECKOIl IIPOBEPKU 3anucaHHOoN nH@opmanuu.) OgHaKO YacTh 3TOT0 AOIOJHUTEJIHLHOTO
BpeMeHU MOXKHO BO3BPATUTH, ITOCKOJBKY MBI MOKEM HCIIOJIb30BAaTh YACTUYHBIE IIPOXO/bI, ITPU KOTOPBIX
OIHU 3amucu 06pabaThIBAIOTCA Uallle APYyrux. B cayuae 1Byx 6apabamoB TpebyeTcs, YTOOBI Bce JaHHBIE 00-
pabaThIBANINCh YETHOE NJIN HeUeTHOe YHCJIO Pas, HO B cIyuae oqHOro 0apabama MOYKHO HCIIOJL30BaTh 00Jiee
001I[1Ie CXeMBbl CIUSAHNA.

Mgzt Bugenu B 1. 5.4.4, UTO cXeMbI CIUSHUSA MOYKHO M300pasKaTh ¢ IOMOIIBIO JePEeBLEB U UTO BpeMs
mepenayu, COOTBETCTBYIOIlee CXeMe CIAUAHUSA, MIPOIOPIIMOHAIBHO IJNHE BHEIIIHeTo IyTH AepeBa. B Kaue-
cTBe cxeM 3(p(PeKTUBHOTO CAUAHUA Ha JIEHTAX MOXKHO MCIIOJIb30BATh JUIIH BIIOJHE OIIPeIeIeHHbIe 1ePeBbs
("T-lifo” wam "cuasuble T-fifo"), moToMy uTO B Ipollecce CIAUSHUSA HEKOTOPBIE OTPE3KU OKA3bIBAIOTCA
"CIpSATAaHHBIMU B cepequHe JeHTHI. Ho npu ucnoavzosanuu duckos unu 6apabanos npuzodrst iioobie Oe-
pesbs, ecau TOJLKO CTeIIeHU UX BHYTPEHHUX Y3JI0B HE CIAUIIKOM BeJUKH (T. €. COTJIaCYIOTCA ¢ HAJUYHBIM
00'beMOM BHYTPEHHEH ITaMATH).

CiiemoBaTeIbHO, BpeMs IIepefadyy MOYKHO MUHUMHU3HPOBATDH, €CJAU BHIOPATH J€PEBO C MUHUMAJIbHOMN
IJWHON BHEIIHEro IIyTH, TaKoe, KaK MoJIHoe P-apHoe AepeBo, rae P—camoe 00JbII0e, KaKoe BO3MOKHO.
ITo popmye (5.4.4—9) nauHa BHEITHETO ITyTH TAKOTO AepeBa ¢ S BHEITHUMHU y3JaMu (JIUCThAMU) paBHAa

¢S — [(P1=8)/(P-1)],  g=[logpS]. (1)

Oco6eHHO ITPOCTO CTPOUTCS AJTOPUTM, KOTOPBIA OCYIIIECTBJISET CIAUSHUE B COOTBETCTBUU CO CXEMOIA
nostHOro P-apHoro nepesa. (CMm., Hanpumep, puc. 91, Ha KoTopoM mokazaH caydait P = 3, § = 6.) Cuauamna
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MBI £00aBisieM, ecii HeoOXoaumMo,  (UKTUBHBIE OTPE3KU , uTo6el cieaars S = 1 (mod P — 1); sarem
00beJUHAEM OTPE3KH B COOTBETCTBUY C JUCIIUILINHON ~ePBLIM BKJIIOUAETCI —

Picture: Puc. 92. ITo1HOE TepHapHOE IEPEBO C IIIECTHIO JIUCThIMMH. ..

IIePBBLIM HUCKJIIOYAaeTCsa , CAMBAA Ha KaKAO0M sTale P caMbIX " cTapblX OTPe3KOB B Hauaje ouepeiu B OAUH
OTpPEe30K, IIOMeIaeMbIil B KOHeII.

ITosHbIe P-apHble AepeBbsa Jal0T ONTUMAJIbHYIO CXEMY, €CJIU BCe OTPE3KU NMEIOT PaBHYIO JJINHY, HO Ua-
CTO pes3yJbTaT MOJKET ObITh ellle JYUIlle, eCJIU HEKOTOPhIe OTPEe3KH JInHHee ApYyrux. OUNTUMAaIbHYIO CXeMY
JIJIsT 9TOM 00IIel cUTyaIruym MOYKHO 0e3 TpyJAa IIOCTPOUTH ¢ IMOMOIbI0 MeToma Xahdmana (yup. 2.3.4.5—
10), KOTOPHII Ha ASBIKE CAUAHUS POPMYIUPYETCA TaK: ~cHavasa go6asbre (1 —.S) mod (P — 1) uKTUBHBIX
oTpes3KoB JauHbI 0, 3aTeM MHOTOKPAaTHO cauBaiiTe P kpamuyailiiux 3 MMEeIINXCs OTPE3KOB, IIOKAa He 0CTa-
HeTCA OLUH 0Tpe3oK . Eciiu Bce HauaIbHBIE OTPE3KY MMEIOT OGUHAKOBYIO JJHHY, TO 3TOT METOJ CBOIUTCS K
OIMCAHHOM BBIIIIEe JUCIIAILINHE.

B nammem npumepe co 100000, 3amimceii MBI MOYKEM BBITIOJIHATL 9-IIyTeBOe CANAHNE, TAK KaK B IaMATH
momecTaATcsa 18 6ydepoB BBoma u ABa Oydepa BeIBOAA, U B aaroputrme 5.4.6F GyaeT HIOCTUTHYTO IIOJIHOE
coBMmelrienue Burunciaenuii. ITonmoe 9-apHoe aepeBo ¢ 60 JIUCTHAMU COOTBETCTBYET CXeMe CIAUSIHUA C 1%
IPOX0ia, eCJIU. Bce HaUaJbHbBIE OTPE3KU UMEIOT OAUHAKOBYIO MiauHy. O0Ilee BpeMsa COPTUPOBKU C OTHUM
6apabaHoOM M C MCIOJb30BAHNEM  KOHTPOJLHOTO UTEHMS IIOCJe KasKIOM 3allliCU CTAHOBUTCS, TAKUM 00-
pasoM, paBHBIM 7.4 MUH. ¥YBeauuupasd P, MOXHO HEMHOTO YMEHBIIINUTEL 9TO BPeMs, HO CUTyalls BechMa
3aIllyTaHHAA, IIOCKOJbKY He NCKJII0UAeTCA 3alePIKKa UTEeHUA, TAK KaK 0y(ephbl MOI'yT OKA3aThCA CAUIIKOM
MMOJHBIMH WJIN CJUIIKOM IIYCTBIMH.

Bauauue Bpemenu moucka. ITpensiayiee o6cy K 1eHMe ITIOKA3bIBAET, UYTO AJ1A 0apabaHOB OTHOCUTEIHLHO
JIETKO CKOHCTPYHPOBATH ~ ONTUMAJIbHYIO CXEMY CINUAHNA, IOCKOJIbKY BPEeMA IIONCKA 1 BPeMsA OXKUIAHNUS
MOXKHO cBecTU Ha HeT. Ho ecaiu UCTIONB3YIOTCS IUCKH, TO MIONCK MHMOPMAIINY 3aHUMaeT 00JIbIlle BpeMeHH!,
yeM ee uTeHue. [JosaToMy BpeMsaA MOMCKA OKAa3bIBAeT 3HAUUTEJIbHOE BIWAHNE HA CTPATETUIO0 COPTUPOBKMU.
YMeHbIlleHNe IOPAIKA CIUSTHUS P 1aeT BO3MOKHOCTD . ICIIOJIb30BaTh O0JIBIIIKE IT0 padMepy 0ydepbl, TaK UTO
pe:xe TpedyeTcs IMOUCK; 3a CUET ATOTO YACTO KOMIIEHCUPYETCHA NOIOJHUTEIbHOE BpeMs mepeaadn, KOTopoe
pacTeT ¢ ymeHbIlleHuEeM P.

Bpemsa momcKa 3aBUCUT OT PACCTOSHUS, IPOXOAMMOro0 Aep:KaTesieM T'OJIOBOK, U MOKHO ITONBITATHCSA
OpraHm30BaTh PAOOTy TAaKUM 00Pa30M, UTOOBI ATO PACCTOSHIE OBIJI0O MUHUMAJIBLHBIM. BBITH MOYKET, pa3yMHO
cHayaJia COPTUPOBATH 3allMCH BHYTPU MUINHAPOB. OMHAKO JOBOJIBHO DOJIBIIIOE CAUAHNE TPeOyeT 60JIbIIIOro
KOJIMYEeCTBa IIePexoJ0B. MeKAy MUJINHApaMu (cM., Hampumep, yup. 2). Kpome Toro, peskumM MyJabTUIIPO-
TPaMMUPOBAHUA B COBPEMEHHBIX OIMEPAIlMOHHBIX CHCTEMaX 03HAUaeT, UTO MOJb30BaTe b JIUIIH B PEIKUX
caydasax MOJKET IO-HaCTOIeMy KOHTPOJUPOBATH ITOJOMKEeHE AePKaTeA I'0J0BOK; OJIeCTAIIe CXeMbI, MU-
HUMUBUPYIOIINE MOUCK, 00OBIYHO paboTaIOT TOJIBKO IO BEIXOAHBIM AuAM! Takum o6pasom, IPeAIIoIoKeHTe
0 TOM, UTO KasKJas KOMaHJa A JUCKa TpeOyeT ~CcaydaiiHoOro' IIOMCKA, YaCTO BIIOJHE OIPABIAHO.

Hazirra mesis B TOM ¥ COCTOUT, UTOOBI HAWTH TaKoe AepeBo (T. e. cXeMy CIAUAHUS), KOTOpoe 00eciieunBaeT
HamMJayuIni 6ajgaHc Mex Iy BpeMeHeM ITOMCKa M BpeMeHeM IIepefaun; IJId 9TOH eiu HaM HY KeH HeKOTOPBIHN
C110c00, TTO3BOJISIONINH OIEHUTD JOCTOMHCTBA JII0OO0T0 KOHKPETHOTO AepeBa M0 OTHOIIEHNIO0 K KOHKPEeTHOM
KoH(purypamnuu o6opyaoBaHusa. PaccMoTpuM, HAaIpUMeED, IePeBOo Ha puc. 92; MbI XOTUM OIIEHUTD, CKOJIBKO
BpEeMeHH 3aiiMeT BBLIINOJIHEHHNE COOTBETCTBYIOMIIEro CANUAHUA, YTOOBI MOKHO OBLJIO CPDAaBHUTH 3TO AePeBO C
IPYTUMU.

BmocaenymoIux paccy:KIeHUAX MBI ¢IeJlaeM HEKOTOPhIe IPOCThIE TPEII0I0KEeHU OTHOCUTEIBHO CIIM-
SAHUA Ha AUCKAX, YTOOBI MPOUJIIIOCTPUPOBATE HEKOTOPEIE 001ue naeu. Ilpeamonosxum, uro (1) Ha yTeHUE
UM 3anuch n gutep tpedyerca 72.5 + 0.005n mc; (2) mox pabouee npoctparcTBo orBoauTcAa 100000 sutep
BHYTpeHHel nmaMaTy; (3) A mepechbLIKY OJHOM JUTEePHI U3 0ydepa BBoga B Oy(dep BHIBOIa 3aTPaUNBAETC B
cpentaem 0.004 Mmc Ha BeIuucieHue; (4) Hem coemeu,eHus UYTeHU s, 3allCH U BEIuncaeHuii; (5) pasmep 0ydepa,
HCIIOJIb3YEeMOTO AJIsI BHIBOZA, He 0043aTeIbHO JOJI’KEH OBITH PaBeH pasdMepy O0ydepa, UCIIOJIB3yeMOTO IJIA
YyTeHUA JaHHBIX Ha CJEIYIONeM Ipoxoae. AHAIN3 3aJaUl COPTUPOBKHY IPU 3TUX ITPOCTHIX ITPEIOIOKEeHUIX
OymeT moJje3eH AJs MOHUMAaHUA 60JIee CIOKHBIX CUTYaIln.

Ecau BeimonHseTcss P-yTeBoe CAUSHUAE, TO MBI MOMKEM Pa3feIUTh BHYTPEHHIOK Pabouyio maMsaTh Ha
P+106ydepubix obnacreii: P— s BBoga u 1—ais BIBoAA; B KaskzoMm 6ydepe mo B = 100000/ (P+1) aurep.
IIpenmoso:kuM, UTO IpeIHA3HAUECHHBIE IJIA CAUIHIA QalIbl COAePiKai BCcyMMe L INTep; TOTAA MbI BBITIOJ -
HUM npubausureabHo L/ B onepamnuii BEIBOAA M IPUMEPHO CTOJBKO JKe Olepanuil BBOJA; CJIeJ0BATEIbHO,
ofI11ee BpeMs CAUAHUA IIPU TaKUX IIPEAII0JIOMKEHUIX Oy IeT paBHO (B MUJIJIMCEKYHAAX) IPUOJINSUTEIHHO

L
2 (72'5§ + 0.005L> +0.004L = (0.00145P + 0.011545)L. (2)
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WusiMu cioBamu, P-iyteBoe causaue L anrep sanumaer npumepso (aP + ()L exuHun BpeMeHu, rae o
U f—HEKOTOpbIe KOHCTAHTHI, 3aBUCSIINE OT BpeMeHU IOMCKAa, BpeMeHU OKUJaHUs, BDeMEeHHU BbIUNCIeHUH
U paszMepa maMAaTu. Ota GopMyJia IPUBOIUT K MHTEPECHOMY CIIOCO0Y IMOCTPOEHUSA XOPOIIINX CXEM CIAUAHUSA
b1t £

Picture: Puc. 92. [lepeBo ¢ nauHOii BHelTHero myTH 16 ...

nuckoB. Paccmorpum, Hanpumep, puc. 92 u 6yJeM CUUTaTh, UTO BCe HadaJbHBIE .OTPEe3KU (M300pasKeH-
HBbI€ KBAAPATHBIMU JIMCTBAME ) UMEIOT IauHy Lg.. Torma raskmoe causuHue B ysaax 9 m 10 zanumaer
(2a + B)(2Lg) enuuum BpeMeHH, ciauaHue B ysue 11 sanumaer (3a + [)(4L) efUHUI] B OKOHYATEIHHOE
causiame B y3ie 12 sanmmaer (da + (3)(8Lg) emuuur. OOuiee BpeMmsi CIAUSHUS, CIELOBATEIBHO, COCTAB-
asier (52a + 165)Ly eguuun. Kosdpdunuent "16" HaM XOpOLIO M3BECTEH: HTO MPOCTO [JINHA BHEIIIHETO
nytu gepesa. KospdunuerT “52" mpu o COOTBETCTBYET HOBOMY IIOHATHIO, KOTOPOE€ MBI MOXX€M Ha3BaTh
OauHOl cmeneHHO020 nymu Oepesa; OHa paBHA CYMMe, B3SITOH IO BCEM JIMCTBLAM, CTEIeHEeH BHYTPEHHUX
y3JI0B, JIeXKAIMX HA IIYTH OT JHUCTa K KopHio. Hampumep, Ha puc. 92 aiamuHA CTEeIleHHOI'o IMyTH paBHA
2+ +2+)+B+4)+2+3+4)+(2+3+4)+(3+4)+(4)+(4) =52.

Ecnu J—umnio60oe nepeso, To nyctsb D(J ), E(J) 0603HaUa0T COOTBETCTBEHHO JJINHY CTEIIEHHOT'O IIyTH U
IUINHY BHEIITHEro IyTH 9TOT0 AepeBa. AHAJIN3 CBOAUTCS K CJefyIoleli TeopeMe:

Teopema H. Ecau epems, mpebyemoe 05 vinornenus P-nymesozo causnus L aumep, umeem eud (aP+3)L
u ecau mpebyemcs CAUmMs S 0mpe3Ko08 pasHoll ONUHbBL, MO HAULYYULAS CXeMA CAUSHUSL COOmaEemcmayem
depesy J, 0as komopozo aD(J) + BE(J) munumanvro cpedu ecex Oepesves ¢ S iucmvamu.

(9ra TeopeMa HEIBHO COJePIKaJIach B HEOIyOJIMKOBAHHOM cTaThe, KoTopyio :xopmx A. Xab66apz npeacra-
BUJI HAa HAITMOHAJIbHYI0 KoHPepeHuio ACM B 1963 r.)

IIycrs o u f—@UuKCUPOBaHHBIE KOHCTAHTHI; 6Y/1€M TOBOPUTE, UTO AEPEBO ONMUMALLHO, €CTIU OHO UMe-
et MuHEManbHoe 3HaueHune aD(J) + SE(J) cpeau Bcex AepeBbeB J € TEM Ke YUCIOM JucTheB. HeTpyaHo
BUETH, UTO 8Ce Nnoddepesvs onmumaibHozo depesa makice onmumaivivl. IIo0sTOMYy MBI MOXKEM CTPOUTH
ONTUMAJILHEIE IePeBbs C N JUCTbAMHU, 00BEeIUHAS ONTUMAJIbHBIE 1ePEBbiA, ¥ KOTOPLIX MEHbIIIE UeM 7 JIU-
CTBhEB.

Teopema K. ITycmo nocaedosamenvrocms wucen A,,(n) onpedenena npul < m < n npaguramu

Al(l) = 07 (3
An(n) = 1<£Ign/ (A1 (k) + Ap—1(n — k) npu2 <m<mn; (4)
Av(n) = zénl_ré ((amn + Bn+ Ap(n))  npun > 2. (5)

Toz0a Ai(n) ecmb munumanvroe snavenue oD(J) + BE(J) cpedu 6cex Oepesves J ¢ n IUCTbAMU.

Horasameavcmeo. U3 coornoenus (4) caenyer, uro A,,(n) ectb MunuMaiabHoe 3Hauenue Aj(ng) +
-+ + Aj(n,;,) IO BCEM IOJOKUTEIBLHBIM YUCIAM N1, ..., Ny, TAKAM, 9TO N7 + - -+ + N, = n. TpeGyembiit

pesyJIbTarT MoJIyuyaeTcsa Ternepb NHAYKITHEH 1Mo n. |

Pexyppeutabie cootHoIeHu (3), (4), (5) MOKHO MCIIOJIBL30BATh TaAKKe AJIS MOCTPOEHUA CAMUX OITU-
MaJIbHBIX JiepeBbeB. IIycTs k,, (n)—s3HaueHwue, AJIs1 KOTOPOTO JOCTUTAETCA MUHUMYM B omIpeeneHun A, (n).
Torza MOKHO IIOCTPOUTE OIITUMAJIBHOE AEPEBO C 1 JUCTHAMU, 00beANHAA m = ki (n) NOALEPEBHEB B KOPHE;
MIOAEePEBbS SBJIAIOTCSA OINTUMAIBHBIMI JEPEBBAMIU C ki, (1), kim—1(n — ki (n)), km—o(n — kpn(n) — km—1(n —
km(n))), ... INCTHIMY COOTBETCTBEHHO.

ATa KOHCTPYKIIUA Ipu @ = (§ = 1 MpOMJIIIOCTPUPOBAHA B KauecTse npumepa B Tabs. 1. KomnakTHbIe
OIMCAHM’A COOTBETCTBYIOINX ONTUMAJILHEIX JePEeBbeB IMEIOTCS B IIPABOM YACTU TaOINIILI; 3j1eMeHT  4:9:9"
Ui n = 22, HaIpuMep, 03HAYAeT, UTO OITUMAJIbHOE AePeBo J22 ¢ 22 IUCTbAMU MOKHO IIOJYUUTD B PE3YJIb-
TaTe o0benuHeHuA Jy, Jo U Jy (puc. 93). OnTuMaibHbIe [epeBbsa He eJUHCTBEHHBI; HAIpUMeEP, 9JIEMEHT
5:8:9 6bLT OBI CTOJIB K€ XOPOIUM, Kak u 4:9:9.
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MecTax, I'Jie Ha KapTe OTIIepopUpOBaHbI OTBEPCTUA, BXOAAT B KOHTAKT C PTYTHIO Ha HUKHEH ITaHeJIU.

B pesysbTaTe 3aMBIKAHUSA COOTBETCTBYIOIEH ITeNM MOKas3aHue CBA3aHHOTO ¢ Hel mudepbiaTa nsme-
HsaeTcd Ha 1 u, KpoMe TOTO, ofHA 13 26 KPBIIEK COPTUPOBATIBHOTO SINKA OTKPhIBaeTCcA. B 9TOT MOMEHT
oIepaTop OTIIYCKAaeT Ipecc, KJIAAeT KapTy B OTKPHITOE OTAejIeHNe U 3aKpbIBaeT KPhIKY. Ilo coobiienu-
AM, KaK-To uepes 9Ty MamuHy nponyctuau 19071 xapty 3a oguH 6.5-uyacoBoii pabounii [eHb; B CpeqHEeM
mpumepuo 49 kapt B MmunyTy! (CpegHuii onepaTop padboTasa IpuMepHO BTpoe MeAJeHHeH. )

Hacesnenue mpomokaio HEYKJIOHHO PACTH, U IepPBbie Ta0yJIATOPHI-COPTUPOBIIUKY OKA3aJIuCh Hel0-
CTATOYHO OBICTPBIMI, UTOOBI CIIPABUTHCA ¢ 00paboTkoit mepenvcu 1900 r., mosTomy XoJaepuT m300pet
elre OAHY MAIITUHY, YTOOBI IPEeSOTBPATUTH eIlle OAUH KPU3UC B 00paboTKe JaHHBIX. ETro HOBOE YCTPOHCTBO
(samarenToBarnuoe B 1901 u 1904 rr.) umes0 aBTOMaTUYECKYIO II0aUy KApPT U BBITJIAEJIO, B CYIITHOCTH,
IIOYTH TaK K€, KAK COBPEeMeHHbIe KaPTOUYHbIE COPTHUPOBAJIbHEIE MAIIUHLI. VcTOpus panHMX MairuH XoJ-
JIepUTAa C MHTEePEeCHLIMU IIoApodHocTAMY usdnoxkeHa Jleonom 9. Tpycaemnom B The Development of Punch
Card Tabulation (Washington: U. S. Bureau of the Census, 1965); cM. Takke COOOIIeHUS COBPEMEHHM-
koB Xosmepura: Columbia College School of Mines Quarterly, 10 (1889), 238-255; J. Franclin Inst., 129
(1890), 300— 306; The Electrical Engineer, 12 (Nov. 11, 1891). 521-530; J. Amer. Statistical Assn., 2
(1891), 330—341;4 (1895), 365; J. Royal Statistical Soc., 55 (1892), 326—327; Alegemeines Statistisches
Archiv, 2 (1892), 78-126; J. Soc. Statistique de Paris, 33 (1892), 87-96; U. S. Patents 395781 (1889),
685608 (1901), 777209 (1904). Xonneput u Apyroii ObIBIINH cayskamniuit Biopo mepenucu [:xeiimc ITayspe
B JaJIbHEHIIIeM OCHOBAJIY KOHKYPUPYIOIe KOMIIaHUY, KOTOPhIe B KOHIIe KOHIIOB BOIILIN COOTBETCTBEHHO B
ropmoopamuu IBM 1 Remington Rand.

CopTupoBasibHas ManiniHa XoJJIepuTa—-T0, KOHEUHO, 0OCHOBA METOIOB IIOPa3PAIHOM COPTUPOBKH, HC-
moJIb3yeMbIX B IudpoBbix OBM. B ero matenTe ymoMuHAETCs, UTO YMCJIOBLIE 9JIEMEHThRI, COAepKalie q18a
cT0JIOIa, JOJKHEI COPTUPOBATHCA II0 OTAEJILHOCTH IJA KaKAOro CTOJOIIa", HO OH He T'OBOPUT, KaKoM
cTosibert (eIMHUIL MU AECATKOB) HOJKEH paccMaTpUBaThbCcA HmepBhIM. [laleKo He oueBUAHASA UeA COPTHU-
POBKH CHauaJia 1o CTOJIOY eJUHUIL ObLIa, MO-BUAUMOMY, OTKPBITA KAKUM-TO HEM3BECTHLIM OII€PATOPOM
¥ IepelaHa OCTAJLHBIM (cM. I. 5.2.5); oHa UMeeTCsI B caMOM pPaHHEM COXpaHUBINIeMcSa pyKoBogacTBe IBM
1o coptupoBke (1936 r.). IlepBbIM M3BECTHLIM YIIOMMHAHUEM 3TOTO METOJAA CIIpaBa HAJIEBO SABJSIETCSA
cayuaiiHoe 3aMeuaHue, BcTperusineeca B cratbe JI. [I:x. Kompu, Trans. of the Office Machinery Users’
Assoc. (London, 1930), 25—-37. Heuaauuo Kompu okasaJics mepBbIM, KTO CHeJIAJ BaXKHOE HAOII0Ie e, YTO
TabyJIATOPHI MOMKHO ILIOLOTBOPHO IPUMEHATH B HAYYHBIX BLIUNCJIEHUAX, XOTA I€PBOHAYAIHLHO OHU CO3/a-
BaJINCh AJIA CTATUCTUUECKUX 1 OyXTaJlITePCKUX IPUIoKeHui. Ero cTaTbs 0cO0OEHHO MHTEpPEeCcHAa, MIOCKOJIbKY,
COZIEePIKUT IOAPOOHOE onurcaHme Ta0yaATOpoB, uMenIiuxca B Auravuu B 1930 r. CopTupoBaibHbie MAIITUHBI
B TO BpeMsa obpabarsiBasu oT 360 mo 400 KapT B MUHYTY U CAaBaJUCh B apeHAY 3a 9 GYHTOB CTEPJIUHTOR B
MEeCHII.

Wpes cauaHrA BOCXOAUT K APYTOMY YCTPOMCTBY AJIsI 00pab0TKY KapT—n0060p0uHOU MAULUHE, KOTOpas
Obl1a n300peTeHa 3HAUNTENbHO mo3auee (B 1938 r.). CuabikenHas IByMA MOJAOIIUMY MeXaHU3MaMu1, OHA
MOTJIA CJIUTH JBE OTCOPTHUPOBAHHBIE KOJOABLI KAPT B OJHY BCErO 3a OQUH IIPOXOJ; METO/ BBIIOJHEHUS 9TOTO
CJAUSTHUSA XOPOIIIO OIUCAH B TIepBoM pyKoBoacTBe IBM o meTogam moadopku (ampeab 1939 r.). [Cp. ¢c James
W. Bryce. U. S. Patent 2189024 (1940).]

3areM Ha clieHe moABuInch OIBM u paspaboTKa MeTOI0B COPTUPOBKHU TECHO IIEPEeILIeIach C UX Pa3BU-
TueM. Ha camoM feJie UMeIOTCsA CBUETEILCTBA TOT0, UTO IIPOrpaMMa COPTUPOBKY ObLIa IePBOM KOoTga-110o
HANOVCAHHON JJIA BEIYNCINTEIbHBIX MAIINH C 3alI0MIHAEMO IporpaMmMmoii. KOHCTPYKTOPBI BEHIYUCIUTEIb-
Hoit Mamuabl EDVAC oco6eHHO HHTEPECOBAJINCH COPTUPOBKOI, ITIOCKOJBKY OHA BBICTyIAJa KaK HanboJjiee
XapaKTePHBLIN IIpeICTaBUTe b IOTeHIINATbLHBIX HEUNCIeHHBIX Tpuiaokennit IBM. Ouu mouumasiu, 4To yao-
BJIETBOPUTEJbHAA CHCTEMA KOMAaHJ JOJKHA TOAUTHCA HE TOJBKO AJIS COCTABJIEHUSA IPOTPAaMMbI PEIeHN
Pa3HOCTHBIX YpaBHEHUI; B HEll JOJIKHA OBITH JOCTATOUHASA I'MOKOCTh, YTOOBI CIPABUTHCA C KOMOMHATOP-
HBIMU acIIeKTaMM ' BbIOOpA pelleHuii” B aaropurMmax. Ilostomy Ixou dpon Heitman moarorosui 8 1945 r.
IPOTPaMMBbI JJIsI BHYTPEHHEN COPTUPOBKHU CAUAHUEM, UTOOBI YOEIUTHCSI B HEOOXOAMMOCTU HEKOTOPBIX KO-
OB KOMaH/[, KOTOPHIe OH npeaarai qia mamuasl EDVAC; cymecTBoBaiu apheKTUBHBIE COPTUPOBAJILHEIE
MAIIIUHBI CIIeIUAJIHLHOTO HA3HAYCHU A, U OHU CJIYIKUJIU TeM €CTeCTBeHHBIM CTAHIAPTOM, B COIIOCTABJICHUN
C KOTOPBIM MOXKHO OBLIO OIIEHUTH JOCTOMHCTBA IIPeAJIaraeMoi OpraHu3aluy BEIUMCINTEIbHOM MAIITNHEL.
ITogpo6HO 3TO MHTEpEcHOe uccaenoBaHue onucano B cratbe I[. 3. Kayra [Computing Surveys, 2 (1970),
247-260]; nepsyro nporpaMmmy copTupoBKu ¢pou Heilimana B OKOHUATEIBLHOM,  OTIOJHNPOBAHHOM  BHJE CM.
B ero Collected Works, 5 (New York, Macmillan, 1963), 196—-214.

W3-3a orpaHnueHHOro 00'beMa IMaMATH B PAHHUX MAIllMHAX IPUXOAUJIOCH AyMaTh O BHEIIIHE COPTH-
POBKe HapaBHe C BHYTPeHHel, u B HoKJamge Progress Report on the EDVAC”, moarorosiaenuom k. IT.
AxkeptoMm u Ik Y. Mousiu niis mkoabl Mypa mo asektporexauke [Moore school of Electrical Engineering
(September 30, 1945)], ykassiBasmoch, uTo IBM, ocHallleHHAs YCTPOMCTBOM ¢ MAaTrHUTHOM ITPOBOJOKOM NI
JIEHTOM, MOTrJia ObI MOZEJINPOBATE AEMCTBUA KAPTOUHOTO 000PYIOBAHUA, JOCTUTAA IIPU 3TOM GOJIbIIIeli CKO-
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POCTY COPTUPOBKU. OTOT JOKJIA] OIMCHIBAJ COATAHCUPOBAHHYIO ABYXIIYTEBYIO TOPA3PALHYIO COPTUPOBKY 1
cOaIaHCUPOBAHHOE IBYXITYTEBOE CIUSIHNE C NCIIOJb30BAHNEM UeThIPEX YCTPONCTB C MAarHUTHOM ITPOBOJIOKOM
WY JIEeHTOM, YNTAIOINX WK 3anuchiBaomux He MeHee 5000 MMIIyJILCOB B CEKYHAY .

I>xoH Mouiy BRICTYIIIII C JEKI[HMEeH 0  COPTUPOBKE W CIMAHNN HA CIEINAILHON CeCCHH II0 BBIUMC-
JIeHUAM, CO3bIBaBIIelicA B miKoJye Mypa B 1946 r., 1 B 3aKcAX ero JeKIIUU COAEPIKUTCS IIepBoe OIy0am-
KOBaHHOE 00CYsKIeHIe COPTUPOBKY C IIOMOIIbIO BhIuncauTeabHbIX MammuH [Theory and techniques for the
design of electronic digital computers, ed. by G. W. Patterson, 3 (1946), 22.1-22.20]. Mousiu HauaJ cBoe
BBICTYILJIEHVE C MHTEPECHOr0 3aMeuanus: 1pe0doBaHue, YTOOBI OJHA MAIIWHA O0BeIUHAIA BOZMOMKHOCTH
BBIUMCJIEHUI ¥ COPTUPOBKY, MOJKET BBITJIANETh KaK TpeOoBauue, YTOObI OAMH IIPHUOOP MCI0JIb30BAJICA KaK
KJIIOY IS KOHCEPBOB U KaK aBTOPYYKa . 3aTeM OH 3aMETUJI, YTO MAIINHBI, CIIOCOOHBIE BLIIIOJIHATD CIIOMK-
HBEIE MAaTeMaTHYeCKNe IPOIeAyPhl, JOIKHEL TAKKe MMETh BO3MOMXHOCTh COPTUPOBATE 1 KJIACCU(PUIIPOBATH
JaHHBIE; OH IIOKAa3aJl, YTO COPTUPOBKA MOKET OBLITh IOJIe3HA Jake B CBA3Y C UMCJIEeHHBIMHU pacueramu. OH
OIIMCAJI IPOCTHIE BCTABKY 1 OMHAPHEIE BCTABKU, 3aMETHUB, UYTO B IIEPBOM METO/Ie B CPeJHEM TPeOyeTCsa OKO0JIO
N? /4 cpaBHeHwiA, B TO BpeMs KaK B IIOCJIeHEM NX HUKOT/a He TpebyeTcs 6oaee N log, N. OnHako GuHapHEBIE
BCTABKH TPeOYIOT BeChbMAa CJIOYKHOM CTPYKTYPHI JaHHBIX, 1 Mouu 3aTeM IIOKAas3aJl, YTO IPU JBYXIYTEBOM
CJUSHUU JOCTUTAETCS CTOJb K€ Majioe YMCJIO CPAaBHEHUI, HO MCHOJb3YeTCA TOJIBKO IIOCJIE0BATEJIHLHOE
MIPOXOXKaeHUue CIUCKOB. IlocneqHsasa yacTh 3amuceil ero JeKIuii MocBAllleHa pasdbopy MeTo0B IMopas3psal-
HO¥ COPTUPOBKHU C YACTUYHBIMU TPOXOAAMHU, KOTOPHIE MOIEIUPYIOT IIN(PPOBYIO KaPTOUHYIO COPTUPOBKY HA
yeThIpex JIeHTaX, 3aTpaunBas MeHee YeThbIpeX IpoXoaoB Ha mudpy (cp. c . 5.4.7).

Bcekope mociie saToro OxkepT u Mousi opraHM30BaIn KOMIAHUIO, KOTOPas BBEIITYCKaja HEKOTODHIE U3
CaMbIX PAHHUX 3JE€KTPOHHBIX BhIuucauTeabHbIX MamuH BINAC (nas Boennbix npunoxenuii) u. UNIVAC
(z1s1 KoMMepuecKux nmpuiaokeHuii). Buoss Biopo mepenucu CIIIA crirpasio poJib B 3TOM Pa3BUTHUH, IPUOO-
pets nepBbiit UNIVAC. B aTo BpeMs: BoBce He ObLIO ICHO, YTO OBM cTaHyT 9KOHOMUYECKU BBHITOJHBIMU:
BBIUMCJINUTEJIbHBIE MAIIIMHLI MOTJIM COPTUPOBATh OBICTPEe, HO OHU AOpOsKe cTouau. [losToMy mmporpaMMu-
ctel UNIVAC mox pykoBogcTBoM @pancuc 9. ['01b0epTOH IPUIOMKUAIN 3HAUNTEIbHEIE YCUINSI K CO3TaHnIO0
IIPOTPaMM BHEIITHeH COPTUPOBK U, pa00OTAIOIIINX C BLICOKOM CKOPOCTHIO, M UX MEPBbIE TPOTPAMMBI TOBJIUAIN
Tak:ke Ha paspaboTKy obopymoBaHus. Ilo ux omenkam, 100 munramonos 3amnuceit mo 10 cioB Morau GbITh
.orcoprupoBansl Ha UNIVAC 3a 9000 u (T. e. 375 nHeit).

UNIVAC 1, opunuansuo obbaBaeHHaaA B uiojge 1951 r., umena BHyTpeHHIOI0 mamMATs B 1000 12-
JUTEePHBIX (72-6UTOBBIX) CJIOB. B Hell mpegycMaTpUBaIoOCh YTEHUE U 3aII1Ch Ha JIEHTY 0J10K0B 1Mo 60 cJ10B co
ckopocThio 500 CJI0B B CEKYHAY; UTEHME MOTJIO OBITH IPAMBIM WJIN 00PaTHBIM, JOITYCKAJIOCH OTHOBPEMEHHOE
uTeHUe /3anuch/ BerunuciaeHus. B 1948 r. muccuc 'o1p6epTOH IpuayMaia MHTEPECHBIH CIIOCO0 BHITTOJTHEHU A
IBYXIIYTEBOI'O CJIUAHUA C IIOJHBIM COBMEIleHNEeM UTeHU S, 3alMCH 1 BEIYNCIEHUH C NCIOJIb30BAHNEM IIIECTH
6ydepoB BBoga. IlycTh IJd KasKIOro BBOAHOIO (haiijia MMEIOTCS OAWH ' TeKyInuil 6ydep” u aBa "BCIOMO-
raTeJbHBIX Oydepa”; caIMBATh MOKHO TAKMM 00Pa3oM, UTO BCAKUI pas, KOTAa MPUXOIUT BPEeMs BHIBECTH
oauH 0JIOK, IBa TEKYIIIUX Oydepa BBoJa .COePKAT BMeCTe KOJINUYECTBO JAHHEIX, paBHOe ogHOMY 0JI0KY. Ta-
KUM 00pas3oMm, 3a BpeMs ()OpMHUPOBaHUSI KaKIOT'0 BEIBOJHOT'0O 6JI0KA POBHO OAUH Oy(dep BBOa CTAHOBUTCS
IIyCTBIM, ¥ MBI MOKE€M YCTPOUTD TAK, YTOOLI TPU MUJIN YEThIPe BCIIOMOTaTeJIbLHEIX Oydepa ObLIN 3aII0THEHEI
BCAKUI pas, KaKk Mbl YNTaeM B OCTaBIIHiicsa Oydep. ITOT MeTOI UyTh ObICTPee MEeTOJa IPOTHO3MPOBAHUS
anrroputMma 5.4.6F, Tak Kak HeT HeOOXOAMMOCTH IIPOBEPSATH Pe3yJbTaT OJHOTO BBOJA Mepe] HauaaoM cje-
nyrorero. [Cp. ¢ Collation Methods for the UNIVAC System (Eckert-Mauchly Computer Corp., 1950) vol.
1,2.]

KyabMuHaAIMOHHO TOUKOM B 3TOI paboTe cTaj reHepaTop MPorpaMM COPTUPOBKHM, KOTOPBIH OBII mep-
BOM KPYITHOM IPOrpaMMoOii, pa3pabOTaHHOHN AJsA aBTOMAaTUYECKOTO IporpaMMupoBaHus. Iloab3oBaTesnb
YKasbIBaJ pasMep 3alKCH, MO3UIUY KIoUel (10 IATH) B YaCTUYHBIX MOJIAX KAXK IO 3aNCU U KOHIIeBBIe
KJII0YM, OTMeUaIue KoHel, ¢aiija, ¥ reHepaTop COPTUPOBKHU IMOPOKIAT TPeOyeMy0 IPOrpaMMy COPTH-
POBKHU miidA (aiiaoB Ha ogHOM 606uHe. [IepBHIM TPOXOIOM 3TO TPOrPaMMBbI ObLIa BHYTPEHHAA COPTUPOBKA
610K0B o 60 cJI0B ¢ UCIIOIBL30BAHKEM MeTOa cpaBHeHUA U moacueTa (aaroputm 5.2C); 3aTeM BBITOIHAIC
pAn cOaaHCUPOBAHHBIX MBYXIIYTEBBIX IPOXOI0B CAUAHUA C OOPATHBIM UTEHUEM, UCKJIIYAIOIUX CIeILIe-
HUe JIeHT, KaK onucano Boiire. [Cm. Master Generating Routine for 2-way Sorting (Eckert—Mauchly Div.
of Remington Rand, 1952). IlepBbiit HAOPOCOK 3TOT0 TOKJIa4a ObLT 03arjaBieH  OCHOBHAS COCTABJIAIOIIA
nporpamMma AByxmyTtesoro causaua (Master Prefabrication Routine for 2-way Collation)! Cm. Taksxe F.
E. Holberton, Symposium on Automatic Programming (Office of Naval Research, 1954), 34—39.]

K 1952 r. mHOTHE MeTOIbI BHYTPEHHEN COPTUPOBKHU IIPOYHO BOIILJINA B IIPOTPAMMUCTCKUH (POJIBLKJIIOP,
HO Teopus ObliIa PasBUTA CpaBHUTENbHO ciabo. Hanusiab ongenbepr [Time analises of various methods
of sorting data, Digital Computer Lab. memo M-1680 (Mass. Inst. of Tech.,. October 17, 1952)] sampo-
rpaMMuPOBaJ AJs Mamueabl Whirlwind nars pasinuHBIX METOLOB U IPOBEJ aHAIN3 HAUIYUIIErO U HAU-
XYAIIETO CayJaeB A Kakaoi nporpaMMbel. OH HAIIEN, YTO JJIA COPTUPOBKY COTHU 15-6MTOBBIX 3amuceit
1o 8-0MTOBOMY KJIOUY HAWUJIYUIIIKE 10 CKOPOCTH PE3YJIbTATHI MOJYYAIOTCS B TOM CJIyYae, €CJIU UCIIOJIb3Y-
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ercs Tabaumna u3 256 cI0B U KasKAas 3alNch MIOMEIAaeTcsa B eINHCTBEHHYIO COOTBETCTBYIOMIYIO €€ KJIIUy
HO3UINIO, a 3aTeM 9Ta Tabuauma ckumaerca. OQHaAKO 3TOT MeTOJ MMeJ OUeBUIHLINA HeJOCTATOK, n00 OH
VHUUTOKAJ 3all1Ch, €CJIU IMOCJIeAVIOIasa nMesa TOT e KJaod. OcTalbHble YeThIpe IPOaHAIN3NPOBAHHBIX
MeToAa OBLIN YHOPAZOUEHBI CJAEAYIONINM 00pas3oM: IpAMOe ABYXIIYTEeBOE CAUAHUE JYUIlle MOpPa3pAIHOMR
COPTHPOBKM C OCHOBaHMEM 2, KOTOpasd JIYUIlle IIPOCTOTO BbIOOPA, KOTOPHIH B CBOIO OUepenb JIyUIlle MeToa
My3bIPhbKA.

9T Pe3yabTAThI IIOJNYUYNJIN AajbHelllee pasBuTue B guccepranuu 'apoasga X. CeoBopaa B 1954 r.
[Information sorting in the application of electronic digital computers to business operations, Digital
Computer Lab. report R-232 (Mass. Inst. of Tech.. May 24, 1954), 60 pp.]. CeroBOpa BBICKA3aJ uIeu
pacipeaesioiero moacueTa 1 Beibopa ¢ samereareM. OH IMoKasaJi, UTO IIEPBLIHA OTPE30K CAYUaAHOMN mepe-
CTAHOBKU MMeeT CPEIHIO AJUHY ¢ — 1, M aHaJIu3UPOBAJ HAPSAAY C BHYTPEHHEell COPTUPOBKON 1 BHEIITHIOIO
KaK Ha PasJINuYHbIX TUIIAX MacCOBOM IIaMATH, TaK 1 HA JIEHTaX.

Errie 6GoJiee ocToHAA BHUMAHUSA AUCCEPTAIIMI—HA TOT pas3 JOKTOpPCKasa— ObLia Hamucana ['oBapaom
B. HemyTom B 1956 r. [Electronic Data Sorting (Stanford University, October, 1956), 92 pp.]. 9ta paboTta
TIOMOTJIa 3aJI0KUTH OCHOBEI TEOPUH CJIOXKHOCTHU BhIUMCIeHUi. B.Hell paccMaTpuBainch Tpu abCTpaKTHBIE
MOJeJIN 3aIaYt COPTUPOBKHU: C UCIIOJIb30BAHUEM IITUKJINYECKON IIaMATH, TUHEHHON ITIaMATH ¥ HaMATH C IIPO-
U3BOJILHBIM JOCTYIIOM; AJIA KaKI0M MOJeau ObLIN PaspadboTaHbl ONTUMAJIbHBIE MW MOUTH ONITUMAJIbHEIE
metoxabl. (Cp. ¢ yup. 5.3.4—-62.) XoTsa HemocpeACTBEHHO U3 Auccepranuu JleMmyTa He BBITeKaeT HUKAKUX
MIPaKTUUYECKUX CJIeACTBU, B Hell coaepsKaTcs BasKHbIe UJer O TOM, KaK CBA3aTh TEOPUIO C IPAKTUKO.

Taxum 00pa3oM, UCTOPUA COPTUPOBKU OBLIA TECHO CBA3AHA CO MHOTIMMM MCXOKEHHBLIMU TPOIIAMU B
BBIUMCJIEHUAX : C IEPBLIMY MAIIIMHAMMY JJIsI 00PaO0OTKY JAHHBIX,, I€PBBIMU 3aIIOMUIHAEMBIMY IIPOrPAMMAMH,
TIEePBBLIM IIPOTPAaMMHLIM O0ecIeueHreM, IIePBEIMI MeTogaMu Oydepusanum, mepBoil padboToii 10 aHaJIn3y
aJITOPUTMOB U CJIOXKHOCTU BEIUMCJIEHUH.

Hu oiuH 13 JOKYMEHTOB OTHOCUATEJIbHO OBM, YyIOMAHYTHIX [0 CHX IIOP, He MOABJAJICI B  OTKPBLITON
gureparype’ . Tak ysK CIyUYMIOCh, YTO GOJBIIAA YACTh PAHHEH MCTOPUU BEIUMCIUTEJLHLIX MAIIAH COLEP-
JKUTCA B CPABHUTEJNHLHO HEIOCTYIIHBIX NOKJAagaX, MOCKOJIbKY OTHOCHUTEJIbHO HEMHOTUE JUIA ObLIN B TO
BpeMd cBA3aHEI ¢ IBM. Hakoner B 1955—-1956 rr. stuteparypa 0 COpPTUPOBKE IPOHUKAET B II€UYaTh B BUJE
Tpex 00JBITNX 0030PHBIX craTei. IlepBas crarba Oblia moaroroBaeHa k. K. Xockenom [Proc. Eastern
Joint. Computer Conference, 8 (1955), 39—55]. On HauwHAaeT ¢ TOHKOTrO HAGAOAeHUA: = UTOOHI CHUSUTH
CTOMMOCTD €TUHUIIBI Pe3yJIbTaTa, JIOAU O0OBIYHO YKPYIHAIOT oneparuu. Ho Ipu 9TUX YCI0BUAX CTOMMOCTD
eIMHUIILI COPTUPOBKY HE YMEHBIIAeTCA, a BodpacTraeT . XOCKEeH OIIMCAJ Bce 000PYA0BaHNME CIEIUAIbHOTO
Ha3HaUeHUsA, UMeBIIeecsa B IIpojaske, a TaKiKe MeToAbl copTupoBKu Ha ABM. Ero 6ubiuorpadpus us 54
IIYHKTOB OCHOBAaHAa 00JIbINIEH YacThIo Ha OPOIITIopax (GUPM-1U3TOTOBUTEIEH.

ITogpo6Has craTes 9. X. @pauzga[Sorting on Electronic Computer Systems, JACM, 3(1956), 134—-168]
ABUJIACH Ba’KHOU BEXOU B Pa3BUTUU COPTUPOBKU. XOT4A 3a npoitenaiee ¢ 1956 r. Bpemsa ObL1u pa3padoTaHbI
MHOTOUMCJIEHHLIE METOALI, 9Ta CTAThA BCE eIlle HeOOLIUHO COBPEMEHHA BO MHOTUX OTHOIIEHUAX. DPoH
JaJI THIaTeJbHOe OMMcaHne BecbMa 0OJBIIIOTO YKCJIa aJTOPUTMOB BHYTPEHHEH U BHEITHEN COPTUPOBKU U
obpaTuya ocoboe BHUMaHMWEe Ha MeTOAbI Oydepusanuu U XapaKTePUCTUKN MArHUTHBIX JIEHTOMPOTAKHBIX
yerpoiictB. OH BBeJ HEKOTOPLIE HOBbIe METOALI (HAaIpuMep, BLIOOP U3 JepeBa, MEeTO/ ABYIJIABOTO 3MUSA U
MIPOTHO3UPOBAaHIE) 1 pa3paboTa HeKOTOphIe MaTeMaTHUYeCKe CBOMCTBA CTAPBIX METOOB.

TpeTuii 0630p IO COPTUPOBKE, KOTOPHIH MOSBUJICS B TO BpeM#A, ObLI moaroToBiieH [1. Y. [[aBaticom [ Proc.
Inst. Elect. Engineers, 103B, supplement 1 (1956), 87-93]. B mocieayroiue rogsl eife HeCKOJIbKO BbIIA-
0IMXCsI 0630p0B 66110 onydaukoBano 0. A. Besnom [Comp. J., 1 (1958), 71-77]; A. III. dyraacom [Comp.
J., 2(1959), 1-9]; O. O. Max-Kpakernowm, I'. Beiiccom u II. JIu [Programming Business Computers (New
York: Wiley, 1959), chapter 15, 298—-332]; A. ®aopecom [JACM, 8 (1961) 41-80]; K. 9. AiiepcoHom
[A programming language (New York: Wiley, 1962), chapter 6, 176—245]; K. K. I'orau6om [CACM, 6
(1963), 194-201]; T. H. Xut66apgom [CACM,6 (1963), 206—-213]; M. A. T'oruiem [Digital Computer User’s
Handbook ed. by M. Klerer and G. A. Korn (New York, McGraw-Hill, 1967), chapter 1.10, 1.292-1.320].
B H0s16pe 1962 r. ACM opranmnsoBaJjia CUMIIO3UYM II0 COPTUPOBKe (60IbIIIas YacTb paboT, MpeAcTaBJIeHHBIX
Ha 5TOM CUMIIO3UyMe, ony6iuKoBaHa B Mae 1963 r. B Beinycke CACM). Ouu gaioT Xopoliiee IIpecTaBIeHne
0 cocToAHMUU 3TOH obaactu B To Bpema. O630p K. K. I'orimnba o coBpeMeHHBIX IeHepaTopax COPTUPOB-
Ku, 0030p T. H. Xub6b6apaa o BHyTpeHHEH COPTUPOBKE C MUHUMAJIbHON IIaMATHIO U PaHHEe HCCJIeS0BaHIIe
. A. Xab06spaa o cOpTUPOBKe (PaiiaoB Ha JuCKaxX—HaunboIee 3acayKUBaOIe BHUMAHUS CTAThU B 9TOM
cobpaHUM.

3a mpoureqinii mepuo OLIIN OTKPLITHI HOBBEIE METOAbI COPTUPOBKU: BhIuncaeHMe aapeca (1956), ciau-
saHue ¢ BcTaBKoi (1959), o6menHaa mopaspanuas coprupoBka (1959), kackaguoe causuue (1959), meron
Ilenna ¢ yoniBatomum miarom (1959), maorodasuoe cauauue (1960), BctaBKku B nepeBo (1960), ocrimiam-
pytoitasa coptupoBka (1962), 6picTpasa copTupoBka Xoapa (1962), mupaMmugaibHas COPTUPOBKA Y UIbIMca
(1964), o6menHaa cOPTUPOBKA co causumeM BaTtuepa (1964). McTopus KaKa0OT0 OTAEJIBHOTO aJITOPUTMA



84 Original pages: 457-470

IIPOCJIe;KMBAETCA B TeX pasfesax HacTOAINel IIaBhl I'/le 9TOT MeTo I onucbkiBaeTcsa. Konerr 60-x romos Haitie-
I'0 CTOJIETUSI O3HAMEHOBAJICS NHTEHCUBHBLIM PA3BUTHEM COOTBETCTBYIOIEll TEOPUU.

ITonnasa 6ubauorpadusa Bcex padoT, M3YUEHHBIX ABTOPOM IIPKM HAMKMCAHUU STOH IJIaBLI, MMEETCS B
[Computing Reviews, 13 (1972), 283—-289].

YupaxkHeHUuA

1. [05] IToaBeguTe UTOT 9TOM IIaBe; chopMyaUpPyiiTe 0600IIeHe TeopeMbl 5.4.6A.

2. [20] CrasxuTe, oOCHOBBIBaACh Ha TabJi. 1, KaKOil M3 METOJOB COPTUPOBKHY CIIUCKOB JJIA IIeCTUIIN(HPOBBIX
KJIouel OyAeT HAMIYUIINM I MaItnae MIX.

3. [47](¥Ycmoiivusas copmuposra ¢ MUHUMANLLHOU namamyvio. ) ToBOPAT, UTO aIrOPUTM COPTUPOBKYU TPE-
OyeT MUHUMALbHOIL NAMAMU, €CJIU OH UCIIOIb3yeT A CBOUX IepeMeHHBIX TOIbKO O((log N)?) 6uros
IaMATH CBepX IPOCTPAHCTBA, TpeOyeMoro 1A pasMerieHus N 3anuceii. AJITOPpUTM JOJIKeH ObITH 00-
XM B TOM CMBbICJI€, UTO AOJIXKEH paboraTh mpu JifoObIX N, a He TOJHKO IPU ONPeeIeHHOM 3HaAUeHUU
N, ecsivi, KOHEUHO, IPEJIIOJIATAETCS, UTO IPY BHI30BE AJITOPUTMA AJIsI COPTUPOBKY €My 00ecreuyrnBaeTcst
IOCTAaTOUYHOE KOJIUYECTBO MAMATH € IIPOUSBOJILHLIM AOCTYIOM. Bo MHOTMX M3 M3yUEeHHBIX HAMU aJIT0-
PUTMOB COPTUPOBKY 3TO TPeOOBaHNE MUHUMAJIbHOU MaMATH HAPYIIAeTCd; B YACTHOCTH, 3aIPEIeHO
ucroJb3oBanue N mmoJjiei cBsas3u. BeicTpas copTupoBKa (aaroputm 5.2.2Q) yaoBIeTBOpAeT TPeOGOBaAaHUIO
MHUHUMAJIbHOI aMATH, HO ee BpeMA paboThl B HAUXYAIIEM cIydae IpornopuuoHantbro N2, ITupamu-
IajabHas copTupoBKa (amroputm 5.2.3H) ABisgercs efTMHCTBEHHBIM CpeAl U3yUEHHBIX HAMU aJTOPUT-
moB tuna O(N log N), KOTOPBIA NCIOJIB3YeT MUHUMAIBHYIO IaMATh, XOTI MOXKHO CHOPMYIUPOBATH U
elrle OJMH MOJOOHBIN aJITOPUTM, €CJIU UCIIOJIb30BaTh UAet0 u3 yup. 5.2.4—18. CaMbIM OBLICTPBHIM OOGIITM
aJTOPUTMOM, U3YUEHHBIM HaMU, KOTOPHIN YCMOULUB0 COPTUPYET KJIIOUU, ABIAECTCSI METOJ CIMAHUA
crnuckoB (anroputm 5.2.4L), ofHAKO OH UCIOJL3YeT HE MUHUMAJBbHYIO TaMATh. PaKTUUECKU equH-
CTBEHHBIMHU YCTOMUYUBLIMHU AJITOPUTMAMU COPTUPOBKY C MUHUMAJIBHOM ITaMATHIO, KOTOPbIE MBI BUAEJH,
6bL1u MeTogbl Tua O(N2) (mpocThie BCTaBKHU, METOJ ITy3bIPbKA M BADUAHTHI IIPOCTOTO BHIGODA).
CyliecTByeT Jii YCTOMUUBBIA aJITOPUTM COPTHUPOBKM C MUHHMAJIbHOU HMaMATBHIO, TPEOYIOIUN MeHee

O(N?) egunurn BpeMeHY B HAUXY/IIIIEM CJIyuae WU B cpefHeM?
S mocTur cBoeii IesNn., €CJIU. PACCOPTUPOBAJT U
IIPUBeJ B JIOTUYECKUN MOPAZOK XOTA OBI AAPO TOTO
OTPOMHOT'0 MaTepuajia O COPTHUPOBKE, KOTOPBIN IIO-
SABUJICA 32 MOCJEIHNE HECKOJIbKO JIeT.
Hx. K. Xocken (1955)

6. ITouck

ITonmiem 3ammuces
Au Cmur (1928)

9Ty IIaBy MOYKHO GBLIO HA3BATH MHAUE: WK MIPETEeHIM03HO— XpaHeHue U BLIOOPKaA uH(pOpMAIUN ,
nian pocto— ' Ilonck mo rabaunam . Hac 6ymeT mHTepecoBaTh IPOoIlecC HAKOILIEHN NH(POPMAIIUHY B IIaMsI-
TH BBIYUCJIUTEJIbHON MAIIIMHEI C ITOCJEIYIOIUM BO3MOKHO 6oJiee OBICTPLIM M3BJI€UEHUEM 9TOI MH(popMa-
uuu. HOTAA MBI CTAJKUBAEMCS CO CTOJIb OOJIBIIAM 00bEMOM JaHHBIX, UTO PEaJbHO MCIIOJIb30BAThH UX BCE
He Mo:KeM. B aToM ciryuae caMbIM MYIPBIM ObIJIO OBI 3a0bITH U PA3PYIIIUTDL OOJIBIIYIO UX YaCTh; HO HEPEIKO
OGBIBAaET BaKHO COXPAHUTDH U TaK OPraHM30BATh MMelomirecsa (PaKThl, YTOObI 00eCTIeUNTh HAMOBICTPEHIITYIO
UX BBIOOPKY.

JTa riaBa IOCBAIIEHA B OCHOBHOM M3yUYE€HHIO OUeHb IIPOCTOM MOMCKOBOI 3aaun: Kak HaXOAUTh JaH-
HbIe, XPaHAIINEeCcs ¢ oupeneJeHHoN uaenTuduramnueii. Hampumep, B BLIUMCIUTEIBLHOM 3aaue HAM MOKET
OoHaLO0UThCA HANTHU f (), UMed x U TabAULy 3HAUeHUH QYHKIUY f; B IMHTBUCTUYECKOM MOXKET UHTEpe-
COBaTh AHTJIMUCKUY SKBUBAJEHT JaHHOT'O PYCCKOTO CJIOBAa.

Boo061re 6yaem mpeamoJsiaraTh, UTO XpPaHUTCSI MHOKeCTBO u3 N 3amuceil 1 HeoOXOAMMO OIIPeneUTh
OJIOKEHUE COOTBETCTBYIOIIeH 3anucu. Kak u B ciiyuae COPTUPOBKY, MPEAIOJIOMKNM, UTO KaKIasd 3aIliCh
COZIEP’KUT CHEIUAIbHOE 0JIe, KOTOPOEe Ha3bIBAETCS KJII0Y0M, BOSMOYKHO, IIOTOMY, UTO MHOTHE JIOAY €3Ke-
JTHEBHO TPATAT MAacCy BPeMeHM Ha MOMCK CBOMX KJoueii. Mbl 0OBIYHO TpedyeM, UToObI [N KiIfouei ObLIu
pasauuHbI, TaK YTO KasKABIN KJOY OTHO3HAUHO OIIpeleideT CcBOI0 3anuch. COBOKYIIHOCTh BCeX 3amuceis
HasbIBaeTCA mabauyell uau @ailiom, IpudeM o Tadbauieil, KaKk IpaBuJo, IoApa3yMeBaeTcAa HeOOMBbIITOMN
daiia, a paiisioMm 0OBIYHO HA3HIBAIOT O0JBIIYIO Ta0AUILY. BoJbIinoi aiii, nau rpynna (GaiijaoB, 4acTO Ha3kI-
BaeTcs 6a30il 0AHHbBLX.

Cmur, Ansdpen Ommanyans (1873-1944) — amepuKaHCKUN TOJTUTUYECKUH feATenb.—IIpum. nepes.
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B anropurmax morcka nprucyTCTBYET TaK Ha3bIBaeMbIH apzymenm noucka K, 1 3aaya COCTOUT B OTHIC-
KaHUU 3amnucu, umeroinein K cBoum KjaouoMm. CyIecTBYIOT JBe BO3MOKHOCTH OKOHUAHUS MOMCKAa: Jubo
MIOVICK OKasaJicad yO0ayHbulM, T. €. TIO3BOJIUJ ONPEeJUTh MOJOKEeHe COOTBETCTBYIOIell 3alucu, CoAepKa-
meit K, 160 OH OKasajcsa Hey0auHblM, T. €. TIOKA3aJI, YTO apryMeHT K He MOYKeT ObITh HalileH HU B OSHOM 13
samuceti. [Tocyie HeyauHOTO MOMCKA MHOT/A JKeJIaTeJIbHO BCTABUThH B TAOJIUITY HOBYIO 3aIINCh, COIEPIKATITYIO
K ; aaropuT™, KOTOPBIN [ieIaeT 3T0, HA3BIBAETCS aJITOPUTMOM ' IIOUCKA ¢ BCTaBKOM . HeKoTopble TexHUUe-
CKMe YCTPOMCTBA, U3BECTHBIE KAK ~ ACCOIMATUBHAS IIaMAThL , PEIIAOT IPOo0JeMy IIOMCKA aBTOMATUYECKH
aHAJOTUYHO TOMY, KaK 9TO JeJIaeT YeJIOBeUeCKUI MO3T'; MBI ke OyIeM 13yJaTh MeTOAEI IIONCKAa Ha OOLIYHOM
YHUBEPCAJIILHON BHIUUCJIUTEJSBHON MaIIHE.

XO0Ts 1eJIbI0 IOUCKA ABJIAETCA HH(POPMAaIUs, KOTOPasd CONEPKUTCS B 3alIMCH, ACCOIMUPOBAHHOM C KJIIO-
yoMm K, B aqroputTMax 9TOI IJIaBbl OOBIYHO UTHOPUPYETCS BCe, KpoMe COOCTBEHHO KJtoueii. B camom gmeie,
ecJiu moJiosKkeHue K ompeneneHo, COOTBETCTBYIOIME JaHHbIe MOKHO HaliTu. Hampumep, ecau K BeTpeTu-
cA B Adeiike TABLE + i, acconuupoBaHHBIe JaHHBIE (MU YKa3aTeJb Ha HUX) MOTYT HaXOAUTHCA II0 afpecy
TABLE + 4 + 1, uau DATA + ¢ u . . Takum o6pasoM, IMOAPOOHOCTH, KACAIOII[eCs TOT0, UTO HYKHO IeJIaTh,
Korza HaiJeH KJo4 K, MOKHO CIIOKOMHO OITyCTUTb.

Bo mMHOTHMX mporpamMmax IMOMCK TpeOyeT HamOOJBIINX BPEMEHHBIX 3aTpaT, TaK UTO 3aMeHa IIJIOXOTO
MeTOo/a IIOMCKAa Ha XOPOIINii YacTO BeJeT K CYII[eCTBEHHOMY YBEeJIUYEeHUIO CKOPOCTU paboTshI. [leficTBUTE Ib-
HO, HEPEIKO yAaeTcs TaK OPraHm30BaTh JaHHBIE UJIN CTPYKTYPY JaHHBIX, UTO IIOMCK IIOJHOCTBHIO MCKJIO-
yaeTcsd, T. €. MBI BCerJa 3HAaeM 3apaHee, I'ie HAXOAUTCS HYyKHada HaMm uHpopMmanusa. CBa3aHHAA MaMATH
SABJISIETCS OOIIeIIPUHATHIM METOAOM JOCTHUKEHIS 9TOT0; HAIIPHMeED, B CIIMCKE C ABYMS CBA3SIMI HET He00X0-
JIUMOCTHU MCKATh 9JIEMEHT, CJAEMYIONNH 3a JaHHBIM MU IIPEAIITecTBYIONNi eMy. [pyroi cnocod n3bexkarn
MMOMCKa OTKPBLIBaeTCA IIepel HaMU, eCJiu IpeaocTaBieHa cBoOoAa BbiOOpa Kiioueit. CoesaemM MX dyucIaMu
{1,2,...,N}, u rorga sanucs, cogep:kamias K, MoxxeT ObITH IPOCTO ITOMeIleHa B sueiiky TABLE + K. O6a
9TH CI0Cc00a MCI0JIb30BaINChH AJIA YCTPAHEHUS IOMCKA U3 AJTOPUTMA TOMOJOTUUYECKON COPTUPOBKH, 00CY-
sKmaBiiierocda B 1. 2.2.3. Tem He MeHee BO MHOTHX CAyUYaAX MMOUCK HE0OX0AUM (HammpuMep, KoTaa o0 beKTaMu
TOIIOJIOTUUYECKOI COPTUPOBKU ABJIAIOTCSA CHUMBOJINUECKIIE UMEHA, a He YKcJja), TAK YTO BeChMa BayKHO IMETh
3(h(peKTUBHBIE AJITOPUTMEI IIONCKA.

MeToabI IOMCKA MOMKHO KJIacCu(PUIINPOBATh HECKOJbKUMU cnocobamu. MbI MO ObI pas3aenuTh UX
Ha BHYTPEHHUH 1 BHEIITHUH IIOMCK B COOTBETCTBUH C pasieieHIeM aJrOPUTMOB COPTUPOBKHU B I'JI. 5 Ha BHY-
TPEHHIOI0 ¥ BHEIITHIO COPTUPOBKY. My MBI MOTJIX OBI Pa3/IMYaTh CTATUYECKUH U JUHAMUUYECKUN MEeTOIbI
IIOKUCKA, Te CTAaTUUYeCKHilw 03HAUaeT, YTO COAEPKUMOoe TabIUIlLl OCTAeTCA HeM3MEeHHEIM (TaK 4TO BasKHO
MUHUMHA3UPOBATEL BPEMS ITOMCKA, TPeHebperas 3aTpaTaMu Ha IIEPECTPOUKY TabIuIbl), a  AUHAMUYECKUA
O3HAYaeT, UTO TabauIla SBJAsSETCA 00bEeKTOM YaCTBIX BCTABOK (M, MOXKeT ObIThH, yaaseHui). TpeTba BO3-
MOJKHAs cxeMa KJaccu(puInpyeT MeTOIbI IIONCKA B COOTBETCTBUM C T€éM, OCHOBAHBI JI OHU HAa CPAaBHEHUU
KJIIOUel nian Ha Mu(POBLIX CBOMCTBAX KJIIOUel, aHaJOTHYHO TOMY, KaK PasinualoTCcA COPTUPOBKA C IIOMO-
IITbI0 CPABHEHUS W COPTHUPOBKA C IIOMOIILIO pacipeaesennda. HakoHel, Mbl MOTJIX GBI pa3AeinTh MEeTObI
TIOMCKAa Ha MeTOJbl, UCIIOJIb3YIOINe NCTUHHBIE KJIIOUN, I Ha MEeTOIbl, paboTarolle ¢ IpeodpasoBaHHbBIMU
KJIIOUaMHU.

Opranusaius TaHHOI IJIaBBLI €CTh. B CYIITHOCTH, KOMOMHAIIUA IBYX IIOCJIEIHUX CIIOCO00B KJaccudu-
kanuu. B § 6.1 paccMaTpuBaoTCA METOABI IOCIEIOBATEILHOTO MONCKA B JI00 , a B § 6.2 obcy:xgaroTca
YAYUIIeHNUsI, KOTOPbIe MOKHO MOJIYUYNUTh Ha OCHOBE CPABHEHUU MEXKIY KJIOUYAMU C MCIOJIb30BAHMEM aJj-
haBUTHOr0O MU YMCJIOBOTIO MOPSIKA [IJA yIpaBieHus pelreHusamMu. B § 6.3 paccmarpuBaerca mudpoBoii
TIOUCK, a B § 6.4 o0cy:KIaeTca BasKHBIN KJIAaCC METOJOB, Ha3hIBAEMBIX XEIIMPOBAHUEM U OCHOBAHHBIX Ha
apupmMeTnUecKUX Mpeobpa3oBaHUAX UCTUHHBIX KJIouei. B KaskagoM us3 sTux maparpadoB paccMaTpuBaeT-
cd KaK BHYTPEHHUH, TaK U BHEIITHUM IIONCK, 1 AJIA CTATUYECKOTO 1 AJIA JUHAMUUYECKOTO0 CIyUaeB; B KarKI0M
naparpadge oTMeuaTCA CPAaBHUTEJIbHBIE TOCTOMHCTBA U HEJOCTATKU PA3JIUYHBIX aJITOPUTMOB.

Meskay ITOMCKOM U COPTHUPOBKOM CYIIIECTBYET OIpelesieHHasA B3auMOCBA3b. HampuMep, paccCMOTPUM
cJIeqyIONIyIo 3aauy:

JaHbl 1Ba MHOYKECTBA UUCEJT:
A= {al,a2,...,am}nB = {bl,b2,...,bn};

OIIPeNeNInTD, ABJIsAeTCA Ju A mogmuoxectBoM B, T.e. A C B.

HanpamuBaroTcsa Tpu pellleHus, a UMeHHO:

1) CpaBHUBATH KaXK/[0€ a; IIOCTIef0BaTeIbHO CO BCEMU b; 10 YCTAHOBIEHNU COBIAleHNU .

2) Csectu Bce b; B TabauIly, 3aTeM UCKATh KaxJ0e a; 110 TabauIe.

3) Vmnopsmouuts A u B, 3aTeM COBEPIINTEL OJUH II0CIEeA0BATEJIbHBIN IIPOXO II0 000uM (aiiaam,
TTPOBEPAA COOTBETCTBYIOINE YCIOBU.
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Kaxmoe us sTux peleHnit nMeeT CBOU IPUBJIEKAaTeIbHbIEe CTOPOHBI IJIA PA3JIUUYHBIX JUANA30HOB 3HAUEHUH
mun. s pemennsa 1 norpebyerca npubIn3UTEIBHO ¢1MNn €IUHALL BDEMEHH, T1e ¢;—HeKoTopas KOHCTaH-
Ta, a pemienue 3 3afiMeT OKOJIO c2(mlog, m + nlog, n) equuuL, rae co—HeKoTOpas (60IbIIAasT) KOHCTAHTA.
IIpu mogxonAieM MeToie XeITNPOBaHU pelieHne 2 MoTpedyeT MPUMEPHO c3m + ¢4N eTUHUI BpeMeHH’, TIe
c3 U c4—HeKoTopsie (eie 06sbIre) KoHCTaHThl. CieoBaTebHO, pellenre 1 XOPOIIo IpU OYEeHb MaJIbIX
m U N, a TP BO3PACTaHUU m U n JYUIIUM OyAeT pelleHne 3. 3aTeM, IOKa 1 He JOCTUTHET Pa3MEPOB BHY-
TpeHHel mamMATH, 00Jee IPEeAIOUTHUTEILHO pelleHne 2; I0CJe 3TOr0 O0BIYHO pellleHe 3 CHOBA CTAHOBUTCS
JIy4llie, IIOKa n He ceJIaeTcs ellle ropasno 00JbIIuM. SHAUUT, MBI UMEeM CUTYAaIINIo, Te COPTUPOBKAa MHOTAA
XOPOIIIO 3aMeHAEeT ITOUCK, a TOUCK—COPTUPOBKY.

3ayacTyo CIO0KHBIEe 3aaUM ITOMCKAa MOYKHO CBECTU K 6oJiee TPOCTHIM CIAYUYaAM, PACCMATPUBAEMBIM
3nech. Hampumep, IPeaIOIOKUM, YTO B POJU KJIOUEH BLICTYHAIOT CJI0BAa, KOTOPHIE MOTJIU OBITH CJIETKA
WCKayKeHbI; MbI XOTeJIN ObI HAWTH TPaBUJIbHYIO 3aII1Ch, HECMOTPSA Ha ATy oInoOKy. Eciu caenaTs 1Be Konuu
¢daitia, B OgHON M3 KOTOPBIX KJIOUM PACIIOJOMKEHBI B OOBLIUHOM aJI(PAaBUTHOM IIOPSAAKE, a B APYroMl OoHU
YIOPALOUYEHBI CIIpaBa HajieBO (KaK ecyi ObI CJIOBA OBIIM MPOUYNUTAHBI HA000POT), NCKAMKEHHBIN apryMeHT
TOMCKA B OOJILIITMHCTBE CJIyUYaeB COBIIagaeT M0 MOJOBUHEI CBOEH AJNHBI UM JaJbIlle ¢ 3alI1ChI0 OJHOTO U3
9TUX ABYX (aitnoB. MeTo bl MOKUCKA, cofepsKaIiuecs B § 6.2 u 6.3, MOXKHO, ciieoBaTeJIbHO, IPUCIOCOOUTH
UL HaXOMKIEHUA KJIYa, KOTOPBIN ObLI, BEPOSATHO, NCKAYKEH.

IToxosxue 3amaun MPUBJIEKIN K ce0e 3aMeTHOe BHIMAHE B CBSI3H C CO3JAaHUEM CHUCTEM IIPeIBaPUTEIb-
HOT'O 3aKa3a aBMaOUJIETOB U B CBSA3U C APYTUMU IIPUIOKEHUSIMH, KOTAA CYIIEeCTBYEeT 3HAUUTEIbLHASI BEepOo-
ATHOCTb UCKAKEeHUA UMEHH! YeJIOBEeKa M3-3a Hepa30opUNBOro MouepKa NUJIN IJI0X0U cabluMocT. Hy:KHO
OBLTIO HAMTHU IIpeodpasoBaHre apryMeHTa B HeKH1il Ko, coOupaloliee BMecTe Bce BApUAHTHI JaHHOTO NMEHMH.
MeTton "Soundex”, onuchIBaeMbIil HIMe B BUJe, B KOTOPOM OH IIPUMEHAeTCs celiuac, OLLI IepBOHAYAILHO
passut Maprapert K. Oynenn u Po6eprom K. Paccesnom [cm. U. S. Patents 1261167 (1918), 1435663 (1922)];
OH HalIleJI IITUPOoKoe TPUMeHe e JJIsd KOTUPOBaHuA (haMUINI.

1) OcraBuTh mepByi0 OyKBY; Bce OYKBHI a, €, h, i, 0, U, w, y, cTOAIINE HA IPYTUX MECTaX, BBIUYEPK-
HYTb.
2) OcraBmuMcsa 6yKBaM (KpoMe IIePBOil) IPUCBOUTE CIEAYIOINE 3HAUESHUS:

b, f,p,v—1; l—4;
c7g7]7k7q7s7x’z_>2; m7n% 5;
d,t — 3; r—0.

3) Ecau B ucxogHoM mMeHU (mepen maroM 1) pagoM CTOAJM HECKOJBKO OYKB C OOUHAKOBBIMU
KoJgaMu, IpeHe6peus BCeMU, KpOMe IIePBOIi U3 9TOi IPYIIIEI.

4) JlomuchiBas B caydae HaJOOHOCTH HYJIW WJIY ONyCKasa JUIITHUE UMD, TpeodpasoBaTh MOJIY-
YyeHHOe BeIpakeHue B popMy OYKBa, nudpa, nudpa, mudpa”.

Hanpuwmep, pamuanu Euler, Gauss, Hilbert, Knuth, Lloyd u Lukasiewicz umeioT Koabl COOTBETCTBEHHO
E460, G200, H416, K530, L300, L.222. PasymeeTcs, TaKkad ccTeMa cCOOMpPaeT BMeCTe He TOJIbKO POJICTBEH-
HbIEe, HO W JOCTATOYHO Pas3juuHble nMeHa. [I[puBeieHHBIE BBIIIE IIeCTh KOAOB MOTJINA OBITH MOJYUYEHBI U3
damuauit Ellery, Ghosh, Heilbronn, Kant, Ladd u Lissajous. C mpyroii cTopoHbI, TaKKe POACTBEHHBIE TMe-
Ha, Kak Rogers u Rodgers, Sinclair u St. Clair uiau Tchebysheff u Chebyshev, umeioT pasHyo KOIUPOBKY.
Ho, Boo611e rosops, cucrema Soundex” HAMHOTIO yBeJIMUYKUBAET BEPOATHOCTEL OOHADPYKUATH UM IO OJHOM
13 ero Macok. [[lsa ganbHueiiero osuakomaenus, cMm. C. P. Bourne, D. F. Ford, JACM, 8 (1961), 538—552;
Leon Davidson, CACM, 5(1962), 169—-171; Federal Population Censuses, 1790-1890 (Washington, D. C.:
National Archives, 1971), 90.]

Korma Mbel ncmonbayem cucTeMsbl Tuna Soundex”, HET HeOGXOAUMOCTH IIPEAIIOIATATE, UTO BCE KJIIO-
Y1 Pa3JIMYHBI; MOYKHO COCTAaBUTH CIIMCKU M3 3aIMCEH C COBIAAAIONIMMY KOJaMM, pacCMaTpUBaa KaKIbIi
CHUCOK KaK 00beKT ITIOUCKA.

ITpu ncnoab3oBaHUM GOJIBINIKNX 6a3 JaHHBIX BBIOOPKA MH(OpPMAIINU HAMHOTO YCJOMKHSIETCS, TaK KaK
YacTo JKeJIaTeIbHO PacCMaTPUBAaTh PasJIUUYHBIE II0JIA KaKA0M 3alicy KaK IMOTEeHINAaIbHbIE KJIOUN. 3[eCh
Ba’KHO YMeTh HaXOJUTh 3alMCU II0 HEeIOJHOI KJaioueBoii nHpopMmaruu. Hanpumep, umes 6oabIon aiin
aKTePOB, PeKUCCeP MOT ObI TOKeJIaTh HAWTH BCeX He3aHATHIX aKTPpUC B BogpacTe 25—30 jeT, XOPOIIIO TaHITY-
IOIIUX ¥ TOBOPSAIINX ¢ (PPAHITY3CKUM aKI[EHTOM; Y CIOPTUBHOTO JKYPHAJIUCTA MOKET BOSHUKHYTD KeJIaHue
MMOJACUYUTATE C ITIOMOIIBIO (paiisa 6eiicO0IbHOI CTATUCTUKHU 00IIee YMCJI0 OYKOB, HAaOPaHHBIX MOJAIOITMU-
JieBIIaMu KoMaHAbl - KpacHoHorve n3 [ITuHIMHATTH B TeUeHNe CeAbMBIX IIePUOLOB BeuepHuX urp 3a 1964 r.
Wmes 60bI1I0 (haiia JaHHBIX 0 YeM-JI100, JIOIU JI00AT 3a1aBaTh BOIIPOCH! IPOU3BOJILHOIM caosxuocTr. Ha
caMoM JeJie MbI MOTJIN ObI pPACCMATPHUBATE IIOJHYIO OMOJIMOTEeKY KaK 0a3y JaHHBIX, B KOTOPOil HEKTO JKeJia-
eT HaWT! Bce MyOJMKAIIUY O BEIOOpKe MH(MOpMaIuu. BBefeHne B METOIBI NOUCKA N0 MHOZUM NPUSHAKAM
TIoMeIIeHo B § 6.5.
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IIpe:xme yuem mepexXoqUTh K AeTAJIbHOMY M3YUEHUIO MOMCKA, II0Je3H0 PACCMOTPETH UCTOPUIO JAHHOTO
BOIIpoca. B TOKOMIIBLIOTEPHBIHM MePHO OLLIO COCTABICHO MHOYKECTBO TOMOB JOrapu(pMUUECKUX, TPUTOHO-
MEeTPUUYECKUX U APYTUX TAbJNIl, TAK UTO MaTeMATHUYECKNEe BbIUNCICHNA MOTJIN ObITh 3aMEeHEHBI IIOMCKOM.
IToTom aTu TAGAUIIEI OBLIN IIepeHeceHbl Ha MepOoKapThl M MUCIIOJb30BAJIUCH AJIA HAYUHBIX 3aJau IOCPen-
CTBOM PACIIO3HAIONINX, COPTUPOBATBHBIX U AYOJIUPYIONINX mephopaTopHbIX MatuH. OqHAKO TOCJIe MOAB-
aeHnsa IBM c sanmoMmHaeMO# IPOTrpaMMOM CTAJIO OYEBUAHO, UTO JAEIleBje KaKABIM pa3 BHIUUCIATD logx
U COS T, HEeJKeJI UCKATh OTBET II0 Ta0JIuIle.

HecmoTpsa ma To, UTO 3amaua COPTUPOBKY IIPUBJEKJIA IPHUCTAJIbHOEe BHUMAaHNE YoKe Ha 3ape PasBUTUA
9BM, mis paspaboTKU aJrOPUTMOB IIOMCKA OBLLIO COEJIAHO CPAaBHUTEJBHO Majo. Pacmosaras HeOOJIbIIIoi
BHYTPEHHEH IIaMaThI0 U TOJbKO II0OCJeN0BATEJIbHLIMY YCTPOHCTBAMY THUIMA JIEHT JIJIs XPaHeHUA OOJIbIITNX
¢daitioB, OpraHmn30BaTh MOUCK OBLIO MO0 COBEPIIIEHHO TPUBUAJILHO, JIMNO0 ITIOUYTH HEBO3MOMKHO.

Ho passuTue Bce 60JIbIIIeli 1 00JIBINIEH ITaMATH CO CAYUYAHHBIM JOCTYIIOM B TeueHne 50-X rofgos IIPUBEJIO
K HOHMMAaHMIO TOrO, UTO IIOMCK KAaK TAKOBOH sBJAETCA MHTepecHO 3amaueii. ITocie mepuoma »xaaob Ha
orpaHnUYeHHbIe PECYPCHI MPOCTPAHCTBA B PAHHUX MAaIIMHAX IIPOTPAMMUCTEI BAPYT CTOJKHYJINCH C TAKUM
00'beMOM ITaMSATH, KOTOPBIH OHU He YMeJIU 3(P(PEeKTUBHO NCII0JIb30BATh.

ITepBrie 0630pHI 3amau moucka ObLnu onybsmkoBassl A. . [Tymu [Computers & Automation, 5, 12 (De-
cember 1956), 6-9], Y. V. Ilerepcouom [IBM J. Research & Development,1(1957), 130-146], 3. II. Byrom
[Information and Control, 1 (1958), 159-164], A. III. Oyraacom [Comp. J., 2 (1959), 1-9]. Bosee nmoxapo6-
HBIH 0630p caesan mo3guee K. 9. AiiBepconoM [A Programming Language (New York: Wiley, (1962)),
133-158] u B. Byxxonsuem [IBM Systems J., 2 (1963), 86—111].

B Hauase 60-x romos ObLTO pa3paboTaHO HECKOJBKO HOBBLIX aJIrOPUTMOB IOMCKA, OCHOBAHHBIX HA HC-
MMOJIb30BAHUU APEBOBUIHBIX CTPYKTYP; C HUMU MBI IIO3HAKOMUMCS HUKe. M B Hallle BpeMs BeIyTCSd aKTUB-
HbIE HCCJIeTOBAHUS 10 IPobieMaM MOMUCKA.

6.1. IlocaemoBaTeIbHBIN MIOUCK

"Haunu ¢ HauaJa U IPOABUTalicsd, IOKa He Hali/elllb Hy»KHbBII KJ04; Torga ocTaHoBuchk . Takasa mo-
caemoBaTeNIbHAS MPOIEeaAypa ABIAETCA OUeBUIHBIM CIIOCOOOM ITOMCKA; YIOOHO HAUATEH HAIIIM PACCMOTPEHU S
C Hee, TaK KaK Ha Hell OCHOBaHBI MHOTHE 60Jiee CI0MKHEIEe aJITropuTMbl. HecMOTpPA Ha CBOIO IIPOCTOTY, IIOCIE-
IOBaTeJIbHBIN IIOUCK COMEP:KUT PAJ OUeHb MHTEePECHBIX UeH.

CohopmyaupyeM aaropuTm 00jee TOUHO.

Aunropurm S. (ITocnedosamenvhslii nouck.) Umeercs rabauiia sanuceir Ry, Ry, ..., R3, CHa0KeHHBIX
COOTBETCTBEHHO KJitouamu K1, Ko, ..., K,, Anropurm npegHasHaUYeH JJIs ITIOMCKA 3aINCHU C JaHHBIM KJIIOUOM
K. IIpeamonaraercs, autro N > 1.

S1 [HauanpHasa ycTaHOBKA.| YCTaHOBUTE ¢ <— 1.

S2 [CpaBuenue.] Ecau K = K;, anropuT™M OKaHUMBAETCA YAAUHO.

S3 [IIpogBuskeHue.] ¥YBeauuuTs i Ha 1.

S4 [Komer ¢gaitna?] Ecau i < N, To BepHYThCA K 1m1ary S2. B mpoTuBHOM cayuae aJTOPUTM OKAaHUYMBAETCS

HeyIZaudHo.

3aMeTUM, YTO ¥ 3TOT0 aJITOPUTMA MOKET OBITH [Ba PA3HBIX UCXO0/a: YyO0auHbLil (KOTAA HaHAEHO I0JI0Ke-
HUe HYKHOTO KJIIYa) 1

Picture: IlociemoBaTeabHBIN IOUCK

HeydauHbLil (KOTHA, YCTAHOBJIEHO, UTO NUCKOMOT'O apryMeHTa HeT B Ta0jauIle). OTO CIIPABEeIJIUBO AJA OOJIb-
IIMHCTBA AJITOPUTMOB JAHHOM I'JIaBHI.
Peanusamnusa B Buse nporpammsl aiad marmuabl MIX oueBuaHa.

IIporpamma S. (IlocnedosamenvruLii nouck.) Ilpenmonoxum, uto K; Xpauurtcs mo aapecy KEY + i, a
ocTaBIIasgcA JacTh 3anucu R;—mo aapecy INFO + i. [IpuBogumas HuKe mporpaMma HMCIoab3yer rA = K,
rIl=i— N.

START LDA K 1 S1. HauanbHas ycTaHOBKA.
ENT1 1 i+ 1.
2H CMPA KEY+N, 1 C S2.CpaBHeHue.
JE SUCCESS C Beixon, ecau K = K.
INC1 1 C — S S3.IIpoasukenue.
JINP 2B C — S S4. Kowner gaitna?

FAILURE EQU 1 — S BmIxoz, eciu HeT B Ta0JIAIIE.
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ITIo agpecy SUCCESS pacmosioskeHna Komagaa " LDA INFO+N,1"; oHa moMeIjaeT HY;KHYIO MH(OPMAIIMIO B rA. |

AHnayns qaHHON MPOrPaMMEL He IPEACTABJIAET TPYAa; BUAHO, YTO BPeMs PadOThI AJIFTOPUTMA S 3aBUCHUT
OT IBYX IIapaMeETPOB:
C = (x0oIMYecTBO CPaBHEHUI KJIIOUEi); 1)
S =1 nopu ynaue u 0 mpu Heyzaue.
ITIporpamMma S Tpedyer 5C — 2S5 + 3 equuuir Bpemenu. Eciau mer Hanu K = K;, o C = i, S = 1; 3uauwur,
nosHoe BpeMms paBHO (5i + [)u. Ecnu 2xe mouck oxasancs HeygaunbiM, To C = N, S = 0, a paGoraina
nporpamma poBHO (5N + 3)u. Eciu Bce KJIIOUM MOCTYHAIOT HA BXOJ C PABHOM BEPOSTHOCTBIO, TO CPELHEe
sHaueHue C IpU yIAUHOM IIONCKE COCTABJISIET

1+24---+N N+1 @)
N 2

cpenHeKBagpaTUUYHOE OTKJIoHeHue C, pa3dyMeeTcsi, JOBOJLHO 6oJibirtoe—upumepHo 0.289 N (ecMm. ymp. 1).

ITpuBeneHHBIN, aJITOPUTM, HECOMHEHHO, 3HAKOM BCeM IIporpaMmuctamM. Ho Mayio KTO 3HAET, YTO 3TOT
cIIoco0 peaJmsaliii IIOCJIeI0BaTeILHOIO MOMCKA He Bcerga caMbli syuinuii! QueBuaHOe M3MeHeHe YObI-
cTpseT paboTy ajaropurma (ecjIu TOJIbKO 3alucell He CIUIITKOM MaJo):

Anropurm Q. ( Boicmputii nocedosamenvrulii nouck ) . B oriuuume ot anropurma S 37ech elle Ipeao-
JjlaraeTcs, 4TO B KOHIIe (haiina cTouT GUKTUBHAA 3aIUCh Ry 1.
Q1 [HauanpHas ycTaHOBKa.| YcTaHoBUTh G < 1u Ky < K.
Q2 [CpaBuenwue.] Eciu K = K;, To nepeiitu Ha Q4.
Q3 [IIpogBu:xenue.] ¥YBeauuuTs ¢ Ha 1 1 BepHYTHCA K 11ary Q2.
Q4 [Kouern ¢aitna?] Ecan ¢ < N, aJropuT™ OKaHYMBAETCH YAAUHO; B IPOTUBHOM Ciyuae—HeyJadHo (i =
N+1).1

IIporpamma Q. ( Bvicmpulit nociedogamenbhblil nouck. ) 3HaueHua peructpoB: rtA = K, rI1 =¢— N.

BEGIN LDA K 1 Q1. HauasbHasa ycTaHOBKA
STA  KEY+N+1 1 Ky K.
ENT1 -N 1 1+ 0.
INC1 1 C+1- 5 Q3. IIpogBukeHue.
CMPA KEY+N, 1 C+1— S Q2. CpaBHeHue.
JNE = -2 C+1—5S HaQ3,ecau K; # K.
JINP SUCCESS 1 Q4. Koner ¢gatina?
FAILURE EQU 1—-S Beixon, ecau HeT B Ta0JIAIIE.

Wcnoabays napamerpsl C' u S, BBeeHHbBIE IIPYU aHAJIN3E IPOrPaMMBI S, MOYKHO 3aKJIOUYUTH, UTO BpEeMs
paGoThl IPOrpaMMbl yMeHbINUIoCh A0 (4C — 45 + 10)u; aro maer yayumenue npu C > 5 (mjas ygadyHoro
nmoucka) u ipu N > 8 (mys HeygauHoro noucka). Ilpu mepexoze oT ajropurMa S K aaroputTmMy Q MCIOIb-
30BaH Ba’KHBIN YCKOPAMOIINI IPUHIIUII: €CJIU BO BHYTPEHHEM ITMKJIe IPOTPAMMBI IPOBEPAIOTCA JBA WJIN
0oJiee yCIIOBUA, HYJKHO IIOCTApPaThCA OCTABUTH TaM TOJBKO ONHO cpaBHeHUe. CyIIecTByeT CIocod caesiaThb
mporpamMmmy Q ewe GbICTpEE.

IIporpamma Q’. (Csgepx0Ovicmpuiii nocsedosamenvrulil nouck.) 3HaueHUA peructpoB: rA = K, rI1 =

i—N.

BEGIN LDA K 1 Q1. HavaibHas ycTaHOBKA.
STA KEY + N +1 1 Ky K.
ENT1 -1-N 1 14— —1.

3H INC1 2 [(C =S +2)/2] Q3. IIpoxsuxenue. (IBoitnoe.)
CMPA KEY+N, 1 |(C—S+2)/2] Q2.CpaBHuenue.
JE 4F [(C—S+2)/2] HaQ4, eciu K = K.
CMPA KEY+N+1,1 [(C —S+1)/2| Q2. Cpasrenue. (Ciexyioimee.)
JNE 3B [(C—S+1)/2] HaQ3, eciu K # K;11.
INC1 1 (C —5)mod 2 IIpogBUHYTS i.

4H JINP SUCCESS 1 Q4. Kowuer ¢aiina?
FAILURE EQU * 1-S5 Brixon, eciiu HeT B TabauIie.
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VHCTPYKIIMY BHYTPEHHETO IUKJIA BHIMUCAHDI [BAMKIbI; TO NCKJIIOUYAET IPUMEPHO IOJOBUHY OIIEePaTO-
poB "i < i+ 1". Takum 06pasoM, BpeMs BBITIOJIHEHUS IPOrPAMMBI YMEHBIITUIOCH 10

C — S) mod 2
3.5C —3.55 + 10%

2
enunuil. IIpu noucke mo GoJsbium Tadbaunam nporpamma Q’ Ha 30% O6bIcTpee HpoOrpaMMbl S; MOLOOHBIM
00pasoM MOTryT OBITH YIYUYIlIeHbl MHOTHE CYIIeCTBYIOIMe IporpaMMbl. Eciu ©3BeCTHO, UTO KJIIOUHU PACIIO-
JIO’KEHBI B BO3PACTAIOIIEM IIOPAAKe, IT0JIe3HO HECKOJIbKO U3BMEHUTD aJTOPUTM.

Anropurm T. (ITocaedosamenvrulii nouck 8 ynopadovernroit mabauuye. ) Umeercs Tabaura sanuceit Ry,
Ry, ..., Ry, IpUUYeM KJIIOUHN YIOBJIETBOPAIOT HepaBeHcTBaM K < Ky < ... < Ky. AJroputm npegHasHaua-
eTcs AJId moucKa JanHoro Kjaoua K. B mensax ygo6cTBa n yBeJIUUYEHUA CKOPOCTH paboThI MpemoJiaraeTcs,
YTO B KOHIIE TaOJIUIILI PACIIOJNIOKEeHA (DUKTUBHAA 3anIUCh Ry 1, KJII0Y KOTOpoit K41 = o0 > K.
T1 [HauasbHad ycTaHOBKA.] YCTaHOBUTE ¢ <— 1.
T2 [CpaBuenue.] Ecaiu K < K;, To mepetitu Ha T4.
T3 [IIpomBuskeHme.] YBeauuurs ¢ Ha 1 1 BepHYyThCA K mary T2.
T4 [PaBenctBo?] Eciu K = K;, To aIropuTM OKaHUYMBAETCS YAAaUHO. B IPOTUBHOM ciyuyae—HeyIauHO,
HYKHOM 3amucu B TabJnIe HeT.

Ecau Benmnunna K ¢ paBHOU BePOATHOCTHIO IPUHUMAET BCe BO3MOKHbIE 3HAUEHU A, TO B CJIyUae yJauHOTO
moucka aaroputm T, mo cyIecTBy, He ayuiiie aaroputrMma Q. OnHaKo OTCYTCTBUE HYJKHOM 3aIICH AJITOPUTM
T mosBoJisieT 00HAPYKUTH IIPUMEPHO B ABa pasa ObIcTpee.

IIpuBenenHbIe BHIIIIE JITOPUTMEI B IEJIIX YA00CTBA MCIIOJIb30BAIN NHAEKCHBIE 0003HAUCHUA AJIA dJIie-
MEHTOB TaOJIUITbI; aHAJOTUYHBIE TPOIEIYPLI MPUMEHUMEBI ¥ K TaOJUIIaM B CBSI3AHHOM IPEICTaBICHUN, TaK
KaK B HUX JaHHBIE TOKe PacIloJIoKeHbI mocjaenoBareabHo. (Cm. yup. 2, 3u 4.)

Yacrtora o6pamenuii. [[o cux Iop Ipeamnosarajioch, YTo ¢ pPABHOM BEPOATHOCTHIO MOYKET IIOTPeOoBaThCA
IIOMCK JIF000T0 apryMeHTa, OGHAKO YacTO TaKoe IIpe/IIIoJIoKeH e He IPaBOMepPHO; BooOIIe roBops, K4 K
OyzeT pasbICKMBATHCA C BEDOATHOCTHIO p;, THe p1 + p2+ - - -+ py = 1. Bpema ynaurHoro norcka npu 601bInx
N TIpoTIOpIIMOHAJNLHO Uncay cpaBHeHmni C, cpeqHee .3HaUeHNE KOTOPOTO PABHO

Cn=p1+2p2+---+ Npy. (3)

IIycTh ecTh BO3MOMKHOCTD IIOMEIIATE 3aIIMCH B TAOJIUITY B JII000M IMOPsAKe; Toraa Beanunua C' y MUHIMAaJIbHA
npu
P1=>DP2 > ... > DN, (4)

T. e. KorJa HauboJiee YaCTO NCIIOJIb3yeMble 3aIIMCU PACIIOJIOKEHBI B Hauasie TabauIlhl.

IlocMoTpuM, UTO [aeT HAM TaKoe ' ONTHMAaJbHOEe PACIIOJNOMEHNE IPU PABJIUYHBIX PACIpeIeeHnAX
BepoaTHoCcTeit. Eciu p; = py = ... = py = 1/N, 10 hopmya (3) cBogurca k Oy = (N + 1)/2, uTo ysxe 6BLTO
nosryueHo Hamu B (2). IIpegmosio:kum Tenepb, 4TO

1 1 1 1
P1=5:P2= 75 sPN-1 = o 1'PN = 551 (5)

Corsacuo yup. 7, Cny = 2 — 217N, cpegree uncio cpaBHeHMIT MeHbIIIe JBYX, €CJIM 3aIIKMCH PACIIONOMXKEHEI B
HaJJIeKaleM mopsake. [[pyrumM HaupauBaoIUMCSa pacIpe/eieHrueM SIBIAETC

p1 = N¢,p2 = (N_l)cv"'ypN =

rae
c=2/N(N +1). (6)

ITo "KJIMHOBHUAHOE paclpejeseHue qaet 6ojee IPABLIYHLIN Pe3yaIbTaT

Tn=c 3 k- (N+1-k) =222 (7)

2
1<k<N

ONITIMAJILHOE PACIIOJIOMKEHNEe SKOHOMUT OKO0JIO TPETH IIOMCKOBOI'O BpEMEHM, TPEOYIOIerocs AJs 3aInuceil B
CIy4alHOM TIOPAJKE.



90

Original pages: 457-470

Pasymeercs, pacupenenenus (5) u (6) 0BOJIbHO NCKYCCTBEHHBI, I UX HEJIb3s CUUTATh XOPOIIUM IPHU-
OIMKEeHNeM K JelCTBUTEeIbHOCTH. BoJlee TUIIMUHYIO KAPTUHY JaeT ~ 3aKkoH Sumnda’:

p1=c/l,ps=¢/2,...,pny =¢/N, roec=1/Hy. (8)

IT0o pacipeesieHUe TOJIYINIO U3BECTHOCTD Osiarogaps k. K 3undy, KoTopsIit 3ameTut, 4To n-e Hau-
boJiee yIIOTpeOUTEIBHOE B TEKCTE Ha €CTECTBEHHOM SI3bIKE CJIOBO BCTPEUYAETCS C YACTOTOM, IPUOJIUSUTETHHO
obparHo mpomopruonaabHoil n. [The Psicho-Biology of Language (Boston, Mass.: Houghton Miffling,
1935); Human Behavior and the Principle of Least Effort (Reading, Mass.: Addison-Wesley, 1949).]
AmnanornuHoe siBJieHHe O0OHAPY:KEHO UM B TaOJIMIIaX MepeIrcH; TaM CTOJUYHbIe PAllOHBI PACIIOJOKEHBI B
nmopsifKe yObIBaHUS HacesleHusi. B ciayuae, eciiu yacToTa KJuell B Tabuuie mogunHseTca 3aKouy 3umnda,
nMeemM

CN = N/HN; (9)

TIOMCK II0 TaKOMY (haiily MpUMepHO B % In N pas 6nicTpee, ueM 1o Heymopamouenuomy. [Cp. ¢ A. D. Booth
et al. Mechanical Resolution of Linguistic Problems (New York: Academic Press, 1958), 79.)

Ipyroe pacipeznenenue, 0JIU3K0e K peaJbHOMY, faeT npasuiao  80—20", KoTopoe YacTo BCTPeUYaeTcs B
KOMMepUecKuX npuiaoskenusx [cp. ¢ W. P. Heising, IBM Systems J., 2 (1963), 114-115]. 9o npaBuo
riacur, uTo 80% paboTsl Begerca Hag Hanbojiee ak TUBHOM 4acThIo (paitia BeauunHoi 20% ; OHO IPUMEHNMO
u k stum 20% , Tax uTo 64% paboTsl BegeTca ¢ HanboJee aKkTUBHBIMET 4% (aiiaa, u T. 1. UHBIME CJI0OBAMU,

p1+Dp2+ -+ poon
P1+p2+p3+ -+ pn

~ 0.80 [JISI BCEX 7. (10)

BoTt ogHO U3 pacnpeesieHni, TOUHO YIOBJIETBOPAIOIIUX IPUBEIEHHOMY IPABUIY IIPU N, KPATHBIX 5:

pr=cpr= 2 —1De,ps =37 —2%¢,....pn = (N? — (N —1)%)c, (11)
rue
log 0.80
= 1 Ne' = T = .1 . 12
¢=1/NG0 = 00 ~ 1386 (12)

el cTBUTEIBHO, p1+pa+- - -+pn = cn’ mpu m060M n. C BepoaTaocTamu (11) He Tak IpocTo paboTaTh; IMeeM,
omuako, n’ — (n—1)%) = on?~1(140O(1/n)), T.e. cymecTByeT 60JIee MPocTOe paclpeeIeHue, TPUOIUKEHHO

yIOBJIeTBOpsAIlee npasuay  80—20":

pr=c/1170 py=c/2'70 . py =c¢/N'Y, ruec = 1/H11V79. (13)
3necs, Kak u paubiue, § = log0.80/1og0.20, a Hj(\f) ecTb N-e TapMOHUYECKOE YUCJIO IOPAAKA S, T. €. 17° +
27°% 4+ ...+ N~—° 3amerum, UTO 9TO paclpeiesieHIe OUeHb HalToMuHaeT paciupenenenue Sutda (8); korga
usMeHsiercsa oT 1 7o 0, BeposiTHOCTH MEHSAIOTCS OT PABHOMEPHO pacupeiesIeHHBIX K 3undoBckuM. (B camom

nmese, 3ui) HaIIea, uTo f ~ % B pacmupezejieHUU JUUYHBIX 0X0a0B.) [Ipumensas (3) k (13), monyuaem aasa
npasuiaa  80—20" cpegHee UKMCIIO CPABHEHUNA

— _ _ ON
Cn=H{?/H = gt O(NU=9) ~ 0.122N (14)
(cM. yuop. 8).
10. C. IIIBapm, n3yuyaBIINil YACTOTHI IOSABJIEHUA CJIOB [cM. MHTepecHbIH rpaduk Ha cTp. 422 B JACM,
10 (1963)], mpexnnosxua 6oJiee TOAXOAINEe BRIpakeHne IJisd’ 3aKoHa 3utda:

b1 :C/11+97p2 :C/QlJrea"'apN :C/N1+97 rmne c = 1/H]1V+97 (15)
IpU MaJbIX nosoxcumenvusvlx Q. [I1o cpaBaenuio c (13) 3qech usmeneH 3uak 0.] B aTom ciyuae
Cn =HY/HGT = N0 /(1 - 0)¢(1 +0) + O(N' %), (16)

YTO 3HAUUTEJIbHO MeHbIIe, ueM (9) mpu N — oco.

”Camoopranusyromuiica” dgaiia. [IpeasigyIire BEIYUCIEHNUA XOPOIIIN, HO B 00JIBIIIMHCTBE CIyUaeB pac-
IpefejieHe BEPOATHOCTei HaM He u3BecTHO. MbI Moryiu ObI B KasK/IO# 3aIlICH 3aBECTU CUETUUK UMCJIa 00-
paitieHunii, 4To0bI Ha OCHOBAHUU ITIOKA3AHUN CUETUNKOB IIEPEYIOPASOUNTD 3aIllcu. BeIBeIeHHbIEe (DPOPMYJIBI
IIOKAa3bIBAIOT, UTO TaKad IPOIeypa MOYKET IIPUBECTU K 3aMeTHOH sKoHoMuu. Ho He Bcerga xejaTesbHO
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OTBOJUTH MHOT'O IIAMSATH IOJ CUETUNKHU, TAK KAK ee MOXKHO MCII0Jb30BaTh 00Jiee PAIlMOHAILHO (HAaipumep,
NpUMeHAsA JPYTHe MeTOAbI IIONCKA, N3jlaraeMble HUKE B JAHHOU IjiaBe).

IIpocTas cxema, MPOUCXOKJEHNE KOTOPOU He M3BECTHO, UCIOJb3YyeTCS ysKe MHOTHe rogbl. OHA 1M03-
BOJISIET JOBOJIBHO XOPOIIO YIOPAAOYUTH 3aMKUCH 0e3 BCIIOMOraTeJbHBIX IOJIEH [JJIsi CUeTUNKOB: KOILa MBI
HAaXOAMM HYKHYIO 3alllCh, MBI IIOMeIllaeM ee B Hauayio Tabuuilbl. [IoZ06HEBIN METO/ JIETKO Pealn3oBaTh,
Korja Tab/Iumna IpeJCcTaBiIeHa B BUe CBI3aHHOrO JUHENHOTO CIMCKA: BeAb 4acTO HaM ObIBaeT HYIKHO 3Ha-
YNTEJbHO U3MEHUTD HANAEHHYIO 3aIIUCh.

Wness "caMoOpraHmsyoIerocs MeTOAa COCTOUT B TOM, UTO YACTO MCIOJb3yeMble DJIEMEHTHI OYIyT
PACIIOJIOKEHBI JOBOJILHO 0IM3K0 K Hauasy Tabauilbl. Ilycts N Kiiouedl pasbICKUBAIOTCA C BEPOSITHOCTAMU
{p1,p2,...,PN} COOTBETCTBEHHO, IPUYEM KaKABII IIONCK COBEPIIAETC aGCONTIOTHO He3a8UCUMO OT IPEbI-
nymux. MoKHO ITOKa3aTh, YTO CPeJHee YKCJIO CPABHEHUH IIPU HAXO0MKeHNY 3allICU B TAKOM CaMOOPTaHu-
ayrolemMcsA (paiiie CTpeMUTCA K IPeeIbHOMY 3HAUEHUTO

- D 1 D
Cn=1+2 Y &:TL &. (17)
1§i<j§sz+pj g Pi + Dj

(Cm. yup. 11.) Hanpumep, eciaup; = 1/Nupu 1 < i < N, camoopraHusyomascs Tabauia Bcerga HaXxoJuTcst
B cJayuaiiHOM Hopsifke, a (17) ceopgures K 3HakoMoMy BeipaskeHuio (N + 1)/2, nonxyueHHOMY paHee.

ITocmoTpuM, Kak camMmoopraHusyoIasics Iporeaypa paboraer mpu pacupeaeeHny BePOITHOCTEMH 1Mo
sakony 3unda (8). Umeem

Ov=ly vy @i 15 L

2 TN c/i+c/j 2 ent + 7
1 1
:§+CZ(HN+1_H1):§+C Z HZ—QCZ HZZ
1<i<N 1<i<2N 1<i<N

1
5 T el(2N +1)Hay —2N = 2(N + 1)Hy +2N) =

%+c(N1n4—lnN+O(1)) ~

Q

2N/logaN.

(cm. popmyasl (1.2.7-8,3)). ATo ropaszmo syuiie, ueM y N Ipu JOCTATOYHO OoIbIniux [V, uauiib Bln4d ~ 1.386
pas Xy:Ke, 4eM YHMCJIO CPAaBHEHUY IIPU ONTUMAJIBHOM PACIIOJI0MKeHuH 3amuceit (cp. ¢ (9)).

IKCIePUMEHThI, TPUBOJUBIINECS C TAOJIUI[AMYU CHMBOJIOB B KOMIIMJISATOPAaX, IOKA3aJ1, UTO CAMOOD-
raHu3yIoMIuiicsa MeTol paboTaeT maske JIydllle, ueM IIpeickasbiBaeTr (18), Tak KakK yJauHble IOMCKU He
He3aBUCUMEI (HeOOIbIIIre IPYINbI KJII0Ueli YaCTO MOABJISIOTCS BMECTe).

Cxemy, mog00HYI0 caMoopranusyioieiics, uayuunau I'. Illait u @. B. Mayap [SIAM J. Appl. Math., 15
(1967), 874-888.]

Ilouck Ha TeHTe cpeau 3amuceil pa3JIUYHON IJNHBI. PaccMOTpHUM Telleph HAITY 3ajavy B MHOM paKypce.
IIycrs Tabauiia, Mo KOTOPOU IPOU3BOAUTCS MIOUCK, XPAHUTCS HA JIEHTE U 3alIMCU UMEIOT Pa3JINnYHbIe JJIUHbI.
JleHTa ¢ crCcTeMHO# 6UOJIMOTEKOI B CTAPHIX OIEPAIMOHHBIX CHCTEMAX CIYKUT IPUMEPOM TaKoro daiiia.
CraHAapTHBIE TPOTPAMMEI CUCTEMBI, TaKe, KAK KOMITUISTOPBI, KOMIIOHOBIITUKH, 3aTPY3YNKU, TeHEPATOPHI
OTYETOB M T. II., ABJISAJINCDH = BAlMCAMU Ha JIEHTE, a OOJBIITMHCTBO HOJIb30BATEILCKUX PAOOT JOJIKHO GBIIO
HAUYMHATHCS C MOMCKA HYKHOI mporpaMMbl. Takas mocTaHOBKA 3aJauH AejiaeT HeIIPUMEHUMbIM IIPeIbIay-
I aHAJIKW3 aJTropuTMa S: Temephb Iar S3 BHIIIOJHAETCA 3a Pa3JINUYHBIE IIPOMEKYTKU BpeMeHU. 3HAUUT,
Hac OyZeT MHTePecoBaTh He TOJLKO UMCJIO CPDABHEHUH.

Obo3uauuM uepes L; amuny 3anucu R;, a uepes p;, BEPOATHOCTb TOTO, UYTO 3TA 3aIUCh OYAET OTHICKU-
BaThCcA. BpeMsa moucka Temnepb IPUMEPHO IIPOIOPIINOHAIBHO BeIUYNHE

p1l4 —l—pQ(Ll—l—Lg)—l—---—l-pN(Ll+L2+"'+LN). (19)

IIpu L1 = Ly = ... = Ly = 19T0, OUEBUIHO, CBOAUTCSA K UBYUEHHOMY cJaydaio (3).

Kaxxerca JOrm4HBIM IOMECTUTE HanboJiee HYXKHbIe 3allliCH B HAUaJIo JIEHTHI, HO 3/1eCh 3[IPaBbIil CMBICJ
moABOAUT Hac. JlefiCTBUTEIbHO, IYCTh HA JeHTe 3alMCaHbl POBHO ABe mporpamMmbl—A u B. Ilporpamma
A TpelOyerca B nBa pasa uaiie B, HO gjauHHee B B ueThIpe pasa, T. e. N = 2, py = %, Ly =4, pp = %,
Lg = 1. Eciu MBI, caegys "JoTuKe  , IOCTaBUM A Ha mepBoe MECTO, TO CPeJHee BPeMs IIOMCKA COCTABUT
2.4+ £-5 = 13; Ho eci IOCTYIUTH "HEJOTUYHO" , PACIIONOKUB B Hauase B, To moayunres 5 -1+ 2 -5 = 4.
Cilesyiolas TeopeMa II03BOJIAET OIPeNeInTh ONTUMAJILHOE PACIOJIOMKeHe 01O IMOTedHbIX IPOTPaMM Ha

JIEHTE.
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Teopema S. ITycmo L; u p;, onpedenensl, kak u parvuie. [Topsadok sanuceil Ha JeHme onmumaieH mozoa u
moJibko mozoa, Koz20a

p1/L1 > p2/Las > ... > pn/Ln. (20)
WHbIMU cTOBaMU, MUHUMYM BhIPAKEeHU A
Pay La, +pa2(La1 + Laz) +- +paN(La1 + LaN)
10 BCeM IIepecTaHOBKaM a1 a — 2 ...ay yucen {1,2,..., N} pasen (19) Torga u ToIbKO TOrAa, KOrLa BHIIOJ-

Hsaercs (20).

Hoxasamenvcmeo. Ilpennonoxkum, uro R; u R, momeHanInCh MecTaMu; BeauunHa (19), panee paBHasa
ot pi(Lit o+ Lici+ Li) + piga(Ly + -+ Liga) + -+,
Terepb 3aMEeHUTCS Ha
ot pisr(Ly+ 4 Lica + Liga) + pi(La 4 -+ Liga) + -+

WNsmenenwne paBHO p;L;+1 — pi+1L;. Tak rak pacmosoxkernue (19) ontumanbuo, 10 p;L;+1 — pi+1L; > 0.
Buauur, p;/L; > piy1/Lit1, T. €. (20) BeIIOSIHSETCS.

IMoxaskeM Telephb AOCTATOUYHOCTHL ycuaoBua (20). Pasymeercsa, "J0OKaJdbHAA OINTHMAJLHOCTH PACIIO-
goxennsa (19) BugHa cpasy: ecam MBI IIOMeHSeM MECTAMH [Be 3aIllCH, BpeMsA IMOMCKA M3MEHUTCA Ha
piliy1 — piv1L; > 0. OmHako "riaobanbHas” ONTUMAJIbHOCTH TpebyeT o00CcHOBaHMUA. MBI PACCMOTPUM IBa
IOKAa3aTeabCTBa: OJHO U3 HIX HCIOJL3YyeT NUCKPEeTHYI0 MaTeMATUKY, a Apyroe IpearnoJjaraer HeKOTOPYIo
MaTeMaTUYeCKYIO U3BOPOTINBOCTb.

Hoxasameavcmeo. 1. Ilycts (20) BeimonHAeTCS. MBI 3HaEeM, UTO JIIOOYIO IEPECTAHOBKY 3aIIMCEe MOYKHO
" OTCOPTUPOBATE , T. €. IPUBECTU K PACIIOIOMKeHHuI0 Ry, Rs, ..., Ry, mociaenoBaTebHO MEHIA MeCTaMI
JINIIB cOCeHNUe daeMeHThl. Kaxksoe TaKoe nu3aMeHeHNe IepeBOAUT ... R; R;...B... R; R;... )7 HEKOTOPBIX
1 < j, T.e. yMeHBIIIaeT BpeMs IIOMCKa Ha HeOTpUIlaTeIbHYI0 BeIuununy p; L; — p; L;. 3Hauur, nopanok R R
... Ry onTumaen.

Hoxasameavcmeo. 2. 3aMeHUM BEPOSATHOCTH p; HA
pi(e) =pi +et — (e +e2 4+ - +N)/N,

rfle e—MaJas MOJIOKUTeNbHAA BeanunHa. PaBeHcTBo z1pi(e) + - - + znpn(e) = yipi(e) + -+ + ynpn(€)

BBIIOJIHAETCA IJIA JOCTATOUHO MAJIBIX € JIUIIb IPU X1 = Y1, ..., TN = YN; B HacTHOCTHU, B (20) cTramyTt
HEeBO3MOKHBIMHU PABEHCTBA F- = % Paccmorpum N! mepecraHoBok 3amnuceii. Cpeiu HUX €CThb IO KpaHel
i J

Mepe OfHa ONTHUMaJbHAas; B CUJIY IIePBOIl YacTU TeopeMbI oHa yaoBaeTBopseT (20), HO B CUIIYy OTCYTCTBUA
paBeHCTB ycaoBuio (20) yZoBIeTBOPSET JUIITH OHA TepecTaHOBKA. Takum o6pasoMm, (20) oqHO3HAYHO OIIpe-
IeJisieT OITUMAIBHOE PACIIONIOKEHe 3aIUCcel B TaGIIIe AJIsI BEPOATHOCTEH p;(€) IPU ZOCTATOYHO MAJIBIX €.
ITo HemPePBIBHOCTHU 9TOT JKe MOPALOK ontTuMaseH u npu €. (Taxkoit MeTos TOKa3aTEIHLCTB YACTO UCIIOJIB3YETCA
B KOMOMHATOPHOM ONTUMU3AIINH. )

Teopema S npuranaexkur ¥. d. Cmury [Naval Research Logistics Quarterly, 3 (1956), 59—66]. Yupax-
HEHUSA COIePIKAaT HOMOJHUTEIbHEIE PE3YILTATEI II0 OITUMAJIBHON OpPraHu3a iy TaOIMII,.

Yuaornenue ¢aitnos. IlociegqoBaTeTbHBIN TOUCK HA JIEHTE U JPYTUX BHEITHUX 3aIIOMUHAIONIUX YCT-
po#icTBax IPOTEKAEeT OBICTPee; eCJU JaHHBIE 3aHUMAIOT MEHBIIEe MeCTa, IMO03TOMY IIOJEe3HO PAaCCMOTDPETh
HECKOJIbKO Pa3JINYHBIX CIIOCOO0B IIPeICTaBJIEHU TaHHBIX B TabauIle. He Bcerga HyKHO 3alIOMUHATD KJIIOUN
B ABHOM BHJE.

IIycts, HampuMep, TpedyeTcs TabIUITa IPOCTHIX YKMCEJI [0 MUJIJIMOHA IJIA PA3JIOKEeHNA Ha MHOKUTE N
12-3uaunbrx yuce. (Cp. cm. 4.5.4.) Takux unces umeercs 78498; ncmonbayss 20 6UTOB I KaKI0T0 U3 HUX,
MBI mosryuuM daiia qauas 1 569 960 6uToB. OTO ABHOE PACTOUUTEIBCTBO, TAK KaK MOMKHO UMETb MUJIJINOH-
OMTOBYIO TAaOJMHUILy, B KOTOPOII paspsabl, COOTBETCTBYIOIMIE IPOCTLIM UmncaM, paBHBI 1. IlockoabKy Bce
ImpocThie yncja (KpoMe JBOMKM) HeUEeTHEI, JocTaTOuHO uMeTh Tabauiry B 500000 6uTos.

Hpyrum cmocodboM yMeHbIIeHU IJIUHBI (aiiia ABIAeTCS XpaHeHNe He cCaMUX IIPOCTBIX UMCeJI, a WH-
TEPBAJIOB MeKAYy HUMU. B coorBercTBUU ¢ Tabu. 1 BesnumHa (pi+1 — pk)/2 MeHbire 64 s BceX IPOCTHIX
yuces B mpegeaax 1 357 201, T. e. HaM AOCTATOYHO 3aIIOMHUTE 78 496 1ecTupaspAaaHbIX Yucesa (pasmep
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uHTepBasia)/2. Takasa rabauna umeer giauny npuMmepao 471 000 6uros. [lanbHeero ymjoTHEHUA MOXKHO
IOOUTHCS, UCIIOJIb3Y s JJIS IPeICTaBIeHs HHTePBAJIOB IBOMYHBIE KOJIbI IepeMeHHOM AJIUHEI (cp. cII 6.2.2).

Tab6auma 1

Tabauila THTEPBAJIOB MEXKIY IIOCJIEeL0BATEeIbHLIMU IIPOCTHLIMU YUCIAMU

Wurepsai (prp+1 — Pk)

36
44

pr  [AHTEpBAT (PKi1 — PK)
2 52
3 72
7 86
23 96
89 112
113 114
523 118
887 132
1129 148
1327 154
9551 180
15683 310

Pk
19609
31397
155921
360653
370261
492113
1349533
1357201
2010733
4652353
17051707
20831323

B Tabiune momeneHsl UHTEPBAJLI P41 — Pk, IPEeBBINIAIONINE P;41 — P;j A1 BeeX j < k. Bonee moxpo6HO cM.
F. Gruenberger, G. Armerding, "Statistics on the first six million prime numbers”, RAND Corp. report

P-2460 (October, 1961).
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6.2.3. CoamancupoBaHHbIE TePEBbI

ToabKO YTO M3YUEHHLIN HAMH AJITOPUTM BCTABKHU B IE€PEBO MOPOIKIAET XOPOIIIKeE JePeBbs IIONCKA IIPU
CAyUYalHBIX MCXOMHBIX JaHHBIX, HO BCE JKe CYIIEeCTBYeT J0CaJHAasd BEePOATHOCTH IMOJYUYUTH BHIPOKICHHOE
IepeBo. Bo3MOMKHO, MBI MOTJIM OBI M300pECTU aJTOPUTM, KOTOPHIH B JIIOOOM ciydae JaeT ONTUMAJIbHOE
IIepeBo, HO, K COXKAJIEHUIO, 9TO TaJIeKO0 He TPocTo. [ pyroii ToAX 0 COCTOUT B XPaHEHUHY ITOJHOM AJNHBI Ty TH
¥ peOpTaHMUBallNH JepeBa BCAKUH pas, KorAa JJINHA ero IIyTH IpeBhIIIaeT, ckaxeM, bN log, N. Ho rorza B
mporecce MOCTPOEHUsI JiepeBa moTpe6oBaIocs 66l 0K0JI0 1/ N/2 peopranusanuii.

OueHDb OCTPOYMHOE pellleHre HMPoOJieMbl IOAMeP:KaHuA XOPOIero AepeBa IMmoucKa OBLIO HaWIeHoO B
1962 r. reyma coBeTckuMu MmaTeMatukamMmu—I'. M. Anensconom-Bensckum u E. M. Jlaugucom [[JAH CCCP,
146 (1962), 263—266]. Ix meTox TpebyeT JUIIh IBYX AOIOJHUTEIbHBIX OUTOB HA y3€J U HUKOT/JA He HC-
monbayer 6osiee O(log N) onepariuii A5 TOMCKA II0 JePEBY WJIN JJIs BCTABKY jeMeHTa. B nanpHeiiniem MbI
YBUINM, YTO 9TOT IIOAXO0] TaKKe IPUBOIUT K O0IIEMY METOAY IPeCTABICHNA MPOU3BOJbLHBIX JUHENHBIX
cnuckoe quuHsl N, npudeM Kaskjas u3 ciaeayomux onepanuii rpedyer auinsb O(log N) exuHUI] BpeMeHN:

i) HaiiTu sjieMeHT 110 JaHHOMY KJIIOUY.
ii) Ilpu mamHOM k HaiiTHU k-i1 BJIeMEHT.
iii) BcTaBuTh B oIIpeieJIeHHOM MECTe 9JIEMEeHT.
iv) YapanuTh oupeneieHHBIN 2JIEMEHT.

Ecnu nnsa muHeNHBIX COMCKOB IIPUHSTO IOCJEeNOBATEJIbHOE pacIlojioskeHue, To omneparuu (i) u (ii) oymgyT
a(pexrTuBHBIMU, HO omeparnuu (iii) u (iv) saiimyT mopsaaxka N IIaros; ¢ APYroil CTOPOHBI, IIPU MCIOJIb30-
BAHUU CBA3AHHOTO pacmojoskeHus adderTuBHEI omepanuu (iii) u (iv), a (i) u (ii) moTpedytoT mopsaaxa N
maroB. IIpeacraBiaenne TUHEHHBIX CIIMCKOB B BUJe JepeBa MIO3BOJISIET CAeJaTh 6Ce uembipe olepaluu 3a
O(log N) mraros. MoyKHO TaK?Ke CpaBHUTEIHHO 9(P(EKTUBHO IPOUSBOLUTD JPYTHe CTAHAAPTHLIE OIIePAIUH;
HaIpuMep, BO3MOKHA KOHKaTeHaIus (clienyenne) ciiucka us M sJ1eMeHTOB co ciucKoM 13 [N 3JIeMEeHTOB 3a
O(log(M + N)) miaros.

MeToz, maOIIMil Bce 5TH IPENMYIeCTBA NCI0Ab3yeT TAK HasbiBaeMble  CcOAIaHCHPOBAHHEIE NePEeBbs .
IIpenpigymimii ab3aly CIyKUT PeKJIaMOM cOaJaHCUPOBAHHBIX JepPeBheB—OTAaKOM IMaHAIlen OT Beex 0em; Io
CPaBHEHUIO C HUMHU BCe JPYTHe CIIOCOObI IPeCTaBIeHNA TaHHBIX KaXKyTcsa yertapeBiumMu. Ho Heo6xoamuMo
cbasaHCUPOBATh Hallle OTHOIIIeHNE K cOaTaHCUPOBAaHHBIM JepeBbaM! Ecau TpeGyioTes He Bce. UeThIpe pac-
CMOTpEeHHEIEe OTlepaIlii, TO HAC MOKeT YIOBJIEeTBOPUTE 3HAUNTEIHLHO MeHee YHUBEPCAIbHbIH, HO ITPOIIe IIPO-
rpaMMUpyeMblii MeTon. BoJiee Toro, coamaHcpOBaHHBIE JePeBbs XOPOIIY JUIIL IIPU JOCTATOYHO OOJIBIITNX
N; Tak. eciu ecTb 9(pdeKTUBHBII alropuTtM, Tpedylomuii 20 log, N eguau BpeMeHu, 1 HeddPeKTUBHBIN
ajropuTtM, Tpedyromuii 2N eguHUI, BpeMeHu, To pu N < 1024 ciaemyeT MCIOJIb30BATh Hea(PHeKTUBHBIHN
meton. C apyroi# cTopoHbl, N He JOJYKHO OBITH CAUIIKOM BEJIUKO; cOAaHCUPOBAHHBIE NePEeBbA MOAXOAAT
TJIAaBHBIM 00pa30M [JIs1 XpaHEeHU HAaHHBIX BO 6HYMpPeHHell TaMATH, a B . 6.2.4 MBI U3YUUM JIYUIIIUE Me-
TOABI AJIA BHEIIHUX (PaMjIoOB ¢ OPAMBIM AocTymnoM. Tak Kak co BpeMeHeM pasMepbl BHYTPeHHeHN mamMsaTu
CTaHOBATCA BCe 00JIbIIe U 60JIbIIE, COATaHCUPOBAHHBIE AEPEBhA CTAHOBATCA BCe 0oJiee BasKHBIMU.

Bbicoma nepeBa ompenenseTcs KaK ero HamOOJbINIUN yPOBeHb, KaK MaKCUMAaJbHAA, AJWUHA IIYTH OT
KOPHSA IO BHEIITHETO y3JIa.

Picture: 20. CoanancupoBanHOe OMHaPHOE JePeBO

BunapHoe nepeBo Ha3bpIBaeTCA COAIAHCUPOBAHHbLM; €CTIV BBICOTA JIEBOT'O IIOIIepeBa KaKA0T0 y3Ja OTInYa-
eTCsI OT BBICOTHI ITPABOT0 moAAepeBa He 6osee ueM Ha +1. Ha puc. 20 mokasaHo c6ataHCUPOBAHHOE IEPEBO C
17 BHYTPEeHHUMU y3JIaMU U BBICOTOMH 5; noxasamenv cO0ALIAHCUPOBAHHOCMU IPEICTABJIEH BHYTPU KaKJOT0
y3Ja 3HaKaMu +, - UJIU —, YTO OTBEUAeT PA3HOCTH BBICOT IPABOTO U JIEBOTO IIOJIepeBheB, paBHOM +1, 0
uiau —1 coorBeTcTBeHHO. PrbOHAUUMEBO AepeBo Ha puc. 8 (1 6.2.1) aBasgerca ApyruM cOasaHCUPOBAHHBIM
OMHAPHBLIM AE€PEBOM BBICOTHI 5, UMEIOITUM TOJbKO 12 BHYTPEHHUX Y3JI0B; OOJBIIINHCTBO MOKa3aTeJjeii coa-
JIAHCHMPOBAHHOCTH paBHO —1. "3oaunakanbHoe gepeBo Ha puc. 10 (. 6.2.2) He c6amaHCUPOBAHO, TAK KaK
nopnepeBbs y3710B AQUARIUS u GEMINI He yLOBJIETBOPAIOT IIPUHATHIM OIPDAHUYEHUAM.

IT0 ompeneseHue cOAJIAHCUPOBAHHOCTY HIPEACTABJIAET COO0I KOMIIPOMUCC MEXKAY ONMUMANLbHbLMU
OMHAPHBIMU JePeBbaMHU (BCe BHEITHME Y3JIbl KOTOPBHIX PACIIOJNIOKEHBI Ha JBYX CMEMKHBIX YPOBHSAX) U NPO-
U360/bHbIMU OMHAPHBIMU AepeBbAMU. 1109TOMY yMECTHO CIIPOCUTH, KAK AAJEKO MOYKET OTKJOHUTHCA OT
ONITUMAJIBLHOCTH cOajiaHcupoBarnHoe qepeBo? OKas3bIBaeTCs, YTO AJIMHA €r0 IMOMCKOBOTO NYTH .HUKOTa He
IIPEBBLICUT ONTUMYM OoJiee ueMm Ha 45% .

Teopema A. (I'. M. Adeavcon-Beavcrkuii u E. M. Jlanduc ). Boicoma coanancuposarHozo depesa ¢ N 8HY-
MPeHHUMU Y3AAMU 3aKAI04ena mexrdy log, (N + 1) u 1.4404 log, (N + 2) — 0.328.

JTTorkaszamenvcmeo. BuHapHOe IepeBo BEICOTHI /i, OUeBI/[HO, He MOKET COZlepKaTh 60osiee ueM 2" BHemHIX
yanos; mostomy N + 1 < 2", 1.e. h > [log,(N + 1)].
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Yr006bI HAWITH MaKCUMAaJIbHOE 3HaUeH’e h, IIOCTaBUM BOIIPOC IIO-APYTIOMY: KaKOBO MUHUMAJIBLHOE YNCJIO
y3JI0B B cOaslaHCHUPOBAHHOM JepeBe BbICOTHI h? IlycTh Tj,— Takoe JepeBO C HAMMEHBIINM BO3MOYKHBIM
KOJIMYECTBOM Yy3JI0B; TOT/IA OAHO IIOJ1ePeBO KOPHA, HAIIPUMeP JeBoe, UMeeT BbIcoTy h — 1, a Ipyroe—uan
h—1, nnm h— 2. B cuny onpegenenus 1j, MOKHO CIUTATH, UTO JIEBOE IOAAE€PEBO KOPHA eCTh 1,1, a IpaBoe—
T} 2. Takum o6pazom, cpeny Bcex cOaIaHCUPOBAHHBIX IePEBbEB BLICOTHI i HAMMEHBITIEe KOJIUUYECTBO Y3JI0B
uMeeT uborayyueso depeso nopanka h + 1. (Cum. onpeznenenue nepeBbeB @ubonauuu B . 6.2.1.) UTax,

N> Fhpo—1>¢"2/V/6 -2,

¥ TpebyeMbIil pe3yabTaT HOJyUaeTCA TaK JKe, KaK cjaeacTBue us TeopeMsl 4.5.3F. |

Ms1 BuamMM, UTO IIOMCK B cOaJaHCMPOBAHHOM JepeBe morpedyer Gosiee 25 cpaBHeHUiT, TOIBKO €CIHU
JIIepeBO COCTOUT 13 110 Kpalineit mepe Fo7 — 1 = 196417 y30B.

PaccmoTrpum Temneps, 4YTO IPOUCXOIUT, KOTA HOBBIN Y3€JI BCTABJISAETCA B COAIaHCUPOBAHHOE JePEBO II0-
cpenctBoM anroputma 6.2.2T. JlepeBo ma puc. 20 ocTaeTca cOaIaHCUPOBAHHBIM, €CJIM HOBBIH y3€J 3aiiMeT
MecTo ofguoro 13 y3aos 4], (5], (6], (7], 10umu(13), mo B Apyrux caydasax moTpebyeTcsa HeKOTOpPasa KOPPEKTUPOB-
Ka. TpyAHOCTHY BOBHUKAIOT, €CJIM UMeeTCs Y3eJI ¢ IoKasaTesieM cOalaHCUPOBAHHOCTH + 1, IpaBoe HoAAePeBO
KOTOPOTO IIOCJIe BCTABKY CTAHOBUTCS BBIIIIE, MJIU €CJIU T0KAa3aTe/ b cOaTaHCUPOBAHHOCTY PaBeH — 1 U BBIIIIE.
CTAHOBUTCS JIeBOe IO 1epeBo. JIerko mMoHATh, YTO, B CYIIIHOCTH, HAC OECIIOKOSAT JIUIIID ABA CAyUas:

Picture: Cayuau BcraBku B ABJI-nepeBo

(Ipyrue "mimoxue” cilyuyad MOYKHO MOJYUYUTh, 3€PKAJIBHO OTPA3UB STU AUATPAMMBI OTHOCUTEILHO BePTHU-
KaJIbHOM ocu.) BoabIuMu npAMOyTroJabHUKAMUA ., 3, ¥, § 0003HAUEHBI [IOePEBbA C COOTBETCTBYIOIIUMU
BeIicoTamu. Ciryuait 1 mMeeT MeCTO, €CJIM HOBBI 3JIEMEHT YBEJINYNJI BHICOTY IIPABOTO IoAaepeBa y3ia B ¢ h
Io h + 1, a cryuait 2—Koraa HOBBIN 3JIEMEHT YBeJIUYNBAET BBICOTY JIEBOTO MoaAepeBa yana B. Bo BTopom
coayuae MBI umeeM Jaubo h = 0 (u Torma cam ysen X SBJIAETCSA HOBBIM y3JIOM), Ju00 y3ea X mMeeT ABa
HOJiepeBa ¢ COOTBeTCTBeHHbIMU BhicoTamu (h — 1, h) wiu (h, h — —1).

ITpocThie mpeobpa3oBaHsa BOCCTAHABJIUBAIOT OaIaHC B 000X CAyUYasax, COXPAHSA B TO »Ke BpeMs CUM-
METPUYHBIN IOPANOK y3710B A, Bu X.

Picture: IloBopoTHI

B cayuae 1 MBI IPOCTO IIOBOpaUYMBaeM JepPeBO HAJIeBO, IPUKPeILIAsa 3 K A Bmecto B. 9To 1mpeobpasoBaHue
OZ06HO IPUMEHEHNIO ACCOIMAaTUBHOIO 3aKOHA K airedpanvecKkoii dopmyJie, Korga Mul 3ameHseM «(0y) Ha
(afB)7. B caryuae 2 aTo mpojessIBaeTes ABaKABL: cHauasa (X, B) moBopaumBaercs HAIpaso, saTeM (A, X )—
HaIeBo. Boboux cayuasax Hy;KHO UBMEHUTH B JlePeBe JINIITHh HECKOJIbKO CCHLIOK. [lajiee HOBBIE IePEBbA UMEIOT
BBICOTY h+2, B TOUHOCTH Ty K€, UTO U 4O BCTAaBKH 3JI€MEHTA; CJIeJOBATEIbHO, YaCTh IePEBA, PACIIOJIOKEHHAA
Haz y3aoM A (ecyix TaKOBas IMEeTCs), OCTaeTCsA cOAJIaHCUPOBAHHOM.

Picture: Hepeso puc. 20, cbaiancupoBaHHOE IIOCJIE BCTAaBKU HOBOTO KJodya R

Hampumep, eciiu MBI BCTaBIsgeM HOBBIH yaen Ha mecto [L7] (puc. 20), To mocie MoBopoTa HoayduM cba-
JJaHCHPOBAHHOE JepeBo, n3obpaskenHoe Ha puc. 21 (cayuaii 1). 3amersTe, UTO HEKOTOPBIE U3 ITOKa3aTeJei
c6aIaHCUPOBAHHOCTYA N3MEHUJIUCh.

HeTrasu 9T0M Ipo1eAyphl BCTABKU MOYKHO pa3paboTaTh pa3jaudyHbIMU criocobamu. Ha mepBroiii B3TJIAL 6e3
BCIIOMOTATEJILHOTO CTeKa He 000UTHUCH, TAK KaK HEO0OXOJUMO 3aIIOMUHATSD Y3JIbI, KOTOPBIE OYAYT 3aTPOHYTHI
BCTaBKOM. Huke IpuBOAUTCA aIrOPUTM, B KOTOPOM, IIPUOETHYB K MaJIeHbKON XUTPOCTU, MBI 00XOTUMCS
0e3 cTeKa, BHIUTPHIBAA IPU 9TOM B CKOPOCTH.

Agaroputm A. (Ilouck, c 6cmaskoil no coanrancuposanrnomy depesy.) imeercsa Tabaua s3amnuceii, 06-
pasyomux cbajlaHCUPOBAaHHOE OMHAPHOE AePeBO. AJITOPUTM O3BOJIAET IPOU3BECTH IOUCK JAHHOTO apry-
meHTa K. Eciu K B Tabauile HeT, B IOAXOASAIIEM MeCTe B IepeBO BCTAaBJIAETCA HOBBIN y3es, CoAepKaluit
K. IIpu He0OXO0AMMOCTH IIPOU3BOAUTCS OalaHCUPOBKA JepeBa.

ITIpenmonaraerca (kaxk u B aaroputrme 6.2.2T), uto yaiabl comepskaTt moJs KEY, LLINK u RLINK. Kpome
TOTO, UMeeTcA HOBOe moJie B(P) = mokasaTessb cOanancupoBaHHOCTH y3ya NODE(P), T. e. pa3HOCTH BBICOT
IIPaBOTO U JIEBOTO TOJAEPEBBEB; 3TO mOJe Becerga comeps:xut +1, 0 uau —1. ITo agpecy HEAD pacmosiosxeH
CIeIMaJbHbBIHN IroJIoBHOI y3es; RLINK (HEAD) yKasbIBaeT Ha KOpeHb JepeBa, a LLINK (HEAD) mcmoJsbayercs
[JIs XpaHEHUs [TOJHOM BBICOTHI AepeBa. JlJid JaHHOT0 aJIropUTMAa BHICOTA He UMeeT 3HAUeHU s, HO 3HAHUe ee
OJIe3HO I IPOIeAYPhI KOHKATeHAI[U!, 00CYy K aaroleiicss Huke. Mbl IpemioaraemM, 4To IepeBo Henycmao,
T. e. uTo RLINK (HEAD)#A.
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Buensax yamo6cTBa omcaHUA B aJITOPUTME UCHOJIb3yeTcs o6o3uauenne LINK (a, P) Kak cmHOHHM LLINK

(P) mpu a = —1 u Kak cuHOoHUM RLINK (P) mpua = +1.

Al [HauansHas ycraHoBka.] YcranoBurb T < HEAD, S < P + RLINK(HEAD). [VkasarenbHasi mepeMeHHAs
P OyzmeT ABUTAThCA BHUS3 II0 IePeBY; S OyAeT YKas3hbIBaTh HA MECTO, T/le MOKeT IoTpe6oBaThea GalaHCu-
poBka; T Bcerja yKasbIBaeT Ha oTna S.]

A2 [CpaBrenue.] Ecaiu K < KEY(P), ro nepeiitu Ha A3; ecau K > KEY(P), To mepefitu Ha A4; eciu K =
KEY(P), IIOMCK yAa4YHO 3aBEpIIEH.

A3 [IIar Bneso.] Yeranosuts Q < LLINK(P). Ecsim Q = A, BoimosiHUTE Q < AVAIL u LLINK(P) + Q; 3aTem
uatu Ha AS5. B mpoTuBHOM ciyuae, eciu B(Q) # 0, ycranoButh T < P u S + Q. Hakownern, ycranHoBUTb
P < Q u BepHYThCcA Ha A2.

A4 [ITar Bupago.] Yeraunosurs Q < RLINK(P). Ecau Q = A, BeimosHuTs Q <= AVAIL u RLINK(P) + Q; 3aTem
uaru Ha AS.

B mporuBHOM ciyuae, ecau B(Q) # 0, ycranoButh T < P u S + Q. HakoHel, ycTaHOBUTH P<+Q u

BepHYThCA HA A2. (IlociieHIOI0 YaCTh 9TOTO IIara MOKHO O0OBEJUHUTE C IIOCJIeAHel yacThio mara A3.)

Ab [BeraBka.] (MBI TOJBKO UTO IPUCOEIMHUIIN HOBBIN y3esa NODE (Q) K mepeBy; Telephb €ro MOJIA HYKAA-
I0TCA B Ha4YaJabHO ycraHoBKe.) YcTaHoBuTh KEY(Q) <— K, LLINK(Q) < RLINK(Q) < A, B(Q) < 0.

A6 [KoppekTupoBKa IoKasareJieii coanancupoBanHoctu. | (Temeps HyJIeBbIe TOKas3aTesiu cOalaHCUPOBAH-
HOCTH MeKAy S u Q Hy:KHO 3aMeHuUTh Ha +1.) Ecoim K < KEY(S), YCTAHOBUTHL R < P « LLINK(S); B
[IPOTUBHOM CJIy4ae yCTaHOBUTH R <— P < RLINK(S). 3arem Hy:xkHO 0 miu Gosiee pas IOBTOPATH CIELYIO-
IITyI0 OIlepaIuio, Ioka P He craHeT paBHbIM Q: eciu K < KEY(P), ycraHoBuTs B(P) <— —1 uP < LLINK(P);
ecnu K > KEY(P), ycranoButs B(P) < +1 u P <~ RLINK(P). (Eciu K = KEY(P), sHauur, P = Q, 1 MOKHO
mepeiiTu K cIenyoIeMy Iary.)

AT [IIposepxkacbamancupoBansoctu.]Eciaun K < KEY(S), ycTaHOBUTE G < —1; BIPOTUBHOM ciry4aea +— +1.
Tenmepb BOBMOKHBI TPU CIAYYaAs:

i) Ecau B(S) = 0 (mepeBo cTasio BhIIIE), YCTAHOBUTE B(S) <— a, LLINK(HEAD) <— LLINK(HEAD) + 1; aaropurm

3aBepIIIeH.

ii Ecuu B(S) = —a (zepeBo craso 6osee c6araHCHPOBAHHBIM), YCTAHOBUTE B(S) < 0; aJIropuT™ 3aBepImeH.

iii) Ecuu B(S) = a (zepeBo nepecrao ObITh cOataHCHPOBaHHBIM), IPH B(R) = a unry Ha A8, npu B(R) = —a
uatu Ha A9.

(Cayuaii (iii) cooTBeTCTBYeT cuTyamuu, n3obpaskeHHoi Ha nuarpamme (1), mpu a = +1; S u R yKa3bIBalOT

COOTBETCTBEHHO Ha y3Jbl A u B, a LINK(—a, S) yKasbIlBaeT Ha o U T.J.)

A8 [Opmokparusiil moBopor.] YeranoButb P < R, LINK(a,S) < LINK(—a,R), LINK(—a,R) < S, B(S) «
B(R) < 0. ITepeiiTu Ha A10.

A9 [[OByxparusii noBopor.] Ycrawosurb P + LINK(—a,R), LINK(—a,R) + LINK(a,P), LINK(a,P) + R,
LINK(a,S) < LINK(—a,P), LINK(—a,P) < S. Temeps ycTaHOBUTH

(—a,0), ecauB(P)=a;
(B(8),B(R)) + ¢ (0,0), ecauB(P)=0; (3)
(0,a), ecauB(P)= —a;

sarem B(P) « 0.

A10 [ITocaemumit mTpux.] [Mbl 3aBepIiiuiau 6antaucupymoimnee mpeoopasosanue ot (1) K (2), P ykasbIBaeT Ha
HOBBHIH KOpeHb, a T—Ha orua craporo xkopus.] Eciu S = RLINK(T), To ycramoButb RLINK(T) < P; B
npoTuBHOM cirydae LLINK(T) < P. i

OTOT aJrOPUTM AOBOJILHO AJIUHHBINA, HO pasfeaseTca Ha TPU mpocTbie yactu: maru Al-A4 (mouck),
maru A5—AT7 (BctaBKa HOBOro y3ja), miaru A8—A10 (6aylancupoBKa iepeBa, ecjau OHA Hy KHa).

Picture: 22. ITouck ¢ BcTaBKOi1 110 cOaTaHCUPOBAHHOMY J€PEBY

Mpebr 3Haem, 4TO AJsT paboThl anroputMa Tpedyercsa okoJio C'log N emuHUIT BpeMeHU MPU HEKOTOPOM
C, HO uTOOBI 3HATH, IPU KAaKUX N BBITOJHO MCIIOJH30BATH COAaHCUPOBAHHBIE AEPEeBbs, HYKHO OIEHUTH
Beauuuny C. AHanus ciaenyroieil MIX-TporpaMMBbl TO3BOJIAET HOAOUTH K PEIIeHUIO 3TOTO BOIIPOCa.

IIporpamma A. (Ilouck ¢ 8cmagkoil no c6anrancuposarnHomy depesgy.) dTa peanmsanus aaropurma A
HUCIIOJIb3YeT caenyomuil ¢oopMaT y3JI0B AepeBa:

Picture: ®opmar yzna ABJI-mepeBa

rA=K,rI11=P,rI2=Q,rI3 =R, rI4 = S, rI5 = T. [Iporpamma g maros A7T—A9 nydoaupyercs, TaK 4TO
BeJIMYMHA a B IBHOM BHJe B IporpaMmMe He pUrypupyer.
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Al. HavasbpHas ycTaHOBKA.

T < HEAD.

Q < RLINK(HEAD).
HaA2cS+ P+ Q

AA4. ITar Bupaso. Q < RLINK(P)
Ha A5, eciz Q = A.

rX < B(Q).

Ilepexon, ecau B(Q) = 0.

T < P.

S+ Q.

P+ Q.

A2. CpaBuenue.

Ha A4,ecau K > KEY(P).
Beixog, ecnu K = KEY(P).

A3. ITar BneBo. Q < LLINK(P).
Tlepexop, eciu Q # A.

20—-29 5H (ckomupoBaTth 31ech ctpoku 14—23 mporpammset 6.2.2 T) A5. BeraBka.

6H CMPA
JL
LDS
JMP
LD3
ENT1
ENTX
JMP
JE
STX
LD1
CMPA
JGE
STX
LD1
JMP
LD2
STZ
CMPA
JG

4H

1H

TH

1,4
*+3

0,4 (RLINK)
*+2

0,4 (LLINK)
0,3

-1

1F

TF

0,1 (1:1)
0,1 (RLINK)
1,1

4B

0,1 (B)
0,1 (LLINK)
1B

0,4(B)

0,4 (B)
1,4

A7TR

1-S
1-S
E
E
1-S-F
1-S
1-S
1-S
F2+1-5
F2
F2
F+1-8
F+1-8
F1
F1
F1
1-5
1-S5
1-S5
1-S5

A6. KoppeKrT. mokasar. coaaHCHUp.
ITepexon, eciu K < KEY(S).
R < RLINK(S).

R < LLINK(S).

P < R.

rX < —1.

Ha muxu cpaBHeHUA.

Ha A7, ectu K = KEY(P).
B(P) < +1 (ou 6511 1-0).
P < RLINK(P).

Ilepexon, ecau K > KEY(P).

B(P) + —1.

P < LLINK(P).

Ha nmuka cpaBHeHU.

A7. IIposepka c6amancup. rI2 < B(S).
B(S) « 0.

Ha a = +1 moguporpammy, ecau K > KEY(S).

(3mech elre KoJ B 2 KOJJOHKY — IIPUEIaTh)
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JIMOHY, ux Oyzaer npumepHo 20. Ho eciu pasgeanTs fepeBo HA W CTPAHUIILI 1O 7 Y3JI0B B KAXKI0M, KaK
MMOKAa3aHOo IYHKTUPOM Ha puc. 29, 1 ecau B KaXKIblii MOMEHT BPpeMeHH JOCTYIIHA JIUIIh OAHA CTPAHUIA, TO
norpebyeTcsa IPUMEPHO B TPU Pasa MeHbIlle 00palleHuii, T. e. IOUCK YCKOPUTCA B TP pasal

T'pynnoupoBKa y3JI0B B CTPAHUIIBI, IIO CYIIECTBY, IpeodpasyeT OMHapHbIEe AepeBbA B OKTapHbIE, pas-
BETBJIAIOIIECS B KaKI0H CTpaHUIle-y3Jje Ha 8 myTei. Ecau JomycTHMBI CTPAHUIBI OOJLIIINX PAa3MepoB,
pasBeTBJSIONIMecS Ha 128 myTell mocjie KasKAoro oOpalleHus K IHUCKY, TO MOMKHO HaXOAUTh TPeOyeMbIil
KJIIOY B Ta0JIUIle U3 MUJIJIMOHA 3JIEMEHTOB, IIPOCMOTPEB JIUIIb TPU CTPAHUIbI. MOKHO ITIOCTOAHHO XPAHUTH
KOPHEBYIO CTPAHUILY BO BHYTPEHHEHN MaMATH; TOTAA IOTPeOYIOTCS JUIIh [Ba 00pallleHns K AUCKY, XOT B
J1000if MOMEHT BpeMeHU BO BHYTPeHHell mamMmaATu 6yaeT He 0ojee 254 KIoueid.

Pasymeercs, He ciemqyeT mesaTh CTPAHUIBI OUYeHb OOJIBIMTUMHY, TaK KaK pPa3Mephbl BHYTPEeHHEeH TaMATH
OrpaHWYeHLl U UTeHne 0OJIbIell CTPaHUIIBI 3aHUMaeT 00JIbIlle BpeMeHu. [IpeanooKumM, HalpuMep, YTO
YTeHUe CTPAaHUIILI, TONYCKAaIell pa3BeTBJIeHe HAa m myTeli, sauumaetr 72.5 + 0.05m mc. Bpems Ha BHY-
TPEHHIOI 00paboTKY KasKA0M CTPAHUIIBI COCTABUT OKOJIO a + blogm Mc, TAe a MaJio II0 CpaBHEHUIO ¢ 72.5,
TakK 4TO ITOJHOE BpeMsd, Tpedyrolleecs Ha MMOUCK B OOJIBIION TabuIle, IPUMEPHO ITPOIOPIIMOHANLHO log N,
YMHOKEeHHOMY Ha

(72.5 4 0.05m)/logm + b.

9Ta BeINUYMHA JOCTUTaeT MUHUMYyMAa mpu m = 350; B MelCTBUTEIBHOCTU STOT MUHNMYM OYE€Hb ' IINPOK .
3HaueHUsI, OUeHb O0JN3KNEe K ONTUMAaJIbHOMY, gocturaiorced mpu m ot 200 go 500. Ha mpakTuke moayue-
HHe IIOZ00HOI'0 AHAIla30Ha XOPOIINX 3HAYEHHUH 1 3aBHCUT OT XapPaKTEePUCTUK HCIOJIb3yeMbIX BHEIIHNX
3aIIOMUHAOIUX YCTPOMCTE U OT JJINHBI 3alliceil B Ta0auIIe.

Y. WU. Jlaupayasp [IEE Trans., EC-12 (1963), 863—871] mpeaioKuJl CTPOUTH m-apHbIe AepeBbA CJie-
IYIOIUM 00pa3oM: pasMelraTh y3Jbl HA YPOBHe [ + 1, JIUIIIb €cJiM YPOBEHDb [ IIOUTH 3aIl0JHeH. JTa cxeMa
TpedyeT JOBOJIBHO CJI0XKHOI CHCTEMBI IOBOPOTOB, TAK KAK AJIS BCTABKU OLHOI'O HOBOTO 3JIEMEHTA MOXKET
oTpeboBaThHCS OCHOBATEJILHASA IEePECTPONKA AepeBa; JIaHAaysp MCXOAMII U3 IIPEAIOJI0MKEeHN, UTO IIOUCK
IIPUXOAUTCSA IPOU3BOLUTH TOPA3 0 Yallle BCTABOK U yAAJIeHMIMA.

Ecau (aitn xpaHuTCS HA TUCKE W SBJIAETCA 00bEKTOM CPABHUTEJIBHO PEIKHX BCTABOK U yIaJIEHUI,
TO JIJIS €ro IIPeJCTABIEHUS IIOAXOIUT TPEXYPOBHEBOE IEPEBO, I'/ie IIePBhI YPOBEHb PA3BETBJICHUS OIIpe/Ie-
JIFeT, KaKOW MUJNHAP OyIeT MCII0JNb30BATLCA, CIACAYIOIINA YPOBEHb PA3BETBICHUS OIPeNe/IdeT COOTBET-
CTBYIOIIYIO JOPOKKY HA 3TOM IUJIUHAPE, a TPETUI YPOBEeHb CONEPIKUT COOCTBEHHO 3anmucu. Takoil MeTos
Ha3bIBaeTCS UHOeKCHO-nocaedosamenvHoil opranusamnueii daiiaa [cp. JACM, 16 (1969), 569-571].

P. Mron1, u P. ¥Yaramnuc [Proc. Princeton Conf. on Inf. Sciences and Systems, 4 (1970), 345-349]
npemIoxRuan Monuduranumo aaropurma 6.2.2T, rge Bce BCTaBKU IIOPOMKIAIOT y3JIbl, HPUHAIJIEKAIIINE
TOH K€ CTPAHUIlE, YTO M X IPEIIIeCTBeHHUK (eCJIM TOJHKO 5TO BO3MOYKHO); €CJIM CTPAHUIA IIOJHOCTHIO
3aHATAa, 3aBOAUTCA HOBAsA CTpaHUIlA (ecau TakoBasd umeercs). [Ipu HeorpaHUYEHHOM KOJMYECTBE CTPAHUI]
¥ CIyYaHOM MOPALKE MOCTYIMAIOINX TaHHBIX CPeqHee YHNCJI0 00palleHnil, K IUCKY, KaK MOKHO ITI0Ka3aTh,
npubnuskensno pasuo Hy /(H,, — 1), 4T0 IUIIIb HEMHOTUM GOJIBIIIE YKCJIA OOPAI[eHUH B CIydae HAUIYYIIIero
BO3MOXKHOTI'0O m-apHOTro aepesa (cMm. ymop. 10).

B-mepeBbsa. B 1970 r. P. Boaitep u 3. Mak-Kpoiit [Acta Informatica, (1972), 173-189] u HesaBuCUMO OT
HUX IPUMepPHO B TO Ke BpeMa M. Kaydman [HeonyOauKoBaHO]| IPeJIOKMIIN HOBBIM MOAXOM K BHEIITHEMY
TIONCKY MOCPEACTBOM CUJIBbHO BETBAIINXCS AePeBbeB. VX nes OCHOBLIBAETCA Ha MOJBUKHOCTY HOBOTO THUIIA
CTPYKTYD IaHHBIX, Ha3BAaHHBIX B-0epesbamu, W MO3BOJSET MPOU3BOAUTH MOUCK WJIN U3MEHATH OOJIBIION
daiia ¢ "rapaHTUPOBAHHON 3(P(HEKTUBHOCTHIO B HAUXYAIIEM CJIydae, NCIIOJb3yA IPU 3TOM CPABHUTEILHO
TIPOCTHIE AJITOPUTMBI.

B-0epesom nopsadxa m Ha3bIBaeTCA NePEBO, 00JIaZAIONIee CAETYIONMMY CBOMCTBAMU:

i) KakabeIit yses numeeT He 0ojiee m CHIHOBEI.
ii) KaapIil yses, KpoMe KOPHS U JINCTHEB, UMeeT He MeHee 1 /2 CBIHOBei.
iii) KopeHs, ecsiu oH He JUCT, UMeeT He MeHee 2 CHIHOBEH.
iv) Bce sucThsa pacmosiosKeHbl Ha OSHOM YPOBHE U He Coep:KaT MH(OpMAaIuu.
v) HesnmcToBoii y3en ¢ k CBIHOBLAMY COREPIKUT k — 1 KITtoueit.

(Kak 1 06BIYHO, IUCT—KOHIIEBOH y3€eJI, Y Hero HeT IpeeMHUKOB. TaK Kak JIUCThS He coepiKaT nHpopMaIuu,
UX MOYKHO PACCMATPUBATDL KaK BHEIITHUE Y3JIbl, KOTOPBIX B IeHICTBUTEJILHOCTH HET B IepeBe, TaK 4To A—aTo
yKasaTeJsb Ha JIUCT.)

Ha puc. 30 nokasano B-gepeso mopsigka 7. Kaxabiil yses (KpoMe KOPHS U JUCTheB) uMeeT OT [7/2]
0 7 IPeeMHUKOB U COMIEP:KUT 3, 4, 5 uau 6 katoueii. KopHeBoil y3esr MoKeT cofepkKaTh oT 1 10 6 Kitoueit
(B magHOM ciayuae 2). Bce 1ucThba HaXOASATCS Ha TPETheM YPOBHE. 3aMeThTe, UTO (a) KJIIUM PACHOJJIOMKEHbI
B BO3pACTAIOIIEM IOPSIIKe CJIeBa HAIIPaBO, €CJIU NCI0JIb30BaTh €CTeCTBEHHOE 0000IIeH e TIOHATHAA CHUMMEeT-
puYHOTrO MOpAAKa, 1 (b) KOIUUECTBO JUCTHEB POBHO HA eAUHUITY OOJIBIIIE KOJINYECTBA KII0Ue.
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B-nmepeBbs nmopsaaka 1 u 2, oueBUIHO, HEMHTEPECHBI; II09TOMY MBI PACCMOTPUM JIUIIB caydai m > 3.
3amernTe, UTO (3-2)-1epeBbs,

Picture: Puc. 30. B-gepeBo nopsaaka 7

ompejeJieHHbIE B KOHIIE II. 6.2.3, asasaioTca B-nepesbsamu mopagka 3; u obparHo, B-nepeso mopsaaxa 3 ecTb
(3-2)-mepeso.
V3en, comep:xamuii j Kawued u j + 1 yKasaTesaeir, MOKHO IIPEICTABUTD B BUJE

Picture: ¥Ysex B-mepeBa

rge K1 < Ky < ... < Kj, a P; ykassIBaeT Ha IojJepeBo Kiroudeii, 6oapmux K; u mespmux K;;,. Cireno-
BaTeJIbHO, IIOUCK B B-ZepeBe aOCOJIIOTHO IPAMOJIMHEEH: II0cJe TOro KakK y3el (1) pasmellieH BO BHyTPeHHEH
naMATH, MBI UIleM JaHHBIM apryMeHT cpefu Kiaoueil K1, Ko, ..., K;. (IIpu 6onpmux j, BepoATHO, IPOU3BO-
IUTCA OMHAPHBIH TOUCK, a IPY MaJIbIX j HAMJIYYIITNM Oy IeT II0CJIef0BaTeIbHEIH ToucK. ) Eciin monck yzaueH,
HYKHBIN KJIIOU HaliIeH; eCJIN IIONCK HeyZaueH B CUJIY TOTO, YTO apTyMeHT JIe:KUT Mexkny K;, u K; 1, MBI
"noaxaunBaeM’ (BLI3LIBAEM B ONEPATHUBHYIO IIAMATH) y3€J, YKA3aHHBIA P;, 1 IPOJOKaeM Ipolecc. YKa-
3aTesb Py ucnoib3yeTcs, ecqu apryMeHT MeHbIle K1, a P; ucnoassyercs, ecu apryMeHT 6osbiie K ;. IIpu
P, = A nouck HeymaueH.

ITpuBnexaTeabHOMI uepTOii B-nepeBbeB ABIAETCI UCKIIOUNTEIbHAS IIPOCTOTA, C KOTOPOI IPOU3BOIATCA
BCcTaBKUu. PaccmoTpuM, Hanpumep, puc. 30; KasKAbIH JIUCT COOTBETCTBYET MECTY BO3MOKHOI BecTaBKU. Eciu
HYKHO BCTaBUTHh HOBBIU KJI0U 337, MBI IIPOCTO MEHAEM Y3€JI

Picture: BcraBka B B-gepeso

C Ipyroii CTOPOHBI, IIPY MOMBITKE BCTABUTEH HOBBIHM KJi0U 071 MBI 00HAPYKUBAEM, UTO B COOTBETCTBYIOIEM
y3Jie YPOBHsA 2 HET MeCTa—OH y2Ke MOJOH . Ty TPYAHOCTH MOXKHO IIPEOJ0JIETh, PACIIENNB y3eJ Ha IBe
YaCTH I10 TPU KJI0YA B KAKJOU 1 MOAHAB CPeIHMI KJI0Y HA YPOBEHb 1:

Picture: Pacienyienue ysia npu BcTaBKe

Boo0i1ie, eciii Hy»XKHO BCTAaBUTH HOBBIH 2JIEMEHT B B-IepeBo mopsaaKa m, Bce JUCThA KOTOPOT'0 PACIIOJIO-
"KeHEbI HAa YPOBHE [, HOBBIN KJIIOY BCTABJISAIOT B IOAXOAAIINI y3eJ ypoBHs [ — 1. Ecyiu y3es Terepsb COAEPIKUT
m KJIoueii, T. e. umeet Bup (1) ¢ j = m, ero paciieniAaiOT Ha IBa y3Ja

Picture: Pacienyienue ysia: oGt BUI

U BCTABJIAIOT KJII0Y K[, /2] B y3ea-orern. (Takum o6pazom, yKaszareas P B HeM 3aMEHAETCA TIOCTEA0BATEb-
HOCTBIO PP, Kpy 215 P’.) 9Ta BCTaBKa B CBOIO 0UYepeb MOKeT IPUBECTU K pacllelliennio yaaa-orna. (Cp. ¢
puc. 27, rae nsobpaskeH cayuait m = 3.) Ecau Hy»XHO paciienuTs KOPHEBO# y3es, KOTOPHIN He MMeeT OTIa,
TO IIPOCTO CO3/JAI0T HOBBI! KOPEHb U IIOMEIAI0T B HETO €JUHCTBEHHBIN K04 K[, /21, B TAKOM CJIydae IepeBo
CTAHOBUTCSA HA eIUHUITY BBIIIIE.

Onwucanuas mpolieaypa BCTAaBKU COXPaHSET Bce CBoiicTBa B-mepeBbeB; UTOOBI OIEHUTH BCIO KPACOTY
Uen, YNTATeJb JOJIKEH BBIIIOJHUTE yIp. 1. 3aMeTbTe, YTO AePEeBO MaI0-IIOMAaJIy PacTeT BBEPX OT BepxHeit
YacTH, a He BHU3 OT HUKHEU YacTu, TaK KaK eIUHCTBeHHAasd MPUYNHA, CIIOCOOHAA BBI3BATh POCT JepeBa,—
pacliengeHne KOpHs.

VYnanenus us B-1epeBreB UL HEMHOTHM CJIOJKHEE BCTABOK (CM. ymp. 7).

TaparTupoBannas a¢pekTUBHOCTH. PaccMOTPUM, K CKOJIBKUM y3JIaM OyAeT MPOUCXOAUTE O0pallieHrne

B HaUXYAIIeM cjJydae Ipu noucke B B-mepeBe nmopaaka m. Ilpenmnosnoxxum, uro umeerca N Kiaoouell, a Ha

ypoBHe [ pacmosioskeno N + 1 jgucrbes. Torma umcsio y3i10B Ha ypoBHAX 1, 2, 3, ...He menee 2, 2[m/2],
2[m/212, ...; ciemoBaTenbHO,

N +1>2[m/2]"" 1 (5)

WupIiMu ciioBaMmu,

; (6)

9TO O03HavaeT, Harrpumep, uto upu N = 1999998 u m = 199 umeem [ < 3. Tak Kak Opu IOUCKE IPOUCXOIUT
obpariieHre caMoe 0oJbIliee K [ yaaam, aTa (opMyJia rapaHTHUPyeT Majioe BpeMs paboThl aaropuTMa.

ITpu BcTaBKE HOBOTO KJIIOUA MOXKET ITIOHATO0UTHCA paciienuTh | y3y10B. OMHAKO cpefHee YKCJIO PACIIIET-
JIAEMBIX Y3JI0B MHOTO MEHBIIIE, TaK KaK 00IIiee KOJIMYECTBO PACIIEIIIIeHUI TP IIOCTPOEHNY lepeBa POBHO Ha
eAMHUILY MEHbIIIe KOJUUECTBA Y3JI0B, KOTOPOoe MbI 0603HaunM uepes p. B nepese ne menee 1+([m/2]—1)(p—1)

N +1



